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PREFACE 


This volume contains the proceedings of the 1987 Karpacz Winter School on the 
Physics of Phonons. 

The decisive role played by phonons in condensed matter is well known. They 
mediate interactions between various quasi-particles. Their presence changes almost 
every characteristic of condensed matter. Phonons carry the energy and quasi-momentum 
and interact with external fields. 

Over the past few years a number of sophisticated theoretical and experimental 
methods of study and new subjects of research have emerged, which have considerably 
broadened the scope of phonon physics. One should mention in particular new methods 

of phonon spectroscopy, excitations in glasses, dynamics of surfaces and interfaces, 
and phonons in quasi-crystals. 

Obviously it is impossible to present all these achievements during a two-week 
school and in one volume, therefore we have selected several topic' - , which correspond 
to the first three parts of the volume. Part I is devoted to the foundations of the 
dynamics of condensed media, including surface Vibrations and localization of 
phonons. Problems of phonon kinetics with the emphasis on phonon spectroscopy are 
presented in the second part. The interaction of phonons with electrons is discussed 
in the third part. The fourth part contains selected contributed talks. 

I am grateful to Professor A.A. Maradudin for a review paper on the current 
status of phonon physics. 

I express my deep gratitude to the lecturers who came to Karpacz despite different 
obstacles and the usual lack of time, and discussed their and other work in the 
broad, instructive way required by the school format. I wish to thank them also for 
their efforts to produce work of the highest scientific and pedagogical quality 
even under pressure of time. 

There are many people I want to acknowledge. Major credit goes to the Organizing 
Committee - Janusz Jedrzejewski (secretary), Jan Lorenc (treasurer), Zbigniew Stry- 
charski (technical assistance), Jerzy Cis/o, ladeusz Ha/aczek, Pawe/ Misiak, Pawef 
Morawiec, Czesfaw Oleksy, Zygmunt Petru, Aleksandra Podolska-Strycharska, Danuta 
Skrajna for their input and advice. It was a privilege to work with them. 

I would like to express my indebtedness to colleagues from the Institute of 
Physics of the Polish Academy of Sciences in Warsaw, especially to Professor Andrzej 
Czachor, for taking care of our guests. 

Finally, I am grateful to the authorities of Wroc/aw University, especially to 
the Rector, Professor Jan Mozrzymas, for their financial and moral support. 


WrocZaw, May 1987 


Tadeusz Paszkiewicz 
Director of the XXIII School 
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Phonon Physics - a Survey 


Alexei A. Maradudin 
Department of Physics 
University of California 
Irvine, CA 92717, USA 


1. Introduction 


In these lectures I would like to survey some recent develop¬ 
ments in the field of phonon physics, and to indicate, here and 
there, some possible directions for future work in this field. 

Because of limitations of space and time, this cannot be an exhaust¬ 
ive overview of the subject, either in the breadth of the subject 
matter covered or in the depth of the discussion of any given topic. 

I have therefore restricted myself to a selection of topics that 
represent areas of phonon physics that have emerged, or have taken 
some new turns, during the past half-dozen years or so. In the con¬ 
text of this School this is not as limiting as it might seem at first 
glance, because some of the topics I might otherwise have included 
for discussion will be covered in the lectures that follow, in more 
detail than would have been possible in this talk. Nevertheless, I 
apologize in advance to authors whose work is not mentioned here. In 
addition, since these lectures are being delivered at a School of 
Theoretical Physics, the emphasis in them will be on theoretical 
developments in phonon physics during the time period indicated. 
However, experimental work will be described where appropriate. 

2. Ab Initio Calculations of Bulk Phonons 

Since the pioneering work of Born and von Karman in 1912,^ 
the majority of the theoretical work done on the vibrational proper¬ 
ties of solids has been based on force constant models in which the 
values of the atomic force constants have been obtained by fitting 
theoretical dispersion curves to experimental data. In the early 
days of the subject, the dispersion curves of long wavelength acous¬ 
tic phonons could be fitted to the predictions of elasticity theory, 
while the frequencies of long wavelength optical phonons could be 
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fitted to the results of infrared absorption or Raman scattering 
studies. With the introduction of neutron spectroscopy as an 
experimental tool such fitting could be done to the experimental 
phonon dispersion curves along symmetry directions in the first 
Brillouin zone of a crystal. 

Useful as such phenomenological approaches to lattice dynamics 
are, they suffer from two major deficiencies. The first is that they 
are not predictive: the values of the atomic force constants and of 
the resulting dispersion curves are inferred from experimental data 
rather than predicted by some more fundamental approach to their 
determination. The second is that they are not unique: often more 
than one model can reproduce the experimental dispersion curves 
equally well. 

Consequently, beginning with the work of Toya in 1958 ^), a 
steadily increasing effort has been devoted to the determination of 
atomic force constants and phonon dispersion curves from first 
principles. Surveys of the progress that has been achieved in such 
calculations up to a half a dozen years ago can be found in Refs. 

3-6. 

In the past few years particularly impressive strides in this 
field of phonon physics have been made in connection with the calcu¬ 
lation of phonon dispersion curves, and other dynamical properties, 
of semiconductors, both elemental and compound, particularly by 
Martin and Kune. This has been made possible by the combination of 
four theoretical ideas: (a) the local density functional approxima¬ 
tion; (b) ab initio pseudopotentials; (c) the frozen-phonon method; 
and (d) the Hellmann-Feynman theorem^' 8 ). The local density func¬ 
tional method is based on the theorem^ 8- ^) that the total ground 
state energy of an inhomogeneous system of interacting electrons is a 
unique and universal functional of the electronic charge density. 
Although the exact form of this functional is not known, approxi¬ 
mating its exchange-correlation part by relatively simple local 
expressions, derived by many-body theories of homogeneous electron 
systems, provides a workable computational scheme that is capable of 
determining the small energy differences that result from the disp¬ 
lacements of ions from their equilibrium positions with good 
accuracy. The calculations are significantly simplified if the core 
electrons on each ion are eliminated from the problem through the use 
of pseudopotentials. At the present time the pseudopotential is 
calculated from ab initio atomic calculations^^) and simulates the 
effects of the core with essentially arbitrary accuracy. In the 
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frozen phonon approach the atoms in a crystal are displaced in a 
known fashion, viz. the two sublattices are displaced relative to 
each other by a known distance, and the increase in the ground state 
energy of the crystal (electronic plus ionic) gives the energy of the 
phonon corresponding to this displacement pattern^^. Since this 
displacement need not be small, it is possible to study anharmonic 
effects in this way. However, the frozen phonon method is applicable 
only to phonons at high symmetry points in the first Brillouin zone. 
To calculate an entire phonon dispersion curve w(it) for t. along a 
selected direction of propagation, entire planes of atoms are dis¬ 
placed by a known amount u, and the self-consistent charge density in 
this distorted crystal calculated. The latter determine forces on 
individual atoms, according to the Hellmann-Feynmann theorem, and 
from these forces one can calculate the interplanar force constants 
k n , which are defined as the negative of the force acting on an atom 
in plane 0 per unit displacement of plane n. The set of {k^} 
suffices for calculating the entire phonon dispersion curve u(k) 
along the direction perpendicular to the planes. Ideally, one would 
like to calculate the interplanar force constants by displacing only 
one plane of atoms through a known distance, and calculating the 
forces acting on the remaining atoms of the crystal. However, the 
loss of periodicity that results from this kind of displacement 
pattern makes such calculations impractical at this time. Conse¬ 
quently, in practice the calculation is carried out by defining a 
supercell consisting of 8-12 atoms that generates the entire crystal 
by parallel displacements. One plane of like atoms in the supercell 
is given a known displacement, and the resulting force on every other 
atom in the cell is calculated (Fig. 1). Thus periodic structures 
always appear in the calculations, albeit with large unit cells. 

This procedure has to be modified for long wavelength longitudinal 
optical phonons in polar semiconductors such as GaAs. Longitudinal 
displacements of charged planes give rise to a macroscopic electric 
field, which leads to the Lyddane-Sachs-Teller splitting between the 
LO and TO branches of the phonon spectrum at it = 0. In the large 
periodic cells the boundary conditions require this field to vanish, 
which is equivalent to adding a depolarizing electric field that is 
constant over the crystal. This field can be calculated from first 
principles. It exerts forces on the ions. If these forces are 
subtracted from those calculated by the Hellmann-Feynman theorem, one 
obtains the interplanar force constants that include the effects of 
the macroscopic field. This method has been used to obtain phonon 
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Fig. 1. Periodic supercells 
containing twelve atoms defined by 
the displacement of (100)Ga planes 
in GaAs in the [Oil] direction. 


dispersion curves in GaAs,(^) Ge,d®) anc j gi^’?'*®), with errors 

that do not exceed a few per cent (Fig. 2). It has also been applied 

★ ★ 

to the calculation of dynamic effective charges e T and e^ r as well as 
the static dielectric constant, of GaAs^^). 



Fig. 2. Phonon dispersion curves 
along the [100] direction in GaAs 
obtained from the force constants 
calculated by the use of twelve 
atom supercells (solid lines) 

[Ref. 10]. Open symbols denote 
experimental points [Ref. 10a], 
and the solid symbols denote the 
results of "frozen phonon" 
calculations obtained using the 
same Hamiltonian [Ref. 13]. 


In a related development Falter et al . (^9) have obtained a 
decomposition of the total charge density of a crystal into contribu¬ 
tions that can be assigned uniquely to individual ions. These 
partial charge distributions are used to decompose the charge density 
variations caused by the displacements of ions into a part that moves 
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rigidly with the ions and a part that distorts during the displace¬ 
ments. The dynamical matrix of the crystal can be expressed in terms 
of the contributions. It is found that in Si the distortion part of 
the partial charge distributions is small, and that calculations of 
the phonon dispersion curves along the [100] direction with their 
inclusion and with their omission do not differ significantly except 
perhaps at the zone boundary where the differences are of the order 
of 10-15%. These results suggest approximating the rigid part of the 
partial charge distributions by superpositions of Gaussians fitted to 
the results of exact ab initio calculations of these quantities. The 
phonon dispersion curves calculated in this way are in reasonable 
agreement with experimental data. 

It should be noted that a similar decomposition of the atomic 
charge densities, in metals, together with pseudopotential theory, 
has been used very recently in calculations of phonon dispersion 
curves in a number of cubic metals by Wang and Overhauser.( 2 ®) 


3. Anharmonic Properties of Solids 

There have been several advances in the study of anharmonic 
properties of solids in the past few years, which we review in this 
section. 


3.1. Perturbation Theory 

A traditional way of calculating such properties of anharmonic 
crystals as thermodynamic functions, spectral densities or proper 
self-energies, and mean-square displacements of atoms from their 
equilibrium positions has been perturbation theory. In this approach 
the vibrational Hamiltonian for an anharmonic crystal is written as 

H = H c + H a , (3.1) 

where h q is the harmonic part of the Hamiltonian, while 

H A = XV 3 + x2y 4 + x3y 5 + **• (3.2) 

is the anharmonic part, with V n the contribution to the potential 
energy that is of n'-' 1 order in the nuclear displacements. The 
constant X is an ordering parameter that expresses the relative 
magnitudes of the various anharmonic terms in the Hamiltonian' ', 
and can be set equal to unity at the end of a calculation. Until 
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recently, most calculations of anharmonic properties of solids were 
2 

carried out to 0 (k ), i.e, in an approximation in which the cubic 
anharmonic terms (V 3 ) were treated to second order in perturbation 
theory while the quartic terms (V 4 ) were treated in the first 
order(22-24). In addition, approximations were often made in 
evaluating the expressions provided by perturbation theory, e.g. the 
leading term approximation, in which only the highest-order radial 
derivative of the interatomic pair potential is retained in evaluat¬ 
ing the Fourier transformed cubic and quartic force constants. 

In the past several years Shukla and his coworkers have extended 
the perturbation theoretic expansion of the Helmholtz free energy for 
an anharmonic crystal to obtain all the terms of 0(k 9 ). - 1 They 

have evaluated the resulting expressions in the high temperature 
limit, for nearest neighbor, central force models of face centered 
crystals, for a variety of interatomic pair potentials, with^S) and 
without^®) the leading term approximation. The results have been 
compared with those obtained with the leading term approximation(^ 6 ), 
with the improved self-consistent scheirel^'^'^) for calculating 
anharmonic properties, and with the results of Monte Carlo simula¬ 
tions for the same crystal modelsThe results suggest that 
(a) the use of the leading term approximation leads to significant 
inaccuracies in the calculation of anharmonic properties; (b) the 
improved self-consistent scheme of selecting the most important 

diagrams in higher orders of perturbation theory is probably as good 

4 4 

as doing perturbation theory to 0 (\ ); and (c) the theory to 0 (\ ) 

converges well up to 40% of the melting temperature, in contrast with 
2 

the theory to 0 (\ ), which is in error above one-quarter to one-third 
of the melting temperature. 

Efforts to calculate the Helmholtz free energy to 0(k®) are now 
underway (30)_ 

Similarly perturbative efforts to calculate the Debye-Waller 
factor, exp(-M^) = <expiic*u (A) >, where the angular brackets denote an 
average over the canonical ensemble defined by the Hamiltonian (3.1) 

- (3.2), k is the wave vector transfer in a scattering experiment, 
and u (JO is the displacement of the X. th atom from its equilibrium 
position, have recently been carried out for bcc metals by Shukla and 
Mountain (31) f following up and complementing earlier work by 
Maradudin and Flinn^^^) an d Wolfe and Goodman(32) f or f cc metals. In 

2 

this work all contributions to through 0(\ ) have been calculated. 
The interatomic potential used by Shukla and Mountain is a long-range 
potential, (out to sixth nearest neighbors), in contrast with the 
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nearest neighbor model for the anharmonic forces assumed by Maradudin 
and Flinn and by Wolfe and Goodman. The lattice dynamics results 
were compared with the results of a molecular dynamics calculation of 
the Debye-Waller factor(31) f and it was found that the former are in 
good agreement with the latter for temperatures up to the melting 
temperatures of Li and Rb. The quasiharmonic contribution to , in 
which the normal mode frequencies entering the harmonic approximation 
expression for this quantity are determined at the volume of interest 
rather than for the OK equilibrium volume, gives about 90% of the 
result. The intrinsic anharmonic interactions provide the remaining 

10 %. a comparison of the molecular dynamics results with experi- 
(33) 

mental data for reveal some differences which could be due to 

the choice of interatomic potential used in the simulation (the same 
as in the lattice dynamics calculations). 


3.2 Nonperturbative Treatments 

Perturbation theoretic calculations of anharmonic properties of 
crystals, in those cases where perturbation theory is applicable 
(viz. for non-quantum crystals), have the advantage that they proceed 
systematically in powers of a well defined parameter (i. in Eq. 

(3.2)), so that it is clear which anharmonic contributions have been 
included and which have not. However, the number of terms contribut¬ 
ing, e.g, to the Helmholtz free energy, in each order of \ grows 
rapidly with increasing order, and the expressions for these contri¬ 
butions become progressively more complex, involving multiple sums 
over wave vectors within the first Brillouin zone, with restrictions 
on them that are due to the periodicity of the crystal. Although it 
is almost certain that efforts will be made to push such calculations 
to higher orders in \, it is also understandable that alternatives to 
perturbation theory have been, and continue to be, sought for the 
theoretical investigations of anharmonic properties of solids. In 
this section we consider two such approaches that do not involve 
expansions of the potential energy in powers of atomic displacements; 
the first is based on clusters and modified Einstein oscillator 
models of anharmonic crystals; the second is purely computational in 
nature. Other approaches to this problems will be described by 
Professors Horton and Plakida in their lectures. 
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3.2.1. Cluster Calculations of Anharmonic Properties of Crystals 

Nearly thirty years ago , efforts were made to calculate the 
thermodynamic properties of anharmonic crystals by considering the 
energy levels of a single atom vibrating in the anharmonic potential 
well due to all the other atoms at rest in their equilibrium posi¬ 
tions, (34,35) an< 3 c i ass i ca i versions of this model. (36-38) The 
simplicity of calculations based on this model is offset by the fact 
that it ignores completely the correlations between the motions of 
the various atoms in the crystal. Attempts to take these correla¬ 
tions into account have been made by several authors, and are still 
continuing. 

Westera and Cowley^ 3 ®) wrote the classical configuration 
integral for a crystal of N atoms in the form 

Q = J d 3 u ...Jd 3 u e _P ® , (3.3) 

ws ws 

where the subscript "WS" indicates that the integration over each 
displacement vector is carried out over the volume of the Wigner- 
Seitz cell associated with that atom. The total potential energy of 
the crystal 


® = \ V <M|S.+u. - £.-u. |) (3.4) 

if j J J 

is rewritten formally as the sum of a static term, a sum of one- 
particle terms, and a sum of two-particle terms: 

® = N<t> + l *,(u.) + i ,u.), (3.5) 

° i 1 1 ijj 3 

where the primes in Eqs. (3.4) — (3.5) indicate that the terms with i = j 
are omitted from the corresponding sums. When Eq. (3.5) is substi¬ 
tuted into Eq. (3.3) the result is then written in the form 


-PN6 


Q = e ” Jd u,.../d u e 
WS WS 


■Pi * 


1<V 


U + I f ii + Y ( l l f ii f kA" J 

i>j 13 2 i>j k>A 13 ** i>j 13 


(3.6) 
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where s exp (u^ ,u ^) )-1. The first term gives Q in an 

anharmonic Einstein-type of approximation in which each atom vibrates 
independently of the others. All terms in the brackets beyond the 
first describe the correlations between the motions of different 
atoms. Westera and Cowley have evaluated Q to the order in the 
t^ij) shown, for a nearest neighbor model of an fee crystal in which 
the atoms interact via a Lennard-Jones 6-12 potential. (In fact, 
these authors worked with a modified form of Eq. (3.6) which yields a 
Helmholtz free energy that is proportional to N.) The calculated 
tesults for such quantities as the temperature dependence of the 
nearest-neighbor distance, the volume thermal expansivity, the iso¬ 
thermal compressibility, and the specific heats at constant volume 
and at constant pressure, are in reasonable agreement with experi¬ 
mental data for the rare gas solids and with the results of a Monte 
Carlo simulation of such a crystal. 

A somewhat different version of such calculations has been 
presented by Hardy and JonesThey assume a Hamiltonian of the 
form 

H = H q + I A p , (3.7) 

where H 0 is a harmonic Hamiltonian while A p is the anharmonic part of 
the potential energy of interaction of the pair of atoms p, and the 
summation is over all pairs of atoms. The classical Helmholtz free 
energy i s given exactly by 


F = - kgT in Z Q + AF 

where 

-f* A p 

AF = - k_T in <ne 

B P ° 


(3.8) 


(3.9) 


z o in Eq. (3.8) 
brackets <...> Q 
by the harmonic 
(3•9) by 


is the harmonic partition function, and the angular 
denote an average over the canonical ensemble defined 
Hamiltonian H Q . Hardy and Jones approximate Eq. 


AF = -k_T in n<e P > , (3.10) 

B P 

and call the result the uncorrelated pairs approximation. It 
neglects the contribution of the correlations between the motions of 
different pairs of atoms to the anharmonic part of F, but not to the 
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harmonic part. Results based on Eq. (3.10) have been obtained for 
various thermodynamic properties of a nearest neighbor model of an 
fee crystal in which the atoms interact through a Lennard-Jones 6-12 
pair potential. These results are in quite good agreement with the 
results of Monte Carlo simulations of the same crystal 

A modified version of this theory has been presented recently by 
Hardy and Day(^). In that the harmonic part of the potential is 
taken to be a sum of Einstein oscillators whose parameters are deter¬ 
mined self-consistently, this version has something in common with 
the cluster calculations of Westera and Cowley. Because of this form 
of the harmonic Hamiltonian it is easier to apply than the uncorre¬ 
lated pairs approximation, but is found to be at least as accurate. 

It seems likely that further work along the lines of these cal¬ 
culations will be forthcoming, in which the complete potential energy 
function, and not its expansion in powers of the atomic displace¬ 
ments, provides the starting point for the study of anharmonic 
properties of crystals. 


3.2.2. Computer Simulations 


Computer simulations pervade virtually every branch of 
contemporary theoretical physics. They provide a means for dealing 
with problems of such complexity as to be intractable by conventional 
analytic-cum-numerical approaches. At the same time, the results of 
such simulations can sometimes reveal features that then lead to 
successful analytic attacks on a problem. Two types of computer 
simulations have been applied to the study of the vibrational 
properties of anharmonic crystals, and we consider them in this 
section. 


3.2.2.1. Molecular Dynamics Simulations 

Molecular dynamics simulations have been used for several years 
for the determination of the anharmonic properties of solids in the 
classical regime of temperatures # In this method, ^ system of N 
classical particles have coordinates (r.>, velocities {r^} and 
masses {m^> (i = 1,2,...,N). The particles interact through a 
potential that in most cases is assumed to be a sum of pair 
potentials 
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s 


= £ i 

If! 


1 3 


(3.11) 


where the prime on the summation excludes the terms with i = j. The 
assumption of pair potentials is not an essential ingredient of the 
method. Newton's equations of motion are then 


£ ~ 

m.r.= - ][ i = If 2 r *..,N f (3*12) 

j(*i) 3 3 

where the prime here denotes differentiation with respect to argu- 
A ^ 
ment, while r^ is a unit vector in the directiorj of (r ^ —r j) • These 

equations are solved numerically to give r^ and r^ (i = 1, 2,...N) as 

functions of time. As the system evolves, it eventually reaches 

thermal equilibrium conditions in its structural and dynamical 

properties. The statistical averages of interest are then calculated 

from {r i (t)> and {r^(t)> as time averages over the trajectory of the 

system in phase space. 

The number of particles N whose dynamics can be studied in this 
way is a few thousand at most, because of computer limitations. 
Periodic boundary conditions are generally used in simulations of 
bulk systems. These are obtained by periodically replicating a unit 
cell of volume £1 in which the N particles are situated by suitable 
translations. 

Since the potential energy $ is a function of the {r^} only, the 
solutions of Eqs. (3.12) conserve the total energy E of the system, 
and the statistical ensemble generated in a conventional molecular 
dynamics simulation is an (£1, E, N) ensemble, i.e. a microcanonical 
ensemble. 

In conventional molecular dynamics simulations the molecular 
dynamics cell is restricted to have a constant volume £S and a con¬ 
stant shape. This restriction severely limits the applicability of 
the method to problems involving structural phase transitions, in 
which changes in the shape of the cell play an essential role. In 
what is probably the most important innovation in the theory of 
molecular dynamics simulations in the past decade, Parrinello and 
Rahman^ 44 ) have modified an earlier method of Andersen^ 45 ) in a way 
that allows for changes in both the volume and shape of a molecular 
dynamics cell containing a system of particles under constant 
external hydrostatic pressure. (In Andersen's method changes in the 
volume of the molecular dynamics cell were possible, but not changes 
in its shape.) The theory has been extended further to systems under 



12 


general external stresses (46-48) an ^ to ^g^g i t consistent with the 
theory of finite elasticity (49). The methods of Parrinello and 
Rahman have been used in a variety of studies, including the study 
of polymorphic phase transitions(). Among the interesting results 
found in this way is that for a model of nickel in which the 
particles interact via pairwise additive potential of the Morse type, 
the fee structure upon uniform uniaxial compression transforms into 
an hep structure^®). These methods have also been applied to the 
determination of the elastic moduli of a crystal as functions of 
temperature and arbitrary external stress(^). This method is still 
comparatively new, but can be expected to yield additional interest¬ 
ing results concerning structural phase transtions in which phonons 
participate in the future. 


3.2.2.2. Monte Carlo Simulations 

A second numerical simulation technique that has been employed 
recently in the study of anharmonic properties of solids in the 
classical limit is the Monte Carlo method(®2). it seems to have been 
used less frequently in studies of the anharmonic properties of 
solids than have molecular dynamics simulations, perhaps because it 
is a time-consuming method of calculation. However, the increased 
speed of present-day computers compared to that of the computers 
available nearly twenty years ago when the first Monte Carlo calcu¬ 
lations of anharmonic properties were carried out^^ , makes it 
certain that more such calculations using this method will be carried 
out in the future. 

In the classical Monte Carlo method the independent variables 
are the temperature and the size and shape of the crystal. Once the 
potential energy is specified as a function of the positions of the 
atoms, the computer generates many different configurations of a 
model crystal by successive small random displacements of individual 
atoms in the vicinity of the initial one, tests each, and accepts or 
rejects it according to a prescription that ensures that averages 
over all configurations tend to averages over the canonical 
ensemble ( 52 ^. Expressions for various thermodynamic and elastic 
properties in crystals in terms of such averages are now available in 
the literature.(53/54) 

The Monte Carlo method is exact in principle in the classical 
limit. In practice, its accuracy is limited by the necessarily 
finite (small) number of atoms in the model crystal (usually a few 
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hundred), and the statistical uncertainty of the averages, which 
depends on the number of configurations sampled (up to ~ 10). 
Recently Cowley(55) has shown how the accuracy of Monte Carlo 
simulations can be increased significantly even for model crystals 
consisting of a very small (32) number of atoms. The improvement is 
based on the idea that the thermodynamic functions such as the 
thermal energy and specific heat of a classical quasiharmonic crystal 
satisfying periodic boundary conditions are proportional to N-l 
tather than to N, where N is the number of atoms. Such a proportion¬ 
ality is also approximately valid for the vibrational contributions 
to the pressure and bulk modulus. The static contributions to these 
quantities, however, are proportional to N. Thus Cowley calculated 
the vibrational contributions to these quantities and normalized them 
hy N-l before adding them to the static contributions. The errors in 
the calculation of the mean energy, specific heat, bulk modulus, and 
Gruneisen constant at a temperature close to the melting point of an 
fee crystal of 108 atoms interacting through a Lennard-Jones poten¬ 
tial were estimated to be no larger than 1%, when 2,160,000 configu- 
tations were averaged over (Fig. 3). 

More recently. Day and Hardyhave carried out further Monte 
Carlo calculations of the thermodynamic properties of the same 
nearest neighbor, fee, Lennard-Jones crystal studied earlier by 
Cowley(55). instead of using the Metropolis algorithm^ 2 ) for 
generating and accepting or rejecting configurations of the model 
crystal, these authors used a Gaussian algorithm that is particularly 
convenient for dealing with solids. 


Fig. 3. Specific heats C y and Cp. 
The circles are the results of 
Monte Carlo calculations. The 
solid curve is drawn through the 
cell-cluster results of Ref. 39. 
[Ref. 55]. 
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With this algorithm new points in configuration space are chosen with 
a distribution that is characteristic of an Einstein-type harmonic 
approximation. The chosen points are then accepted or rejected on 
the basis of a criterion similar to that used in the Metropolis 
algorithm, which also ensures that averages over all configurations 
tend to averages over the canonical ensemble. The results of Day and 
Hardy for a 108 atom crystal have been have been combined with those 
of Cowley, and have halved the uncertainties in his results thereby. 
Monte Carlo molecular dynamics simulations are now approaching levels 
of accuracy in the calculation of anharmonic properties that are 
limited only by the accuracy of the interatomic potentials used in 
them. 

Although both of these methods are valid only in the classical 
limit of high temperatures, there is now an expectation that used in 
conjunction with path-integral expressions for thermodynamic func¬ 
tions and dynamic correlation functions(57) they can yield results in 
the low temperature region where quantum effects are important. 

(There is some evidence that Monte Carlo methods are better suited 
for such calculations than molecular dynamics simulations^®^.) This 
is an application that certainly deserves exploration in the near 
future. 


4. Localization of Phonons 

Theoretical investigations of phonons in disordered solids have 
been carried out for more than thirty years, and experimental studies 
of such systems, e.g. by neutron scattering and by infrared absorp¬ 
tion and Raman scattering techniques, have been conducted for almost 
as long a time. Much of this work has been devoted to the determina¬ 
tion of the phonon frequency distribution function, or related quan¬ 
tities, such as absorption or scattering spectra. However, very 
little is known about the actual nature of the phonon states. By 
analogy with what is known about electrons in disordered systems, it 
is expected that for strong disorder phonons will be localized 
excitations in the Anderson sense^^ . Studies aimed at elucidating 
the nature of phonons in disordered two- and three-dimensional solids 
have been carried out by a number of different approaches recently, 
and we consider them here. 
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4.1. Computer Simulations 

Recently, two types of numerical studies of phonon localization 
have appeared. One of them effectively involves the diagonalization 
of the dynamical matrix of a compositionally disordered crystal. The 
second is based on a molecular dynamics simulation of a structurally 
disordered medium. 

As an example of the first type of study, Canisius and van 
Hemmen^® 0 ) have obtained the normal mode frequencies and the cor¬ 
responding eigenvectors of an isotopically disordered d-dimensional 
(where d = 2,3) simple cubic lattice(^), w hi c h the equations of 
motion of the d components of the displacement vector of each atom 
decouple. It was assumed that the mass at each lattice site is M 
with probability p and m with a probability q = 1-p, where M > m. 

The dynamical matrix was diagonalized numerically for crystals con¬ 
taining 27 x 27 and 10 * 10 * 10 atoms for d = 2 and 3, respect¬ 
ively. Each eigenvector (y lf y 2 ,...,Y N ) for a lattice of N sites was 
used in a calculation of the inverse participation ratio (IPR), 

IPR(Y) = l y}/( I y?) • (4.1) 

i=l i=l 1 

For extended states y^ is of 0 (N - ^ ), so that the corresponding IPR 

is of 0 (N ■*■) . For a state localized about the j t ' :l site y. ~ 6.., so 

l l j 

that the corresponding IPR is of 0(1). These authors find that 
classical percolation theory gives a nearly complete description of 
the results they obtain (however, see the discussion in Section 
4.2). The site percolation threshold p c of a cubic lattice is 0.593 
in two dimensions and 0.311 in three.Thus, when p > P c > q the 
heavy masses percolate, the light masses do not, and all modes with 
squared frequencies in [0, 4d/M] are expected to be associated with 
the infinite, percolating M-cluster. Since delocalized eigenstates 
are associated with an infinite cluster, these states are delocal¬ 
ized. The light masses, however, have squared frequencies in [4d/M, 
4d/m], cannot diffuse in to the infinite M cluster and should be 
localized on the m islands, which are finite since q < p c . Thus, in 
this case there is a mobility edge. If p > p c and q > 1 - p c , so 
that both the heavy and light masses percolate, only delocalized 
states are expected. Finally, when p < p c < q, so that the lighter 
masses percolate while the heavier ones do not, the light atoms form 
a o infinite cluster while the heavy atoms stay together on finite 
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islands. For inodes with squared frequencies greater than 4d/M 
extended states are still allowed as far as the light masses are 
concerned because they constitute an infinite cluster. The states 
with squared frequencies in the interval [0, 4d/M] will live on both 
the heavy and light atom clusters and will be extended. These 
predictions are largely borne out by the numerical results. 

Direct diagonalization of the dynamical matrix becomes unfeasi¬ 
ble if the number of atoms in the crystal becomes large. Williams 
and Marish ave devised a different numerical approach to obtain¬ 
ing the frequency distribution function and the eigenvectors of an 
isotopically disordered crystal. It is based on solving the 
equations of motion of the crystal in the presence of an external 
driving force. They have applied their method to a 40 x 40 square 
lattice of atoms whose masses M are randomly distributed in the range 
1-q < M < 1+q. Their results show that high frequency modes are 
localized, while below a critical frequency, which is lower the 
greater the disorder, i.e. the larger is q, the modes are delocalized 
or perhaps only weakly localized. 

A different type of computer study of phonon localization has 
been carried out by Nagel et al . t^4) These authors have carried out 
molecular dynamics simulations of phonons in several Lennard-Jones 
glasses at low temperatures. The glasses were made by first prepar¬ 
ing a liquid above the equilibrium melting temperature T M and then 
quenching the samples to a low temperature (~10 -5 T^) where no 
diffusion could be observed. The normal modes of the resulting glass 
were studied numerically, and it was found that above a certain 
frequency the modes are localized. 


4.2. Continuum Calculations 

In contrast to the numerical studies of phonon localization just 
described are the recent field-theoretic investigations by John 
et al . (65) Q f the transition from extended to localized states in a 
disordered elastic medium that supports both longitudinal and trans¬ 
verse vibration modes. These authors have studied the average 
diffusivity of a system possessing a random mass density of the form 
m(x) = m Q + m'(x), where m Q is the average mass density, and m'(x) is 
the fluctuating mass density characterized by the correlation 
function 
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<m* (x)m' (y) > = y 2 6 d (x-y 


(4.2) 


ln a medium of d spatial dimensions, where the angular 
denote an average over the ensemble of realizations of 
ls a parameter that measures the amount of disorder, 
diffusivity D of the medium is expressed in terms of f 
coordinate moments of the averaged two-particle Green' 
<G ki ^ x “+> G ki (x,fr,w_) > (u ± = w±i t)) , where G ki l*,y,u + ) 
transform of the retarded Green's function G k ^(x,y,t) 
the equations 


brackets 
m'(x), and y 
The averaged 
requency and 
s function 
is the Fourier 
that satisfies 


^ ^ 0 x k 3x A 

G *i (x,y,t) + (iV 2 G ki (x,y,t) , 

(4.3) 

G ki(*rY/t> 

= 0 t < 0 , 

(4.4) 

£ ki (x,y, 0 ) 

= 6 k i 6 d (x-y), 

(4.5) 


where \ and (i are the Lame constants of an isotropic elastic medium. 
Explicitly, we have that 


Jdto w 2 /d d x x 2 <G ki (x,0,w + )G ki (x,0,w_) > 

D = Aim2ri —-- . (4.6) 

T1+0 Jdu w 2 /d d x<G ki (x,0,w + )G k . (x,0,<o_) > 

• CD 

This equation is rewritten in the form 

00 

/du E (to) D q ( to) 

0 = Z!l_ - , ( 4. 7) 

Jdu E(to) 

_ CD 

where E(to) is the spectral density of energy excited in the medium by 
the initially injected phonon packet. Equation (4.7) defines the 
frequency-dependent diffusivity D (to) . The behavior of D Q (to) 
determines whether normal modes of frequency to are extended or local- 
ized. if phonons of frequency to are localized, D q ( to) will renormal- 
lze to zero, whereas extended states of frequency to give rise to a 
nonzero value of the diffusivity at that frequency. The results of a 
field-theoretic calculation shows that all finite frequency phonons 
ln one and two dimensions are localized, with low frequency localiza- 
txon lengths diverging as to” and exp(l/to j, respectively. (The 
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localization length is the characteristic distance defining the 

spatial decay of the displacement field of a vibrational mode with 

increasing distance from the point about which it is localized.) 

★ 

They have also shown that a mobility edge at a frequency w , 
separating low frequency extended states from high frequency local¬ 
ized states, exists in greater than two dimensions. The former 
results indicate why it is difficult to demonstrate localization of 

low frequency phonons by numerical methods applied to lattices of 

* 

finite size. The phonon localization length at w = w diverges 
as in three dimensions. 

In subsequent work John and Stephen^®®' have replaced the right 
hand side of Eq. (4.2) by B(x-y), where B(x) decays to zero over a 
characteristic distance a, either exponentially or as some inverse 
power of |x|. The results for the average diffusivity are qualita¬ 
tively similar to those obtained by John et al. 


4.3. How Can Phonon Localization be Observed ? 

All of the calculations of phonon localization, whether numeri¬ 
cal or analytic, described above were based on the harmonic approx¬ 
imation. The scattering of phonons from the mass defects is there¬ 
fore elastic. In this approximation the mean free path for phonons 
in a perfect crystal is infinite. If one now includes phonon-phonon 
interactions due, say, to lattice anharmonicity, in the theory, a new 
length is introduced into the problem, viz. the inelastic mean free 
path. The latter must be longer than the phonon localization length 
due to disorder if localization of phonons in the harmonic approxi¬ 
mation is to be important.The inelastic mean free path for 
phonons due to anharmonic three-phonon processes becomes longer as 
the temperature of a crystal is lowered. However, at the same time 
the frequency of the phonons that contribute predominantly to 
transport properties of solids becomes lower, and the localization 
length of the phonons diverges with the lowering of the phonon 
frequencies. These competing effects of localization and inelastic 
scattering on phonon transport coefficients, in particular on the 
thermal diffusivity of phonons, have been discussed by Jackie(®?). 

He has suggested that in solids that have a chain-like structure with 
weak inter-chain forces a minimum in the diffusivity vs. temperature 
curve is expected to exist at some intermediate temperature, in con¬ 
trast to a monotonically decreasing dependence on temperature in the 
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absence of localization effects. I am unaware of ,any experimental 
verification of this result as yet. 


5. Phonons in Amorphous Materials 

A good deal of the interest in amorphous materials, specifically 
amorphous semiconductors, arises from the fact that it is much more 
economical to prepare them than it is to prepare their single crystal 
counterparts. This makes such materials interesting for technologi¬ 
cal applications. These materials are also interesting because they 
display physical properties that are different from those of their 
crystalline modifications, and demand theoretical understanding. 

One of the fundamental properties of an amorphous material is 
J-ts structure, which so far has eluded direct experimental deter¬ 
mination, apart from measurements of the pair distribution function 
(i.e. the probability of finding an atom at a distance r from a given 
atom) by neutron and x-ray scattering techniques. Indirect ways of 
obtaining information about the structure of amorphous materials can 
be obtained from the confrontation between experimental data and the 
Predictions of theoretical calculations of various properties of such 
materials on the basis of different structural models for them. In 
Particular, the vibrational properties of such models can be used to 
interpret the results of infrared absorption, Raman, and neutron 
scattering experiments to provide insight into the structure of 
amorphous materials. 

Up to now, the dynamical properties of such materials have been 
s tudied on the basis of two rather different approaches. In the 
first of these a structural model is constructed from a finite number 
°f atoms according to some specification of bond lengths and 
angles( 68 ), and the normal mode frequencies and associated eigen¬ 
vectors are calculated by a numerical diagona1ization of the 
corresponding dynamical matrix. Quite recently, a relatively simple 
Prescription for generating amorphous structures by the introduction 
°f topological defects into crystalline materials has been developed 
by Wooten and Weaire^®^. It has been used by de Leeuw, He and 
Thorpe (70), an< 3 by Thorpe and de Leeuw i n studies of the 

vibrational properties of such structures. 

The second approach to the theoretical study of amorphous 
materials is to use simple structural models for which analytic 
solutions are possible. The most convenient of these, and the one 
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most frequently used, is the Bethe lattice^ 72 ' 73 ^. A Bethe lattice 
is a nonperiodic branching structure that contains no rings of bonds. 
It preserves the tetrahedral local coordination characteristic of 
many elemental semiconductors, but it approximates the range order by 
eliminating all rings of bonds. Hybrid models have also been con¬ 
structed in which a finite cluster of atoms has its local atomic 
arrangement considered precisely, but the effects of atoms outside 
the cluster are approximated by attaching a Bethe lattice to each of 
the atoms in the surface of the cluster^ 7 ^' 73 ^. A survey of recent 
studies of dynamical properties of amorphous materials carried out on 
the basis of this second approach has been given recently by 
Elliott (76) . 

Amorphous materials show some characteristic differences in 
their low temperature thermal properties from those of crystalline 
materials.^ 77 ' For example, the specific heat follows a c^T + c 3 T 3 
law at temperatures below 1 K, while the curve of C/T 3 vs T has a 
mild upturn with a maximum at a temperature between 1 and 10 K. The 
thermal conductivity k varies roughly as T 2 at temperatures below 1 
K, displays a "plateau" region of little temperature dependence at 
temperatures between 1 and 10 K, and increases again at higher tem¬ 
peratures. The behavior of these thermal properties at temperatures 
below 1 K can be explained in terms of the presence of two-level 
systems in amorphous materials, whose nature is as yet unknown''" ' 
(see, however, Ref. 80). The thermal properties in the temperature 
range of 1-10 K, however, are not yet understood satisfactorily. 

It has been suggested recently, that an explanation of this 
behavior might be found in the following picture of the structure of 
amorphous solids. Many random systems, e.g. percolation clusters, 
polymers, rubbers, gels, behave like homogeneous (translationally 
invariant) systems for length scales L large compared to some "corre¬ 
lation length" I, and exhibit a self-similar (fractal) geometry for 
L < £. [In the case of percolating networks near the percolation 
threshold p c , £ is the percolation correlation length £p, which 
diverges as p c is approached from above .1 Alexander and 
Orbach^ 82 ) suggested that in such systems the vibrational modes whose 
wavelength X is larger than £ have the usual low frequency phonon 
dispersion relation w^tX « X. while the vibrational modes whose 
wavelength is smaller than £ have a modified dispersion relation 

w, (X -1 ) <■= X- d / d . Here d is the Hausdorff (fractal) dimensionality 
of the system, which describes how the mass of the system depends on 
the length scale, while 3 is the so-called fracton (fractal phonon) 
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dimensionality that characterizes the low frequency behavior of the 
density of states of the system. In general, it is the case that 
d < ct, There should be a sharp increase in the density of 

vibrational states at a crossover frequency w c , ' "" ' which 

corresponds to excitations with wavelengths of the order of £. This 
increase is related to the excess specific heat of amorphous 
materials in the temperature range ~10 K. The excitations (fractons) 
whose wavelengths are smaller than £ should be localized. 

The explanation of the observed temperature dependence of the 
lattice thermal conductivity of amorphous materials that emerges from 
these results is the following( 87 ) . The lowest temperature regime is 
associated with the scattering of phonons off two level systems, and 
is characterized by a thermal conductivity that increases with 
increasing temperature as the square of the temperature. For higher 
temperatures the thermally excited vibrational excitations cross over 
ftom phononlike to fractonlike at a temperature T ■> hw c /k B , Because 
the fractons are spatially localized^ 88 ^ , they cannot contribute to 
the heat current. In this range of temperatures k B T is larger than 
the phonon energies. But only the phonons can conduct heat. Thus 
°ne is in the Dulong-Petit regime for the heat-carrying phonons, and 
x f the phonon mean free path is temperature independent, the thermal 
conductivity is a constant. Arguments have been presented to show 
how the phonon mean free path in this temperature region can have the 
tequired property( 87 ). At higher temperatures phonon-assisted 
ftacton hopping leads to a subsequent increase in the thermal 
conductivity with increasing temperature that is linear in the 

temperature( 87 ^ . 

The preceding is not the only explanation of the low temperature 
thermal properties of amorphous materials. Experimental evidence 
a gainst it has been presented^ 88 ), as well as support for it( 8 9-92) f 
and alternative explanations have been advanced for the observed 
Phenomena ( 88 > 53-96) , jr n0 £ my intention here to argue for or 
against the fracton explanation of the low temperature thermal 
properties of amorphous materials. What I do want to emphasize is 
that the work of Orbach and his colleagues referred to above has 
stimulated a great many theoretical and experimental studies of 
Phonons in fractal systems, and that such studies can be expected to 

continue. 

Some recent theoretical work of this kind has dealt with 
Phonons on specific fractal lattices, viz. d-dimensional Sierpinski 
gaskets (97-98) a nd on percolation clusters in a simple cubic 
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crystalThe results of these numerical, real space renormaliza¬ 
tion group studies show a smooth crossover from a phonon to a fracton 
regime in the density of states, but with no apparent sharp increase 
in the density of sates at a crossover frequency. The density of 
states has many gaps that contain localized modes. The higher 
frequency part of the density of states consists of both extended and 
localized states. 

Because fractals are intermediate between crystalline structures 
and disordered materials, they will undoubtedly be studied in the 
future for the light their properties can shed on the properties of 
the latter class of materials. 


6. Phonons in Quasicrystals 

One of the most striking experimental discoveries in the field 
of materials science in the past few years was the discovery^®®) of 
a metallic solid, AAg Mn g g g, that has point group symmetry mT 5 
(icosahedral), which is incompatible with lattice translations ^^1) . 
Since the initial discovery of such compounds several more have been 
found(102-104). Levine and Steinhardt^^5) termed such solids quasi¬ 
crystals . In general, quasicrystals are solids that possess the 
following properties: (1) the distance between any two lattice 

points is greater than some r > 0; every lattice point lies within 
some distance R > 0 of another lattice point; (2) the lattice is 
self-similar in the sense that one can eliminate a subset of the 
lattice points and obtain another quasicrystal lattice with nearest 
neighbor distances increased by a constant factor; (3) the lattice 
has perfect long-range bond orientational order; (4) the lattice has 
quasiperiodic translational order with k(>l) linearly independent 
(incommensurate) lattice spacings along each lattice vector 
direction. 

The construction of one-dimensional quasicrystals is described 
clearly by Lu et al . (i06 ) r w ho gi ve several examples of such 
quasicrystals. The simplest of these is the Fibonacci sequence that 
is formed iteratively from two basic elements (bond lengths) A and B, 
by starting with the unit AB as stage zero of the construction and 
obtaining stage n+1 from state n by replacing each A by AB and each B 
by A: 


AB + ABA ■* ABAAB + ABAABABA + ABAABABAABAAB + 


( 6 . 1 ) 
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Although the result of this procedure is a nonperiodic structure, it 
is deterministic and highly ordered. (Note that one-dimensional 
quasicrystals do not have any nontrivial long-range bond orienta¬ 
tional order.) 

An example of a two-dimensional quasicrystal is provided by the 
Pattern of Penrose ti1ings(107 • i^8) depicted in Fig. In an y 

Penrose tiling two tiles, the so-called kite and the dart, fill two- 
dimensional space, only nonperiodically. Each tile consists of two 
long and two short edges, with the ratio of the lengths of the long 
an d short edges being the golden ratio x = (/5 +l)/2 = 1.61803... 
There is an infinite number of Penrose tilings, in each of which the 
ratio of kites to darts is t:l. 



Fig. 4. A two-dimensional Penrose 
tiling [Ref. 108]. 


Quasicrystals in three dimensions have correspondingly more 
c omplex structures. 

The experimental discovery of such solids has prompted many 
investigations into such questions as to how such structures can give 
r ise to sharp diffraction peaks(105), ant g w hy the icosahedral 
structure should be favored over the bcc structure in the quenching 
Process by which such solids are formed^ 110-112 '. The elastic 
Properties of quasicrystals have also been studiedt 1 ^), as h ave 
certain electron ic ( 114 ' 1 and vibrational (' H5) properties. It 
ls the latter that concern us here. 

Lu _et_ _al_. calculated the integrated density of states for a 
Fibonacci chain of 2000 atoms with fixed-end boundary conditions by a 
transfer matrix method and found that it has a self-similar 

nature (Fig. 5). 
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Odagaki and Nguyen (1^) h aV e studied the vibrations of three, 
nearest-neighbor models of two-dimensional quasicrystals described by 
Penrose tilings consisting of ~ 400 atoms in which the atoms vibrate 
perpendicular to the plane of the lattice. Two of these crystals 
have a five-fold rotational symmetry axis, which indicates an absence 
of translational symmetry. The corresponding dynamical matrix was 
diagonalized numerically, and the density of states, the integrated 
density of states, and the participation ratio for each mode were 
calculated. The spectra for different Penrose tilings appear to be 
very similar. They show several gaps, and van Hove singularities 
seem to exist. Localized states seem to exist, and the number of 
localized states becomes significant when k^/kg < 0.4, where k L (k g ) 
is the force constant associated with the long (short) edge of a 
tile. 



Scolcd Frequency x 


Fig. 5. (a) Integrated density of 

states for a Fibonacci chain of 
2000 atoms with k L /k g = (/5-1J/2, 
where k L (k g ) is the force constant 
associated with a long (short) 
bond. (b) is the same as (a), 
enlarged around x = 3.10. (c) is 

the same as (b), further enlarged 
about x = 3.0905. Self-similarity 
is evident. [Ref. 106]. 


Although the vibrational properties of three-dimensional quasi¬ 
crystals have yet to be studied, the electronic density of states has 
been calculated for a quasicrystal of the type discussed in Ref. 109, 
consisting of ~ 2000 atoms and terminated by Bethe latticesIt 
is almost featureless. The participation ratio indicates that the 
states are delocalized. Qualitatively similar results are expected 
for the vibrational properties of such solids. 

The study of the dynamical properties of quasicrystals is just 
beginning. New computational methods for calculating the normal mode 



25 


frequencies and the associated eigenvectors will have to be found, 
since the direct numerical diagonalization of the large dynamical 
matrices corresponding to crystals of large numbers of atoms will 
rapidly become unfeasible. In time, nonequilibrium properties, e.g. 
phonon transport properties, will be investigated, as well as 
anharmonic properties, in which the effects of the nonlinearity of 
the interatomic forces compete with those originating in the quasi- 
Periodicity of the structure. 

7 * Phonons in Superlattices 

Deliberately structured materials are materials that have been 
structured either during or after growth to have dimensions or 
Properties that do not occur naturally. Deliberately structured 
materials can be ordered in their structures, as in the case of 
artificial periodic superlattices that consist of alternating layers 
°f different metals, or semiconductors and metals. Alternatively, 
they can be ordered on a microscopic scale and yet be disordered 
overall, as in the case of systems composed of small particles of one 
material embedded in a matrix of a second. Such materials possess 
transport, elastic, and optical properties that can differ consider¬ 
ably from those of their constituents in the bulk state and, perhaps 
more significantly, these properties can be tuned in desirable ways 
b Y varying the constituents and thicknesses, in the case of super¬ 
lattices, or by altering the constituents, their size distributions, 
and their relative concentrations, in the case of mixed media. 

In this section I will be concerned with phonons in only one 
type of deliberately structured material, viz. superlattices. Such 
structures have been the objects of intense theoretical and experi¬ 
mental study in the past decade. They have already yielded interest¬ 
ing new physics through the discovery of the quantum Hall effect (H?) 
and the fractional quantum Hall effect (118) , and the ability to 
modify their physical properties in the manner described above makes 
them candidates for a variety of technological applications. 

7 *1• Phonons in Periodic Super lattices 

The study of the propagation of acoustic waves through layered 
media goes back more than seventy years. The motivation for much of 
the earliest work was the desire for an accurate description of the 
Propagation of seismic waves through the earth's crust, whose density 
and elastic properties vary with distance from the surface of the 
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earth. 

With the development of techniques (e.g. molecular beam epitaxy) 
for fabricating artificial semiconductor superlattices consisting of 
a periodic sequence of very thin layers of (say) two different mater¬ 
ials- such as GaAs and Al x Ga^_ x As (compositional superlat¬ 
tices) (H9fl20), or of a periodic n- and p-doping structure in an 
otherwise homogeneous semiconductor crystal, perhaps with undoped 
regions in between (doping super lattices) (121,122) ? interest has 
begun to turn to the study of phonons in such periodically modulated 
structures from a lattice as opposed to a continuum point of view. 
This tendency has been accelerated recently by the development of 
techniques for the fabrication of metallic super la tt ices (123) atl( 3 Q f 
super lattices consisting of alternating layers of magnetic and non¬ 
magnetic metals^^). 

In what follows, we consider phonons in periodic superlattices 
from a continuum and from a lattice point of view in turn. 

7.1.1. Continuum Theories 

In this subsection phonons in super lattices will be discussed on 
the basis of elasticity theory for several different kinds of situa¬ 
tions that can arise in practice. Both infinitely extended and semi¬ 
infinite media will be considered. 


7.1.1.1. Infinitely Extended Structures 

The earliest modern investigations of elastic wave propagation 
in a medium that consists of alternating layers of two different 
materials focused largely on the determination of the effective 
elastic moduli of such laminated media which, in general are aniso¬ 
tropic, even if the lamina out of which they are fabricated are 
themselves isotropic(125-131). p or example, a medium that consists 
of alternating layers of two different isotropic elastic media is 
hexagonal, with its axis of six-fold symmetry perpendicular to the 
lamina. 

While such an approach to wave propagation in periodically 
layered systems, usually called an effective modulus theory, simpli¬ 
fies all subsequent calculations based on its results, it has the 
drawback that it predicts bulk and surface acoustic waves that are 
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nondispersive, while calculations that take the laminations into 
account explicitly yield dispersive modes. Consequently, recent work 
dealing with such systems has avoided the use of effective modulus 
theories.(132-141) 

To illustrate the kinds of results that can be obtained for the 
Propagation of elastic waves through layered media, I consider a few 
simple examples. 

A particularly simple case is presented by the propagation of a 
transverse wave through a laminated medium in which the layers are 
oriented perpendicular to the x^-axis. The displacement vector 
u (x*t) has the form u(x,t) = (0,u (x^x.j (w) ,0) exp(-iwt). The boundary 
conditions in the problem are that the displacements and stresses be 
continuous across each interface. At the same time u^x^u) must 
satisfy the Bloch condition u(x^+L, Xj|u)) = expikL u(x^Xj|w), where L 
is the period of the structure. It is now convenient to make the 
Ansatz u^x^w) = u ( ku | Xj^) cos kx 3 . When this is substituted into the 
equations of motion and the several boundary conditions, we obtain as 
the dispersion relation for waves in this system 

coskL = cosad^cosf3d 2 - ■j (F+F ^) s i nad ^si npd 2 , (7.1) 

with a(icu) = ( (w 2 /c 2 )-k 2 ) 1 ^ , P(kw) = ( (w 2 /cj. 2 - k 2 )^ , and 
F = pc 2 a/p'c£ 2 p. Here p,c t d 1 (p',c^,d 2 ) are the density, speed of 
transverse waves, and thickness of the material in the range nL < x 3 
< nL + d^ (nL + d^ < x^ < (n+l)L). 

There are two interesting special cases to consider. The first 
is the case <=o. With the wave vector k restricted to the first 
Irillouin zone (-% < kL < it) , the dispersion curve (Eq. 7.1) possess- 
es infinite number of branches with gaps at k=o and at k = ± it/L. 
Crudely speaking, the higher frequency branches are the result of 
folding back into the first Brillouin zone the portions of the dis¬ 
persion curves corresponding to values of k outside the first zone. 
T he presence of gaps in the dispersion curves, which correspond to 
stop bands for the waves considered here, is characteristic for wave 
Propagation in layered media. 

A second interesting case of Eq. (7.1) arises when we set 
K= (2n+l)n/2d with n=0,l,2,... In this case the surfaces x 3 = ±d 
become stress-free, and Eq. (7.1) is the dispersion curve for trans¬ 
verse waves propagating in a slab of thickness 2d made up of alter¬ 
nating sections of two different isotropic media, with stress-free 
surfaces. The dispersion curves are more complex in this case, as 
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they are for a homogeneous slab of finite thickness, but the occur¬ 
rence of gaps in these curves persists. 


7.1.1.2. Semi - Infinite Structures 

Not all layered media of interest in connection with elastic 
wave propagation in them are of infinite extent. Semi-infinite 
super lattices are of considerable interest as well, because they can 
support surface acoustic waves, and the latter are becoming increas¬ 
ingly interesting due to the possibility of their use in device 
applications. 

An interesting example of effects that are made possible by the 
presence of a superlattice is the binding of shear horizontal surface 
acoustic waves to a surface when the medium supporting these waves is 
periodically laminated parallel to the stress-free surface X 3 = 0 .^^®^ 
In shear horizontal waves the displacement is polarized normal to the 
sagittal plane. We can take the direction of propagation to be the 
x-^-direction, in which case the sagittal plane is the x^xj-plane. If 
the region X 3 > 0 is occupied by a homogeneous elastic medium, it is 
impossible to satisfy the stress-free boundary condition at the sur¬ 
face X 3 = 0 with a solution of the equation of motion of the medium 
that decays exponentially as x^ <=. However, when the semi-infinite 
medium is periodically layered, it becomes possible to bind a shear 
horizontal wave to the surface, provided that the outermost layer is 
made from the medium with the lower speed of bulk transverse waves. 

Recently Kueny and Grimsditch(^36) h ave calculated numerically 
the speeds of Rayleigh surface waves propagating along the stress- 
free surface of a semi-infinite medium made up of alternating layers 
of two different isotropic media of equal thickness parallel to the 
surface. In a Rayleigh wave the elastic displacement vector lies in 
the sagittal plane, i.e. the plane defined by the direction of the 
wave vector and the normal to the surface. In the numerical calcu¬ 
lations a system of n layers of two isotropic media was assumed to be 
deposited on a substrate of the material with the larger speed of 
bulk transverse waves. Systems of up to 1000 layers were studied in 
this work. More recently, exact solutions for the speeds of Rayleigh 
waves, and for the dynamic elastic Green's tensor, of the semi¬ 
infinite version of this system were obtained by exploiting the 
periodicity of the infinite medium from which the semi-infinite 
system being studied can be assumed to be excised. This leads to 
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working with only 4x4 matrices* 141 '. The Rayleigh waves obtained 
in this structure are dispersive, in contrast with Rayleigh waves on 
the surface of a homogeneous medium, and the nature of the dispersion 
can be altered by varying the number of layers, the elastic 
Properties of the two media, and the thickness of each layer. 

The laminations in a semi-infinite superlattice need not be 
Parallel to the surface of the medium as in the examples just 
described. If the laminations are perpendicular to the stress-free 
surface of the medium* 142 ', a Rayleigh wave propagating normal to the 
lamination has properties similar to those of a Rayleigh wave propa¬ 
gating across the grooves of a grating ruled on the surface of a 
homogeneous, semi-infinite elastic medium* 143 '. The dispersion curve 
Possesses at most two branches in the nonradiative region of the 
(w,k)-plane within the one-dimensional first Brillouin zone 
- Va < k < it/a defined by the period a of this structure, separated 
by a gap at the Brillouin zone boundaries k = + it/a. The existence 
°f such a stop band in the dispersion curve of Rayleigh surface 
acoustic waves can be useful in the design of filters for the 
Propagation of these waves. 

Finally, we note that Camley and Mills* 144 ' (see also Refs. 145- 

149) have studied electrostatic surface waves in a semi-infinite 

s uperlattice consisting of alternating layers of two different 

dielectric media, characterized by isotropic, frequency-dependent 

dielectric constants e A ( uj) and e B (w), and thicknesses d! and d 2 , 

respectively. The laminations in this case are parallel to the 

interface of this semi-infinite superlattice with a semi-infinite 

balf_ S p ace characterized by an isotropic, frequency-independent 

dielectric constant e (e.g. vacuum). At first glance this work 

c 

would appear to have nothing to do with phonons. However, if it is 
recalled that the dielectric constant of a diatomic polar 
Semiconductor in the infrared range of the optical spectrum is 
vibrational in origin, and has the form 

2 2 
w -w 

e (<■>) = e, ~2 -(7.2) 

w T -w 

where e m i s the optical frequency dielectric constant and w L (w T ) is 
the frequency of the longitudinal (transverse) optical phonon of 
infinite wavelength, then the kinds of modes studied by Camley and 
Mills correspond to optical surface interface modes in semiconductor 
super lattices. The experimental observation of optical surface 
Phonons at the vacuum-super lattice interface of GaAs-AA Q _ 3 Ga Q _ 7 As 
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superlattices by means of high resolution electron energy loss spec¬ 
troscopy has been reported recently. In addition, the Rayleigh 
mode and several Sezawa modes have been observed in a metallic 
(Fe-Pd) superlattice by Brillouin scattering techniques (151)_ 

7.1.2. Lattice Theories 


Many dynamical properties of superlattices, regarded as consist¬ 
ing of alternating layers of crystal lattices can be understood 
qualitatively and even semi-quantitatively on the basis of linear 
chain models of crystals, in which the constituent atoms interact 
with short range forces^^ 2 ). With one qualification, this model is 
valid in bulk cubic crystals for phonons propagating along the [100] 
direction, where planes of atoms move as a whole and the longitudinal 
and transverse vibrations are uncoupled. If the longitudinal modes 
are treated independently of the transverse modes in each layer, a 
single, nearest-neighbor force constant constitutes the only free 
parameter for the former modes, while two different nearest neighbor 
force constants provide the anisotropy required for describing the 
latter modes (1^2). iirecl to fit both the longitudinal and 

transverse branches simultaneously in each layer, interactions 
between more distant neighbors must be included. ^^3) 

The qualification that must be attached to the results obtained 
on the basis of such a model is that they do not reflect the presence 
of the long-range Coulomb interactions that are present in polar 
semiconductors. These effects can be taken into account for the long 
wavelength optical modes by the continuum approach described in the 
preceding subsection, but the inclusion of the effects of spatial 
dispersion in the dielectric constants will be required if the short 
wavelength modes are to be treated correctly. 

The qualitative nature of the vibrational modes in a compo¬ 
sitional superlattice can be understood on the basis of the following 
simple argument. Consider the linear chain model for (say) a GaAs- 
AAAs bilayer superlattice depicted in Fig. 6. If we initially ignore 
the difference between the Ga and AA atoms, the dispersion curves for 
the longitudinal acoustic and longitudinal optical branches of the 
phonon spectrum have the forms depicted schematically by the solid 
curves in Fig. 7. Here a is the thickness of the bilayer, and 
k = ±it/a define the boundaries of the first Brillouin zone for this 
diatomic crystal. If we neglect the difference in the spacing 
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Fig. 6. Model used for linear 

chain calculations of the phonon 
o 

dispersion curves of a GaAs-AAAs 
bilayer superlattice. 



Fig. 7. Dispersion curves for a 
GaAs-AAAs bilayer superlattice in 
the reduced zone scheme. 


between the planes of AJl and As atoms compared to the difference in 
the spacing between planes of Ga and As atoms, the period of the 
superlattice will be L = 4a. We have thus superimposed the boundar¬ 
ies of the 1st, 2nd, and 3rd Brillouin zones of the superlattice onto 
the plot of the GaAs dispersion curves in Fig. 7. We now recall that 
the latter curves have mirror symmetry about the line k = 0, and are 
Periodic in k with period 2it/a. We can therefore translate the por¬ 
tions of these dispersion curves in the 2nd, 3rd, and 4th Brillouin 
zones of the superlattice into the first Brillouin zone by displacing 
them to the left or right by integer multipoles of 2it/L, the period 
of the lattice reciprocal to that of the superlattice. The result is 
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the dashed staircase shaped dispersion curves drawn in the interval 
0 < k < it/L. We now see that the points marked A-D and E-H are 
special. The frequencies of the GaAs chain are degenerate at these 
values of k (w(-n/L) = w(it/L)), and they are separated by translation 
vectors of the lattice reciprocal to the superlattice (2it/L, 

4n/L, ...). If we now "switch on" the superlattice by replacing Ga 
atoms by AA atoms to achieve the structure depicted in Fig. 6, 
degenerate perturbation theory tells us that gaps should open up in 
the dispersion curves at these points, if the periodic perturbation 
on GaAs represented by the AA atoms has nonzero Fourier coefficients 
at these reciprocal lattice vectors. 

In addition, the dispersion curves are shifted somewhat from 
those of pure GaAs. The result is depicted schematically by the 
dash-dot curves in Fig. 7. This is the phenomenon of the zone fold¬ 
ing of phonons in super lattices. One of the consequences of this is 
that phonons at points such as B, D, F, and H, which are now k = 0 
phonons in the superlattice, can become infrared and/or Raman active, 
whereas they are inactive in the bulk because of the finiteness of 
the corresponding wave vectors. 

Related to the zone-folding of bulk phonons in a superlattice is 
the notion of confined phonons. In frequency ranges where one 
component of a superlattice (e.g. GaAs) has a pass band, while the 
other (e.g. AAAs) has a stop band, the atomic vibrations are more or 
less confined to the component for which the frequency range in 
question is a pass band. This notion applies more commonly to 
optical phonons than to acoustic phonons because the dispersion 
curves for the former in each constituent tend to be flatter than 
those for the latter, so that the likelihood of the overlap of the 
optical phonon dispersion curves of the two consituents is smaller 
than for the acoustic branches. Essentially this behavior is 
observed experimentally. Raman spectroscopic studies of semi¬ 
conductor superlattices have revealed both the zone-folding of 
phonons (Fig. 8) and the confinement of optical phonons (Fig. 9). 

Although much of the current theoretical analysis of phonons in 
periodic super lattices is based on linear chain models of such 
structures, a few papers have appeared in recent years that report 
calculations of phonon dispersion curves in periodic superlattices in 
which the true three-dimensional nature of the superlattice is taken 
into account. (156-157) They carry out for a three-dimensional crys¬ 
tal the kind of "gedanken" construction of a one-dimensional super¬ 
lattice described above. An interesting recent calculation of this 
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Fig. 8. Raman spectrum of a GaAs- 
AA q 3 Gag yAs super lattice. The 
inset shows the results of a theo¬ 
retical calculation showing the 
wave vectors of folded LA peaks. 
The arrows indicate predicted peak 
frequencies [Ref. 154). 


Fig. 9. Raman spectrum of T0- 
phonons confined in a (7,7)GaAs- 
AAAs super lattice. [Ref. 155] . 
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kind has been carried out by Kanellis( 157) . It is based on the 
°bservation that a given crystal structure can be described either in 
terms of a primitive unit cell or in terms of a supercell containing 
several primitive unit cells. In the latter case a larger dynamical 
matrix is required than in the former. These two dynamical matrices 
a te related by a similarity transformation. One can then introduce 
the effects of a modulation of the structure of the original crystal 
by modifying appropriate elements of the larger dynamical matrix in a 
suitable fashion. This approach has been carried out for GaAs-AAAs 
superlattices on the basis of a rigid ion model for bulk GaAs and 
A^As. These two crystals were assumed to differ only in the masses 
of the Ga and AA atoms. However, the Coulomb interactions among the 
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ions are incorporated into the calculations, albeit through the 
assumption of point ions. The results are in qualitative agreement 
with experimental results # The differences that exist may be 
attributable to the use of the rigid ion model and the assumption of 
the same force constants as in GaAs. 

Phonons in doping super lattices have been studied by Ruden and 
Dohler(15!M. In their model a homogeneous semiconductor has 
introduced into it planes of donor atoms at X 3 = md and planes of 
acceptor atoms at X 3 = (m + Vi 2 )d, where m = 0 , ± 1 ,± 2 ,..., with equal 
concentrations of both kinds of impurities, under conditions where 
all impurity atoms are ionized and there are no free charge carriers 
in the crystal in the ground state. It is found that the presence of 
the charged sheets of impurity ions has little effect on the phonon 
dispersion curves. However, since the zone folded acoustic phonons 
are now optical modes in the super lattice, they should be excitable 
by electromagnetic fields of very long wavelength. The absorption 
coefficient for the interaction of long wavelength transverse 
electromagnetic radiation propagating perpendicular to the doping 
layers with the transverse new "optical" branches has been calculated 
by Ruden and Dohler^ 5 ®) for a realistic system, with the conclusion 
that this interaction should be observable. It should even be 
Possible to couple an electromagnetic field polarized normal to the 
doping layers and propagating along the layers to the back-folded 
longitudinal "optical" phonons created by the superlattice. 

Ren and Dow^^9 - 160) have recently calculated the lattice ther¬ 
mal conductivity of an infinitely extended superlattice in which M 
atomic layers of one simple cubic lattice alternate with N layers of 
a second simple cubic lattice, that differs from the first only in 
the masses of the atoms. It is known that Umklapp processes deter¬ 
mine the lattice thermal conductivity at intermediate to high temper¬ 
atures j n suc h processes two phonons propagating normal to the 

layers with positive group velocities with frequencies of the order 
of half the Debye frequency for that direction of the propagation can 
combine to produce a third phonon with nearly the Debye frequency, 
with a wave vector and a group velocity directed oppositely to those 
of the initial pair: k 3 = ^ + k 2 - G < 0, where G is a vector of the 
reciprocal lattice of the superlattice perpendicular to the lamina¬ 
tions of the latter. Since G is typically smaller by a factor of M+N 
than the reciprocal lattice vectors of each of the constituents of 
the super lattice, the values of k^ and k 2 , and consequently the 
corresponding phonon frequencies, needed to activate Umklapp pro- 
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cesses become important at a lower temperature, and as a result the 
height of the peak in the curve of the thermal conductivity as a 
function of temperature is lowered. Similar effects can be expected 
for other transport coefficients where phonons play a role. 


7.2. Phonons in Nonperiodic Superlattices 

We have mentioned in the preceding section that the simplest 
example of a one-dimensional quasicrystal is provided by a Fibonacci 
sequence of bond lengths in a two-component material. Very recently 
two groups have succeeded in preparing one-dimensional, quasiperiodic 
superlattices. 

Merlin et al.^®^) have grown by molecular beam epitaxy on a 
Gafts (001) substrate, a 13 stage Fibonacci superlattice in which the 
blocks A and B in the sequence (6.1) consist nominally of (17AAAAS)- 
(42AGaAs), and (17 AAAAs)-( 20AGaAs), respectively. The Raman spectrum 
of this superlattice showing scattering by LA phonons propagating 
along [001] is a continuous spectrum that is expected to be a phonon 
density of states weighted by certain scattering matrix elements. It 
shows dips that are attributed to gaps in the density of states of 
the LA modes in agreement with general results for densities of 
states of quasiperiodic structures'®^ . 

Hu et al . 64) p re p are< 3 metallic Nb-Cu quasiperiodic (Fibonacci) 

super lattices by magnetron sputtering. The blocks A and B in this 
case were (18ANb)-(41Acu) and (18ANb)-(19ACu), respectively. No 
measurements of any physical properties of this system have been 
r eported up to now. 

Thus the possibility now exists of producing one-dimensional 
quasicrystals in the form of quasiperiodic superlattices, and we can 
e xpect to see a growing number of investigations in the future of the 
unusual properties these systems are expected to possess. 

A second type of nonperiodic superlattice is a disordered one. 
Consider a structure consisting of alternating layers of two 
different isotropic elastic media. The elastic properties of one 
medium are defined by its mass density p and the speed of transverse 
sound c t ; the mass density and speed of transverse sound in the 
second medium are p' and c^, respectively. If the thicknesses of the 
successive layers in this structure do not alternate in a periodic 
fashion, but instead in each pair of (p,c t )-(p',cp layers the thick- 
uesses d and d' are randomly different, Levine and Willemsen< 165 ) 
have shown that the amplitudes of the waves in the N th layer pair, 
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computed in terms of the amplitudes at some initial boundary, always 
decay exponentially with increasing N. In computer experiments they 
show, moreover, that a cutoff frequency exists above which all reali¬ 
zations of the randomly layered system have wave reflection 
coefficients of unity. This suggests that a high degree of perfec¬ 
tion is required in the fabrication of microstructures of the kind 
considered here if they are to transmit high frequency waves. 


8. Surface Phonons 


The theoretical and experimental study of surface phonons has 
fluorished in the past six years. From among the many developments 
that have occurred in this field during this time I have selected 
two, one theoretical, one experimental, that strike me as particular¬ 
ly exciting, to describe in this section. 

During the past six years several reviews have appeared that 
deal with various aspects of the physics of surface phonons.(166-172) 
The reader is referred to them for a more detailed survey of the 
current state of this field. 


8.1. Ab Initio Calculations of Surface Phonons 

Certainly one of the most significant developments in the theory 
of surface phonons during the past six years has been the appearance 
of first principles calculations of the dispersion curves of surface 
phonons on low index surfaces of simple metals. The first such cal¬ 
culations, for Na(001) and subsequently for K(001), were carried out 
by Beatrice and Calandra,(173-176) w h 0 expanded the electronic ground 
state energy of 15 layer slabs of Na(001) and K(001) to second order 
in the pseudopoential describing the electron-ion interaction (176) f 
and then re-expanded the result in powers of the displacements of the 
ion cores from their rest positions to obtain the electronic contri¬ 
bution to the atomic force constants. Combined with the ionic 
contribution the latter permit the dynamical matrix of the crystal 
slab, and hence the surface mode frequencies, to be obtained. The 
unperturbed electronic subsystem in this work consisted of non¬ 
interacting electrons confined to a finite region in the direction 
normal to the surfaces of the slab by infinite potential barriers. 

The effects of a multilayer relaxation of the spacings between the 
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atomic layers (^7) on the normal mode frequencies of the slab were 
also studied in this work. 

In more recent work, Egui luz _et _a]J 178 ' 179) have used a very 
similar approach to calculate the frequencies of surface phonons on 
the (001) surfaces of Na and AA, and on the (110) surface of AA • The 
chief differences between their work and that of Beatrice and Calan— 
dra are that the wave functions of the unperturbed electronic sub¬ 
system were calculated self-consistently on the basis of the Kohn- 
Sham equations^ 10 ) of the local density functional theory, and the 
effects of exchange and correlation were built into the calculation 
of the density response function that appears in the electronic 
contribution to the dynamical matrix. The results of the self- 
consistent calculation of the surface phonon frequencies differ in 
some significant ways from those obtained on the basis of the infi¬ 
nite barrier model, particularly in the case of AA . In the later 
calculations of Eguiluz et al . (^ 7 9 ^ surface relaxation was taken into 
account in a first principles fashion, and has some effect on the 
frequencies of surface phonons, particularly on those associated with 
the A A(110) surface. A typical result of such calculations, for a 17 
layer slab of AA(100) is presented in Fig. 10. The relaxation of 
this surface is very small, so that the curves presented are for an 
unrelaxed surface. The surface phonons are clearly seen below the 
continuum of bulk modes along the T X direction in the surface first 
Briiiouin zone, and in the gaps in the continuum of bulk modes. 
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A somewhat different approach to the first principles calcula¬ 
tion of the dispersion curves of surface phonons on melted surfaces 
was taken by Ho and Bohnen^ 180 *, who studied AA(HO). In these 
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calculations the atomic force constants were obtained from self- 
consistent total energy calculations in which surface relaxation was 
taken into account. The change in the total energy of an aluminum 
slab bounded by (110) surfaces associated with known relative dis¬ 
placements of the atomic layers constituting it was calculated sefl- 
consistently, and individual atomic force constants were obtained by 
fitting the results to a force constant model. 

Such calculations are still in their infancy. The calculations 
cited indicate their feasibility at the same time that they reveal 
their difficulty. We stand at the threshold of an era in which 
parameter-free determinations of surface dynamical properties from 
first principles will become as commonplace as the determination of 
bulk electronic structures of solids are today, but we still have a 
long way to go before that goal is achieved. 


8.2. Experimental Studies of Surface Phonons 

At the beginning of the time period to which this review is 
devoted, the use of helium atom scattering for the determination of 
surface phonon dispersion curves was barely one year old. It had 
been used at that time only for the measurement of surface phonon 
dispersion curves on the surfaces of alkali-halide crystals. Since 
then the technique has been applied to the study of surface phonons 
on metal surfaces^ 8 '-'^^, and on layered compounds , to the 

study of surface phonons in layers of rare gas atoms adsorbed in an 
incommensurate fashion on silver substrates(183,184 ) f and to the 
Observation of surface optical phonons in NaF^® 5 ) and LiF.^®®) The 
energy resolution of the method has been improved to the point that 
it is now in the range of 0.2 to 0.5 meV. One can begin to think 
about measurements of surface phonon lineshapes in the not too 
distant future. 

During the same period a second experimental technique has been 
introduced for the determination of the dispersion curves of surface 
phonons on the clean surfaces of metals and on adsorbate covered 
surfaces, viz. electron energy loss spectroscopy. In this 
method a beam of electrons of energy E^ and wave vector 1?^ impinges 
on a crystal surface, excites or de-excites a phonon of 
frequency w and wave vector q ( , and emerges with energy E s and wave 
vector It . If we take into account that hw is always negligible 
compared to E^ and E s , the surface phonon dispersion curve u> = 
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is obtained from the pair of equations that express the conservation 
of energy and the components of the wave vectors parallel to the 
surface(l 87 ): 

|E i -E s l = hw (8.1) 

k (sine i -sin@ s ) = q ( , (8.2) 

where k = lit. I = I it I, and 9. and 9 are the polar angles of and 

^ I 1 I I S ‘ IS 1 

k g , respectively, measured from the normal to the surface. At each 
value of 9. for a fixed 9 g (i.e. for each value of q (| ) the intensity 
of the outgoing beam is measured as a function of E^-E s , which yields 
the loss spectrum. A peak occurs in this spectrum when the condi¬ 
tions for exciting or de-exciting a surface phonon are satisfied. 

The energy resolution of this method is now about 7 meV for the large 
angle scattering required for mapping out surface phonon dispersion 
curves. Surface phonon dispersion curves have been obtained by this 
method for Ni(001),* 188 * 189 > TaC(OOl), ( 19 °), NbC(OOl) < 191 ), 

Ni(001)-p(2x2)0 < 192 ) and Ni(001)-c(2x2)0.^ 193 * This method is not 
limited by the energy of the surface phonon and is thus well suited 
to the study of high frequency surface phonons associated with 
adsorbed layers of atoms. 

The existence of two experimental methods for measuring surface 
phonon dispersion curves provides us with a way of testing models 
used in calculating dynamical properties of surfaces, and of esti¬ 
mating the magnitude of surface relaxation if the variation of atomic 
force constants with interatomic separation is known from an 
independent calculation. In the case of adsorbate covered surfaces 
these methods can provide information about the symmetry of the 
adsorption site and, together with the results of quantum chemistry 
caculations, can give information about the adsorbate-substrate 
distance. Activity in this field should be intense for the 
forseeable future. 
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1. Introduction 

The fact that, unlike the other contributions, this talk will be 

about phonons in ideal crystals, like rare gas solids (RGS) whose 

dynamical properties are surely well understood, deserves an 

explanation. This is particularly true since we are celebrating the 

75th anniversary of the great paper by Born and von Karmah (1912) 

which, in a sense, represents the beginning of our subject. Yet, 

isn't it interesting that when Eckert and Youngblood (1986) published 

36 

dispersion curves for Ar near melting they analyzed these using 
Born-von Kerman theory. What is one to make of the quasiharmonic 
force constants they obtained? And when they turned to Glyde and 
Smoes (1980) for a most sophisticated self-consistent theory based on 
an excellent potential by Aziz and Chen (1977), the hoped for 
agreement between theory and experiment proved disappointingly 
elusive. 

There is a story here that deserves telling. And we believe that 
our results may find a place in many modern applications of lattice 
dynamics. 


2. Quasi-Harm onic Born-von Karman Theory 

Let us assume we know the crystal potential energy 4 as a 
function of the instantaneous positions of the atoms. For rare gas 
solids we have the widely used Mie-Lennard-Jones (MLJ) (12-6) 
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potential or the model potentials such as the Aziz-Chen potential for 
Ar or the Beck (1968) potential for He. These are based primarily on 
gas data. For semi-conductors, metals or ionic crystals, 4, whether 
from ab initio calculations or model potentials, is known much less 
precisely. So we'll refer mostly to RGS. 

Our problems is to calculate the Helmholtz free energy F and the 
dynamical form factor S(Q,w) - i.e. formally, for F 

F - -kT In Z, Z - tr e‘ H/kT (1) 


The solution of this problem was presented by Born and von Karman in 
1912. This paper is still alive and well and is actively being used 
in current research. The frequencies of vibration of a solid are 
obtained by expanding the crystal potential energy as a Taylor series 
in the displacement a* - of the i-th atom from its equilibrium 
position 


« 
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( 2 ) 


The first line is the harmonic and the second the anharmonic 
contribution. Bom and von Karman only considered the harmonic 
contribution. By allowing the equilibrium positions of the atoms to 
change, i.e. allowing the 2nd order force constants to depend on or 
change with volume, we obtain the quasi-harmonic theory (QH), (after 
making the familiar normal coordinate transformation to obtain the 
crystal excitations--the non-interacting phonons) 


W 2 ( 3 j) - Z e a ( 3 j) D a/8 (a> e j8 ( a j) (3) 

with D a ^( 3 ) - J E (1-cos ( 3 • R,)) V a y (R p > <*> 

F - 4 > + 2 /9' 1 ln (2 sinh 0 h u/2) 

° 2J 


( 5 ) 
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S - k S h « coth £ h w - In (2 sinh hfin)) (6) 

aJ 

etc. These expressions are single sums over normal modes. 

This theory, expounded by Born and Huang (1954), was standard for 
forty years. It took a long time to figure out how to evaluate these 


sums, and, of course, there were no 




computers available then. 

The predictions of this theory 
can be illustrated by fig. 1, 
Horton and Leech (1963), only 
the MLJ potential was available 
then. 

Next came the experimental 

implementation of neutron 

spectroscopy by Brockhouse 

(1961) and his collaborators--at 

last the dispersion of phonons 

could be measured directly. As 

an example look at fig. 2. 

The measurements are from the 

paper by J. Eckert and R.W. 
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Youngblood, (1986) for Ar at 
81K. The force constants are 
fitted out to 3rd neighbors. 

They correspond to the broken 
line. We will show the other 
directions and discuss the solid 
curve due to Glyde and Smoes 
later. The force constants 
obtained from the Born-von 
Karman fit are listed in table 
1. The Born-von Karman analysis 
of neutron scattering data has 
been a favorite tool of 
experimentalists. But table 1 
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illustrates the problem with 
this analysis. It leads to 
temperature dependent phonon 
spectra, fig. 3, for which 
there is no place in the 
quasiharmonic theory (volume 
expansion is not an adequate 
explanation). 


Fig. 3 


Table 1. Interatomic force constants (in,dyn cm ) of solid Ar 
at 8lK and at 10K. The values of 10K are for a three-neighbor, 
general force model, while the data at 8lKvere fitted with a 
three-neighbor axially symmetric model. In the latter case, 
one has the constraints 1XX-1ZZ = 1XY, 3XX-3YY = 3(3YZ) and 
2(3XX) - 2(3YY) = 3(3XZ). 


Force 10K 81K 

constant 


1XX 

605(10) 

503(33) 

1ZZ 

5(14) 

-16(16) 

1XY 

633(18) 

520(44) 

2XX 

-24(22) 

-14(21) 

2YY 

-3(8) 

-6(22) 

3XX 

-5(8) 

-31(11) 

3YY 

0(2) 

-9(4) 

3XZ 

-2(4) 

-7(3) 

3YZ 

0(4) 

-15(6) 
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3. Anharmonic Perturbation Theory 

To improve the Bom-von Karman theory the next step that was 
tried was to include the anharmonic terms of eqn. 2. 

The potential energy contribution to the partition function can 
be written 

Z - <e harmonic anharmonic / > (7) 


The harmonic part is handled exactly by the normal coordinate 
transformation. To calculate the anharmonic contribution to the 
thermodynamic properties we expand the Boltzmann factor 


- Z h <1 - 0* 


anh 




( 8 ) 


To evaluate this expression, we note that for harmonic basis functions 


<u> -<uuu> - 0 
o o 


< u 2 > 


<uuuu> Q /0 


ilkl 

The second term in equation 8 contains ^ W xy Z < u u u u > Q . The third 

term contains i 2 <uuu, uuu>. Clearly, to get non-zero 
r xyz o jo 

contributions, the u operators must be paired. So the lowest order, 
corrections to Bom-von Karman theory are a term containing a fourth 
derivative of the potential (and four u's) and one containing the 
product of two third order derivatives (and six u's). 

For RGS, in fact, the fourth derivative term is larger than the 
cubic derivative squared term, but that depends on the interatomic 
potential. The conventional wisdom is to retain both terms. 

Let's use a diagrammatic approach. The fourth derivative of the 
potential is represented by a blob with four lines coming from it, and 
the pairing requirement means that we complete the diagram by forming 

loops of all the line ends. For 
the cubic derivative squared the 
diagram has all three lines 
joining the two vertices. These 
are the only non-zero diagrams, 
fig. 4. For a number of years, 


(a) 





Fig. 4 
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20 4 0 60 60 


TEMPERATURE *K 

Expansivity of Ar. The circles end triangles correspond 
to perturbation theory results for (12-6) nn and (13-6) nn poten¬ 
tials, respectively. The curve labeled sc is for the (12-6) nn poten¬ 
tial in the lowest-order self-consistent phonon approximation. The 
quasiharmonic curve QH (12-6) nn is included so that the explicit 
contribution of the anharmonidty can be seen. 



TEMPERATURE *K 


Volume expansivity of sodium chloride: QH is the quasi¬ 
harmonic approximation and PT are the perturbation theory results 
based on the leading anharmonic terms [Eq. (8)]. The experimental 
results are shown as points. 


these two diagrams 
represented the accepted 
theory of anharmonicity 
which was applied to a 
variety of substances. 

About 20 years ago, 
Klein and Horton (1968) 
realized that if you make 
numerical calculations of 
these terms using a MU 
potential to model RGS, the 
contribution of these 
anharmonic terms became 
unacceptably large at quite 
low temperatures, about 
T^/3, fig. 5a. The same 
thing happens in NaCl, fig. 
5b. Clearly, if all the 
terms in anharmonic 
perturbation series are 
included the theory is 
exact. Indeed, all 
existing theories can 
probably be interpreted as 
corresponding to the 
selection of subsets of all 
the diagrams. Can we 
calculate all the diagrams? 
It seems reasonable to see 
how far such a 
comprehensive program can 
be pursued without being 
overwhelmed by unmanageable 
algebraic and numerical 
complexities. 
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Together with our indefatigable colleague Ramesh Shukla, Shukla 

and Wilk (1971), Shukla and Cowley (1985), we have followed this path 

using for our analysis a scheme for ordering the diagrams introduced 

by van Hove. Each third derivative counts a factor A of the ordering 

2 

parameter, each fourth derivative A etc. The magnitude of A equals a 

typical atomic displacement divided by the nearest neighbor distance. 

2 

Then the diagrams of fig 5 are of order A . There are eight 
diagrams of order A^, 43 of order A^ etc; those of order A^ are shown 

After working out the algebra for 

all these diagrams in figs. 4 and 

6, they were evaluated for a MLJ 

potential in the high T limit. 

The contributions to the free 
2 

energy of order A are in units 

3 4 

of N(kT) /«, those of order A 

are in units of N(kT)^/« 2 . The 

results are listed in Table 2. 


Fig. 6 


Table 2 Anharmonic contributions to the free energy. 


Diagram 

Contribution 

Partial total 

F(2(a)) 

0.2049 


F(2(b)) 

-0.6627 

F(SC1) = -0.4578 

F(2(c)) 

-0.6012 


F(2(d)) 

(0.9146) 

F(ISC) = —0.1444 

F(2(e)) 

-0.2234 


F(2(f)) 

-0.3533 

F(SC2) = -0.7211 

F(2(g)) 

0. 5814 

F(X 4 ) = - 0.2309 

F( 2(h)) 

- 0. 0912 

Fa (a)) 

0.6910 

F(X*) = 0. 3486 

Ftt(b)) 

- 0. 3424 
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Clearly, none of Che conCrlbutions are negligible and there is much 
cancellation. In order to assess the convergence of the perturbation 
expansion we note that 

F(A 4 )/F(A 2 ) - - 0.662 ('kT/O (9) 

and for RGS, « - 2kT m< so that 

F(A 4 )/F(A 2 ) - - 0.331 (T/T m ) (10) 

This suggests a convergence to T - T m /3. And as figure 7 shows 
convergence is poor. 



Fig. 7 Thermal expansivity p f in tcduced units uf It/e lor 
NN LJ model of argon. 

I’oinls are the cx|iciiiucnlsil dnln; solid lines me 
perturbation theory to 0(A l ) and Ot A 4 ); dashed line is I he ap- 
proximalioii to ISC. 
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Shukla has almost calculated all forty-three diagrams of 0(A®), but 
nothing has yet been published. 

We feel that any scheme that stops after a finite number of terms 
In the Taylor-expansion, eqn 8, will turn out to be unsatisfactory for 
some cases. The strength of the self-consistent formalism is that it 
does sum selected infinite series of terms. However, we believe that 
the perturbation series approach is useful for some situations and in 
indicating the viability of different approximations. 

4. Self Consistent Phonon Theory 

We now turn to self-consistent theories. First order self- 
consistent theory, SCI, simply replaces the second derivative of the 
potential in eqn. 4 by its average over the harmonic pair correlation 
function. The self-consistency arises because the harmonic pair 
correlation function itself contains the harmonic frequencies. In 
practice, one starts with, say, quasi-harmonic force constants and 
iterates to achieve a self-consistent solution of the SCI equations. 
These are 

- l e a (aJ> D a /a> 

with D a/J ( 3 ) - J S (1 - COS (a • R,))< V a Y(R p » 

^(r) is the interatomic potential, M - atomic mass, the sum over p is 
over neighbors, at R^, of an atom at the origin. For RGS we will 
assume ^(r) Is central and that the Axilrod-Teller-Muto triple dipole 
contributions, see Barker (1976), can be added later using 
quasiharmonic theory. The smeared force constants may be written as 

W - ‘ 7 «V <V > ■ I *h«,'i , 7 .V< r > d3r <13> 

and, for later use, 

WV ■ < V «W ( V > ■ k ( 5,.DVA' <r)d3r 


( 11 ) 

( 12 ) 


(14) 
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and so on. 

The pair correlation function, normalized to unity, is given by 

- [(2*) 3 detAf 1/2 exp(- \ (£-& p ) • A"(£-&,)] (IS) 

The free energy and entropy in SCI are given by 

F - E< ) > + S [/9 _1 ln 2sinh x - {toCgj )/4)coth x] (16) 

2 P P flj 

and S - k Z (x coth x - ln(2 sinh x)) (17) 

flj 

with x --tt w(flJ)/9/2, 0 - (kT)* 1 (18) 

The displacement-displacement correlation function is 
<((u a (R^) - u a (0)).(u /J (R^) - iyO)) > - A a/J (R p ) where 
A a/3 (B p ) - 2^ (1 - COS a • B p )e a (aj)e^(aJ)«(aj)/“ 2 (flJ) (W 

where «(aj) - (n(aj) + 1/2))h w(aj) is the average energy per mode. 

The average occupation number 

n( 3 j) - (exp(fiw(«jj)/kT - l)' 1 (20) 

The sum is over the 3N normal modes in the first Brillouin zone. 

This set of equations is solved by a computer program that 
iterates them to the required accuracy, starting, say, with quasi¬ 
harmonic force constants. Eqns. 13 and 14 diverge near r — 0, 
especially for the MU potential, a problem that is usually handled by 
cutting off the integrals. We will return to this point later. 

In the late sixties and early seventies, self-consistent phonon 
theory, which is a mean field or Hartree theory, appeared to be an 
important break-through in the development of lattice dynamics. It 
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TEMPERATURE # K 


Fig. 9a Expansivity of Ar. ISC, improved self-con¬ 
sistent theory; SC, lowest-order self-consistent theo¬ 
ry; PT, conventional perturbation theory; and EXPT, 
data from Choquard 


was developed 
simultaneously by 
three or four groups 
and it was then found 
that Max Born (1951) 
had written it all 
down twenty years 
earlier to cope with 
the solid He problem. 
For this case Born-von 
Karman theory does not 
exist because eqn. 3 
turns out to be 
negative. The physics 
behind this situation 
is illustrated in fig. 
8 . 


A helium atom moves 
in the dynamic field 
of its neighbors. So, 
the dashed line in 
fig. 8b, which 
corresponds to the 
Born-von Karman 
approach, does not 
express the correct 
physics. Born's idea 
then is to solve the 
following problem. 
Knowing the He atom 
vibrates in an 
effective harmonic 
well, due to its 
neighbors, make an 
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assumption about the 
force constant and 
solve this problem. 
Then ask: what is the 
motion of the 
neighboring atoms in 
its potential? And 
so on back and forth, 
till the motions one 
obtains are self- 
consistent. 

It was one of the 
triumphs of SCI that 
the smeared second 
order force constants, 
eqn.12, were positive. 
Thus the self- 
consistent theory was 
extensively applied, 
particularly to solid 
helium. 

Unfortunately, it soon became clear that numerically SCI was 

little better than anharmonic perturbation theory, see figs. 9a,b. 

The agreement with experiment was good at rather low temperatures 

only. For instance, C for Ar was 26 J deg'^ mole ^ at the triple 

P -1-1 

point compared with the experimental value of 33.17 J deg mole 

It seems natural to try to extend the range of applicability of 
SCI by including the cubic terms of fig. 4 as a perturbation of the 
free energy, evaluated using SCI basis functions. In this way, one 
includes, in an approximate way, both diagrams of fig. 4 in the 
theory. In this theory, called the improved self consistent theory, 
or ISC, the phonons are shifted in frequency from their SCI values and 
broadened due to their finite lifetime, see Goldman et al. (1968 and 
1970). This shift and width are given by the imaginary part of the 
one-phonon Green's function 
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la (G(flj,0)) - A(aj,0) 

2«(aj) r(aj,n> 

[n 2 * w 2 (flj)-2w(aj)A(aj,n] 2 + [2w(aj) r(gj,n)] 2 

If A and T depend little on fl, then A(aj,fl) is a simple Lorentzian 
function peaking at 

n 2 - w 2 (flj) + 2cj(flj) A(flj,n) (22) 

with full width at half maximum of W - 2r(aj ,0). The position of this 
peak la usually identified as the SCI plus cubic terms phonon 
frequency. Expressions for A and T can be found In the literature; 
both are proportional to the square of the Fourier transform of the 
third order smeared force constants. 

The one phonon dynamic form factor describing the inelastic 
scattering of a neutron in which a single phonon is excited having a 
wave vector a - Q + £, is given by 

s.(g,fl) - [n(n)+i]d 2 (Q) s (q . £ (aj)) 2 f 2 (aj) A(aj,n)A(Q -a) (23) 

flj 

where d(Q) is the Debye-Waller factor, f 2 (aj) - (2muKaJ)^ etc ' 

From fig. 9.a,b, we see that ISC represents a considerable improvement 
over SCI to higher T. 

Let us relate the diagrammatic perturbation expansion to the 
self-consistent phonon theory of lattice dynamics as illustrated in 
fig. 10. There are two basic building blocks we want to introduce. 

The averaging (or smearing) of a potential derivative over the 
harmonic (or Gaussian) probability distribution corresponds to adding 
any number of loops to the corresponding vertex. Thus, starting from 

9 

the second diagram of 0(A ), fig. 4, we can generate a family of 
diagrams by adding any number of loops to one or both of the vertices. 
This coresponds to smearing the vertices in the Improved self 
consistent approximation, or including all even derivatives of the 
potential,Choquard (1967), Horner (1974). 
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Second, the lines represent, in the first instance, a pairing of 
displaceaent operators. When we make the normal coordinate 


(a) 3) 6 


« G 



+ 



+ 


*X 4 




+ 


i 


a 

■X* 


+ 


W 



-■o*+ 

■x* 



+ 


X* 




Fig. 10 


transformation to a phonon picture, each line represents a phonon 
propagator. In self-consistent schemes, the normal mode frequencies 
are calculated using average force constants and this corresponds to 
adding anharmonic shifts, or self-energies, into the phonon lines. 
The SC theories are equivalent to only including the first type of 
insert from fig. 10. In this way, we see that of the 8 diagrams of 
order fig. 6, only two are incorporated in the first order, SCI, 

scheme and two more are generated from diagrams with two cubic 
vertices (by dressing either vertex or a phonon line--in practice 
these theories also contain all the higher order diagrams). This 
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correspond to ISC. Including the first six diagrams corresponds to 
the second order self-consistent theory, SC2. The remaining two 
diagrams cannot be regarded as belonging to either SCI or SC2. 

Looking at the numerical results, we see that the contributions 
of all the diagrams are roughly of the same order and of different 
signs. The total Is much smaller than any of the Individuals terms. 

We can look at the subtotals for the free energy and find that 
the sum of the first two terms Is way off the final total; the sum of 



the first four terms is 
closest to the final 
total; and the sum of 
the first six terms is 
far from the final 
answer. These results 
are consistent with the 
difficulties of SCI, the 


Fig. 11. A version of SC2, SC2', from 
Kanney and Horton. 


modest success of ISC 
and the failure of a 


version of SC2 which 


diverges at high T, something that SCI never does, Kanney and Horton 
(1975). 

Before leaving this work, we would like to comment on the last 
diagram of order X (fig. 6). We can redraw it to look like a ring 
diagram with a single Insert consisting of a double cubic bubble with 
a single line across the middle. 


( a ) /^N 




H -<X>“ + * 


Fig. 12, Ladder diagrams 
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This Is called a ladder diagram and, of course, 1c Is only che 
first member of an infinite series with different numbers of rungs in 
the ladder. 

Diagrams with this structure are amongst the most difficult to 
evaluate numerically and there is a temptation to sweep them under the 
table. However, there are indications here and in quite different 
contexts that they are often not negligible. 

Some years ago we studied the two phonon Raman scattering of 
light in Ar and Xe. This is described by a scattering efficiency of 
which and correspond, respectively, to the polarized and 
depolarized scattering for single crystals of Ar. Our calculations did 
not agree particularly well with the experiment, see fig. 13. In the 

calculations, we included 
diagrams of type a) but ignored 
interactions between the phonons - 
-diagrams of type b) in fig, 14. 
Our work left us with the 
distinct impression that the 
cause of some of the 
discrepancies between theory and 
experiment was the neglect of 
additional scattering processes 
between the two phonons giving 
contributions from these ladder 
diagrams, Leese, Horton and 
Cowley (1980) . 


Fig. 13. Solid Ar spectra at 153.5K, 22.3cm /mole. 

Solid lines-experimental results. Dashed lines- 
smoothed spectra calculated by Leese, Horton and 
Cowley. Circles-molecular dynamics calculations 
of Adler et al. The latter are scaled in intensity 
but not in frequency. 

We have seen that for T < T m /2, or so, the various self- 
consistent theories are satisfactory (ISC more so), i.e. they lead to 



Fig. Ik 
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3 

the T law for and yield broad agreement with experiment, where 

good model potentials are available, for RGS and other crystals. 

Between T /2 and T , the low order SC theories are far from 
m m 

satisfactory. 


To attack this problem let us pursue the idea of Heinz Horner 
(1974) who attributed the failure of SC theories at high T to the 
neglect of hard core effects. The importance of these effects for 
highly anharmonic solids, like He, was known ever since the work of 
Nosanow (1976) but their appearance in Ar is something of a surprise. 
Of course, we are concerned with anharmonic effects. But these are 
short range anharmonic effects as opposed to the long rai>ge effects 
incorporated in low order SC theories. Obviously, all these effects 
are included in a complete theory. But none of the standard 
formulations of the theory, such as that of Choquard (1967) or 
Werthamer (1970) readily accommodates hard core effects. The problem 
is that at every level the theory depends on effective harmonic 
frequencies so that the pair correlation function, eqn. 15, is always 
a Gaussian. This means that, in principle, there is a finite 



R ill 

Fig. 15. Aziz-Chen potential for Ar 
MLJ potential is broken line. 


probability that an atom will 
penetrate close to a neighbor. 

As a result, the potential and 
the force constants, averaged 
with a Gaussian pair correlation 
function become very large or 
even infinite. 

The integrands in eqns. 13 and 14 
look like that in figure 17 and 
the question arises whether an 
unambiguous separation of the 
physical and unphysical 
contributions can be made by 
’using a cutoff, This problem is 
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Af 81 K 9.489 A 



Fig. 16 : Gaussian and Horner g 
pair correlation function with 
Aziz-Chen potential. 



particularly acute 
for the MU potential 
which diverges at the 
origin. It has been 
customary to hide 
this problem by 
truncating the 
potential at small r 
and hoping that the 
numerical work is 
insensitive to the 
cut-off. Horner's 
solution to this 
problem was to modify 
the Gaussian pair 
correlation function 
empirically so as to 
reduce the 

probability of close 
approach of any two 
atoms. For an 
isolated pair of 
atoms this 
modification can be 
derived at low 
temperatures (He) and 
at high T, the region 
we are interested in. 
The modification 
involves the 
Boltzmann factor of 
the pair potential at 
high T. Horner's 
ansatz is 
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g(E p .X> - g h (E p .£)7(r)(a o +a 1 (r-R /) )+a 2 (r-R^) 2 } (24) 

with 7 (r) - exp {-/9*(r)) (25) 

being the familiar Jastrow factor. 

In order to determine the three coefficients a o> a^, a 2 , Horner 
postulated that 

1) g(E p> £) be normalized 

2) g(E p .l) be peaked at £ - R p , just like the g h (B p ,l), thus 
preserving the lattice structure 

3) g(E p> £) have the same second moment as g^CR^X), i.e. that the 

of eqn 19 be unchanged. 

It is not known what class of diagrams this ansatz corresponds 
to. It is surely an infinite set. So, overcounting is always a 
potential problem, especially for the thermodynamics. Originally, 
Horner introduced a polynomial in a non-spherically symmetrical form. 
This would enable us to adapt g(R^,x) to the symmetry of the crystal, 
as is true for g^R^.x). Here we can only satisfy condition 3 in the 
longitudinal direction but happily this is the principal direction for 
short range correlations. Goldman (1979) has reported that near T m 
for moderate densities, Homer's g may become negative for some r. 
Goldman proposed an alternative ansatz 

g(R p ,X) - At(r)exp l- 2 ‘ * 3 • (X - £)) < 26 > 

which has the symmetry of the lattice, never becomes negative and in 
which the parameters A, £. and jr are determined by the normalization, 
peak position of the Gaussian and its width. We use eqn. 24. 

The three conditions can be written as 


Jg(l)d 3 r - 1 


(27) 
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J r g(i)d 3 i - & p or J (£ - S p ) g(i;)d 3 r - 
J(i - B p ) a (X - B,>„ B(X) d 3 r - A afi 


(28) 

(29) 


As we pointed out, with three parameters these three conditions can 
only be satisfied in the longitudinal direction. 

A 

Let « - B_ /IBJ. a unit vector pointing in the nearest neighbor 
“ P P 

direction, and put - J(r-R^) i [ (t-B^,) * «.]^7 ( r ) g^B^.t) d 3 r (30) 

\ - it >t V V - V * (31 > 

so that for a neighbor in the 110 direction 


A. — A + A 
L xx xy 


(32) 


We can write this set of three equations, eqns, 27, 28, 29, as 


JJq a i M ij " I j’ X o " l * l l " °’ l 2 


(33) 


Let us briefly review the adiabatic approximation underlying the 

Homer Ansatz in which g(R ,£) is allowed to change with g , the 

—p P 

interparticle distance. However, in this approximation the separation 

of one pair of atoms changes, while the spacing of the rest of the 

crystal remains unchanged. Hence the explicit value of R^ as it 

appears in the factor {a Q + a^r-R^) + a 2 (r-R^)} does not change since 

it describes the shape of the potential well formed by all the other 

atoms, except the pair in question. For the same reason & does not 

change with g^. The aj^ change with g^ and A and they depend only on 

R T and A T . Now 
pL L 


3 S h / 3R pL - < A '>L<* * Vl 


(34) 


so that 
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^ij/ 3R pL - * J ^ij-l + < 35 > 

and 3g h /3V \ (£ - B p ) 2 (A^ 2 ) ( X - B,) 2 g h - (16) 


so that 


3, *ij /3A L - \ (M i( j +2 A L * My A L > 


(37) 


We have assumed that (A ^) T - (A.)"*, i.e. that A diagonalizes with 

A La La 

one eigenvector along This is true in our case. Putting these 
results together we obtain 


«Mij - + A ^ 1 „ iij+1 ) SR pL + f (M i j+ 2 AL 2 - MyA^^ ° 8) 


where, to make the connection with Horner's notation, r - ^ A' 1 - It 
also follows from eqn 33 that 


2 3a 
2 


2 

i-0 3R pL /l£J i-0 1 3R pL 


a M< 


(39) 


2 3a, 2 3/i 

and S 7 a Mi, - S,. - 2 a. - 

i-0 3A L J 3 i-0 1 3A L 


(AO) 


We have derived eqn 38 explicity because in Horner's (1974) review 
article p, 493, eqn. 4.52 the second term in the coefficient of 5R . 

pL 

in eqn 38 is omitted. We also note, without detailed proof, that, In 
high symmetry situations and assuming that A does not depend on B^, 
and using the fact that 


- -Vh 

<s v'*v > - 2 <* V Sr .*y - 2 <s V a w- 


(41) 

(42) 


The force on an atom due to its neighbor at has the value 
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K a - Jg(fi,.£> V^(r)d 3 r 

- S a.f 7 (r) (r-R (E .£)V *(r)d 3 r (43) 

i-0 J pupa 

Horner next introduces the functions defined by 

dW £ /dr - 7 (r)(r - R^) 1 d*/dr (44) 

with Wj 0 as r ■* « 

2 r 3 

Than K „ - ^ a iJ Sh ( V £) W r < 45 > 


Integrating by parts gives 

K - - 2 a, fw. V g, d 3 r 
* i_ 0 £ J 1 a h 


(46) 


a & h 

Now M . - 3K a /3R - and with - -7 g h we find 

PP 


\e '•iJV.W 3 ' ' «£, J 'iW'" 

2 r e r Rfl 3fl. p a » 

- £ {a iJ W i V aVh d r * 3K pL J W 1 i ‘ 2*h d r > 


(47) 


This is Horner's expression, except for the minus sign. The wrong 
sign also appears in the review by Henry Glyde, (1976) and Tom 
Koehler, (1975), pp 54-5, eqns. 4.49 and 4.51. 

The cubic force constants are given by 


M 




- 3 K /3R 3R 

<* P0 P7 


- 2 3K /3A, 
a' 0y 


(48) 
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Using the second form and additional algebra gives the explicit 
expression 

- Z a 1 Jg h 7 (r)(r-R p ) 1 [ iW/t - 3*" A + W /r 2 ) 

+ *'< 7 " -7'/r)7 + ^'(i(i-l)(r-R^)' 2 -i(r-R p )' 1 /r) 

+ 2(7'/7)(^ m A'/r) + 2i (r-R - 4>' /r) + (2i7' /7) (r-R )' V } 

P P 

+ {« a ^ r^/r + & ^ r a /r + 5^/r ) ( (f/r-*'/r 2 ) + 7**'/7r 
+i(r - R )'V/r)]d 3 r + 

P 

2 R R »R 3fl, (• * a ^ 

2 iS 0 - ea ^f~ Jn axf jTr(r)(r-R p )^ i g h < • 2 4 d 3 r (49) 

K Li 

To be able to evaluate these force constants, eqns. 47 and 49, we must 
know the functions. Clearly, from eqn. 44, for 

i - 0 dW Q /dr - e'^d^/dr, 

so that W - (1-e 

o 

this obeys the correct boundary condition. 

i - 1 W L - (r-R )W q - J W Q dr (50) 

W 2 - (r-R p )W 1 - J dr 


i - 2 
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5. Implementi ng Horner Theory 

A flow chart of our procedure goes as follows: 


Initialize the dynamical 

force constants, -* matrix 

say quasi> 
harmonic 


Sh 

g 


<« ) 

xx 


CS > 

XXX 


test for 
convergence 


S 

_£ 

B l t 

calculate force constant 

cubic shifts ■* corrections 


A 

t 


Loop A with and only < ^ xx > gives SCI, needs about 20 iterations and 
takes about 1 hour on a minicomputer, Vax or HP. To work out ISC, you 
use the SCI frequencies and eigenvectors to evaluate the cubic 
contribution to the free energy; that takes another hour on a mini, 
for a reasonable set of volumes and temperatures. The reciprocal 
lattice sums were done with 4000 points in the full Brillouin zone. 

To implement the full Horner Ansatz, after obtaining SCI by loop 

A, using g, one goes into loop B. In this loop, after obtaining the 

cubic frequency shifts at 27 points in the zone, these are fitted by a 
/ / 

Born-von Karman three neighbor model which gives us new which are 
then fed into loop A. We then iterate loop A again to convergence and 
then redo loop B. The number of iterations needed for loop A 
decreases from 20 to about 8, loop B is typically run about three 
times. On a main frame computer (AS9000, IBM3070) the Horner 
calculation takes about five minutes. 

The volume integrals are done using Gauss-Hermite integration 
with 20 points in all the three dimensions. Eight neighbors were 
included in our calculations and only the first three were treated 
self-consistently but only for nearest neighbors did we include the 
Horner Ansatz. Restricting HA to nearest neighbors is justified 
because it represents the major short range correlation effect. The 
triple dipole, ATM, forces were added bn using quasiharmonic theory. 
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6 . Rfliulta 

a) The pair correlation function Is changed at all r (fig. 16) 

b) Force constants In Ar at 82K, a - 5.4603A 

o 


4 

XX 

(dyn/cm) 

4 (10®dyi 

XXX J 

Quas1-harmonic 

322.0 

-1217 

SCI 

557.3 

-1720 

let order, HA 

496.4 

-1023 

2nd order, HA 

505.0 

- 959 

SCI + cubic corrections 

2nd order, HA + cubic corrections 

419.0 

457.0 

... 


ilne 2: the large Increase In the force constants due to (SCI) 
smearing Is typical. 

line 3: the effect of HA without Including the second order cubic 
shifts 

line 4: the force constants using HA with the self-consistent 2nd 
order cubic shifts Included 

To Illustrate the importance of the 2nd order shifts, in the last two 

lines we show the effect of modifying the 2nd order force constants by 

the corrections arising from the cubic shifts, line 5 without and line 

6 with HA. In the latter case Is decreased by 10%. In the 

former, the large SCI cubic force constants (line 2) give large 
2 3 

corrections (~^ .) leading to unrealistically low frequencies. 

In fact, at this T and a o , If the cubic shifts are included 
iteratively, omitting HA, the frequencies become imaginary (divergence 
of SC2). It is a major success of HA that it removes this divergence. 
The first iteration corresponds to the calculations of Glyde and 
Smoes, (1980). 

c) Dispersion Relations 

One of the stimuli for our work on HA was the recent paper on 

36 

lattice dynamics and phonon llneshapes in Ar at 81K by J. Eckert and 
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R.V. Youngblood (1986). We show their experimental results and our 
calculations in Fig. 18 from Cowley and Horton (1987). Three points 
require comment. The zone boundary 



Fig. 18: Phonon dispersion relation in Ar. Experimental 
circles from Eckert and Youngblood. Solid lines from Cowley 
and Horton. 


longitudinal peak is extremely broad and the error estimate of Eckert 
and Youngblood encompasses our value. The discrepancy is probably due 
to the two phonon contribution to S(Q,u), which Glyde and Smoes (1980) 
have shown to give rise to a high energy shoulder. The hollow circles 
were obtained serendipitously under conditions where they should 
normally be invisible and are more uncertain than the other values. 

The remaining discrepant point, In the (110) direction also seems to 
be slightly high In calculations at low T and may indicate a small 
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shortcoming in the Aziz-Chen potential. The agreement with the 
experimental results of Eckert and Youngblood at 55K of our calculated 
HA dispersion curves is comparable to the agreement at 81K. Their 
lattice spacing should be 5.386A instead of the reported 5.440A. This 
suggests that the HA holds quantitatively to much lower temperatures 
than its original derivation suggested, 
d) Elastic Constants 

We have extracted values of the zero-sound elastic constants from 
the slopes of the dispersion curves at long wavelengths, using either 
curves measured by inelastic neutron scattering or the calculated 
spectral functions. Experimental measurements of the long-wavelength 
modes Were performed by Y. Fujii st al. (1974) and their elastic 
constants and ours are listed in table 3. We also include the first- 

ft 

sound elastic constants, measured by Brillouin scattering, by Gewurtz 
and Stoicheff, (1974). We also include elastic constants calculated 
at 163.9K using a nearest neighbor MU potential corresponding to Xe 
because for this case we have the corresponding Monte Carlo results of 
E.R. Cowley, (1983). The discrepancy for c^ may reflect differences 
between zero and first sound values. 


Table 3. Elastic constants in Argon, at 82K, and Xenon at 163.9K. 


Ar, present theory 
Ar, neutron. 

Ar, Brillouin 

Xe, present theory 
Xe, Monte Carlo 


Elastic cc 
C 11 

257 + 3 
248 i 6 
238 ± 4 

300 ± 4 
290 ± 1.5 


O 

cants (10 
c 12 

156 i 5 

153 i 5 
156 ± 3 

150 ± 5 

154 ± 1.5 


2 

dyn/cm ) 
C 44 

130 ± 2 
124 + 4 
112 ± 3 

134 ± 2 
117 ± 1 
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e) Specific Heat 

An .additional intriguing application of the frequencies 
calculated in the Homer formalism is in the evaluation of 
thermodynamic quantities. In theories such as ISC, or the Monte Carlo 
method, a thermodynamic variable such as the heat capacity is not 
directly expressible as a single sum over normal modes. However, the 
Horner formalism is designed to generate a set of frequencies which in 
some sense gives the "best" description of the lattice dynamics, and 
it is worth trying to use them to calculate thermodynamic functions. 

In particular, we assume that the entropy can be calculated using the 
formula corresponding to a set of harmonic normal modes, since this is 
known to work for the SCH and low-order perturbation theories. The 
most direct comparison with experiment is to calculate the heat 
capacity at constant pressure, Cp, by evaluating the entropy at a 
number of closely spaced temperatures, using for each temperature the 
equilibrium lattice spacing for that temperature. In this way we 
obtain a value for Ar at 80K of 32.06 J/mole-K. The experimental 
value is 33.175/mole-K, and the difference is well within the range of 
estimated values for a vacancy contribution. 

To eliminate this uncertainty, we have again made a comparison 
using the MU model of Xe at 163.9K with the Monte Carlo results of 
Day and Hardy (1985). In this case we calculate a value for the heat 
capacity C v of 2.60R, while the best Monte Carlo value is (2.64 ± 
0.015)R. While the differences seem to be outside the combined 
uncertainties of the two calculations, our result is an improvement 
over the ISC value of 2.57R. In any case we believe that the 
formulation of the thermodynamics of lattice dynamics using HA could 
do with further examination. 

f) Thermal expansion 

We have calculated 3S/3V - 3p/3T - /9B T at 80K for Ar. Our result 
is 0.0255 kbars/K while the experimental result is 0.0244±.001 
kbars/K. The largest part of the experimental error comes from the 
measurement of the bulk modulus. At any rate there is, again, 
agreement within the combined uncertainties. 
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g) Phonon lineshanes 

Eckert and Youngblood made detailed measurements of the 
llneshapes of a number of phonons and compared them with the 
calculation of Clyde and Smoes which Included multiphonon and 

Interference terms. 
We have calculated 
only the one phonon 
term. We are able 
to reproduce the 
extreme broadening 
of the longitudinal 
mode at the (100) 
zone boundary. But 
our transverse mode 
(Fig. 18) is 
calculated to be 
rather sharper than 
is seen 

experimentally. Our 
calculated results 
were folded with a 
Gaussian of FWHM of 
0.5 meV to simulate 
the neutron 
scattering 

instrumental resolution width. However, that is the value normally 
used when there is zero momentum transfer which is far from the 
conditions of the relevant experiment. There is also some difficulty 
in making comparison with the molecular dynamics work of Hansen and 
Klein (1976), whose results show a great deal of structure and were 
obtained for a different potential. We plan to pursue these 
discrepancies further. 

To summarize, the lattice dynamics of Max Born, a native son of 
Wroclaw, of whom Poland can be justly proud, is alive and well and can 
be quantitatively trusted close to melting-even when there are strong 



Fig. 18: Phonon Line Shapes in Ar. 
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hard core effects leading to the interplay of both short and long 
range correlations. 
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A COMMENT ON THE APPLICABILITY OF THERMODYNAMIC PERTURBATION THEORY 
N.M.Plakida 

Joint Institute for Nuclear Research 
Dubna,USSR 


The effective parameter of the thermodynamic perturbation theory 
is e- 2 = j- 2 A 2 . The small parameter A 2 was introduced by van Hove 


Cl> 


a is the lattice spacing and <u 2 > t — the mean value of the 
square of the displacement of an atom from its rest position, T is the 
temperature. According to C15 this small parameter is multiplied by a 
large constant ?' 2 

?- 2 = a 2 * 1 "*' 1 '/* 1 ' 11 , Cn a 2> C2> 


where $' n ' is the n-th derivative of the potential 4. One has 4Ca>^ 
a 2 , hence y- £ 10. Thus, for temperatures close to the melting 
temperature T one has 

s 2 ~ IQ 2 * 10~ 2 ^ 1, CT ^ T 5 C3) 

m 


so the thermodynamic perturbation theory breaks down. 

The parameter e can be represented also as the ratio of V^u 2 > 
and the difference Ca - (35, where a is the hard core distance of the 
pair potential. According to the Lindenmann law of melting at VT 
this ratio is of the order of unity: 


s 



a 


a 


1. 
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Surface Acoustic Waves on Real Surfaces 


Alexei A. Maradudin 
Department of Physics 
University of California 
Irvine, California 92717, USA 


1. Introduction - What Is a Real Surface? 


The equations of motion of an elastic medium, within the linear 
theory of elasticity, are 

dT 

2 ' 3 ' f 1 - 1 ’ 

p p 

where p is the mass density of the medium, assumed to be constant, 
u^txjt) is the a Cartesian component of the displacement of the 
medium at the point x and time t, and T „ is an element of the stress 

QC p 

tensor. The latter is given by Hooke's law 




Su 

V c _£ 

^ap pv &x ' 
pv v p v 


oc, P - 1,2,3, 


( 1 . 2 ) 


where the {C „ ) are the elements of a fourth rank tensor called the 

ap pv 

elastic modulus tensor . Although the elastic modulus tensor is a 

fourth rank tensor, the fact that it is symmetric in a and p, in p 

and v, and in ap and pv makes it possible to express it equivalently 

in a two subscript notation, C _ * c.according to the scheme 

aPpv xj r ^ 


11 22 33 23=32 31=13 12-21 

1 2 3 4 5 6 


The resulting 6 * 6 matrix representation of the elastic modulus 
tensor is referred to as the contracted, or Voigt, representation of 
this tensor. It should be emphasized, however, that the are 

not the elements of a second rank tensor, since they lack the 
transformation properties of the latter under real, orthogonal 
transformations of the medium. 

When we combine Eqs. (1.1) and (1.2) we obtain the equation of 
motion of the medium in the form 
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S \ 

PU “ = ^v C “ P|XV & *p 8 *v 


1, 2, 3 


(1.3) 


If the elastic medium occupies a volume V bounded by a surface S 
that is assumed to be stress-free, the boundary conditions on the 
displacement field that express this assumption can be expressed as 


l 1 
P 




= 0 
s 


a = 1, 2, 3, 


(1.4) 


where n is the unit vector normal to the surface S at each point, 
directed away from the volume V. 

In 1885, Lord Rayleighapplied the preceding equations to 
establish the existence of elastic waves that propagate along the 
stress-free surface Xj = 0 of a semi-infinite, isotropic medium, 
occupying the half-space X 3 > 0, and are bound to the surface. As an 
introduction to the material that follows, and because some of the 
results will be used repeatedly there, it is useful to reproduce here 
Lord Rayleigh's derivation of the dispersion relation and displace¬ 
ment field of such a surface-localized elastic wave, albeit in a more 
contemporary form. 

For the isotropic medium considered by Lord Rayleigh, the 

elastic modulus tensor C „ is given by^ 

afi|iv 


C a P ,v = e< C f- 2 c t>\p 6 ,v + + 


(1.5) 


where c^ and c t are the speeds of longitudinal and transverse sound 
waves in the medium, respectively. Since all directions in the sur¬ 
face X 3 = 0 are equivalent in this case, with no loss of generality 
we can study a wave that propagates in the Xj^-d irection. If we 
assume that the wave is straight-crested, the displacement field is 
independent of the coordinate x 2 ( 8 / 8 x 2 = 0 ), and has the form 

u a (x;t) = u a (ku| x ) exp ( ikx^iut) , a = 1, 2, 3. (1.6) 


The equations of motion (1.3) and the boundary conditions (1.4) then 
break up into the following two sets for the amplitude functions 
{u a (kw|x 3 )> : 


(1.7a) 
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du. 


V ^- C t) k ^ + (C ' - C t k2)U 3 


9 dU l 

C t + iku 3^x 3 = 0 = 0 


(1.7b) 


(1.8a) 


du 

;i(c^-2c^)ku 1 + c 2 ^] X3=0 = 0 ; 


(1.8b) 


and 





( 1 . 8 ) 


( 1 . 10 ) 


The solution of Eqs. (1.7)-(1.8) describes a wave polarized in the 
sagittal plane , i.e. the plane defined by the normal to the surface 
and the direction of propagation of the wave. The solution of Eqs. 
(1.9)—(1.10) describes a wave polarized perpendicular to the sagittal 
plane, a polarization that is often called shear horizontal . 

We consider the case of sagittal polarization first. The 
solutions of Eqs. (1.7) that vanish as x, * ®, as befits a wave 
localized to the surface x, = 0, are 

* -ax, -a.x, 

u^k^x,) = A^e + A fc e (1.11a) 


u, (kw| x 3 ) 


l £ h s 



t x 3 




(1.11b) 


where 


<x Ajt (kw) = (k 2 - j£-) ^2 . (1 . 12) 

C A,t 

In order that Eqs. (1.11) describe a surface wave, a^ and must be 
real and positive. Assuming that k and to are real, and keeping in 
mind that c 2 > c 2 in general^), we see from Eqs. (1.12) that this 
requires that k 2 > w 2 /c^. 

When Eqs. (1.11) are substituted into the boundary conditions 
(1.8) we obtain a pair of homogeneous equations for the amplitudes 
A A and A t : 
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k 2 + a 2 (lew) 

2 “*< k “> A * + a t (ku) A t = 0 t 1 - 139 ) 

k 2 + a 2 (ku) 

-+ 2kA fc = 0. (1.13b) 

The solvability condition for this system yields the dispersion 
relation 

4k 2 a A (ku)a t (ku)-(k 2 +a 2 (ku)) 2 = 0 (1.14) 

connecting the frequency u of the wave (1.6) to its wave vector k. 
From the form of Eq.(1.14) and Eqs. (1.12) we see that y must be a 
linear function of k, and we write the relation between these two 
variables as 

w s (k) = c R k. (1.15) 

The fact that the surface wave studied here is dispersionless, i.e. 
the fact that the phase (and group) velocity c R is independent of k, 
is due to the absence of any characteristic length in the physical 
System supporting this wave against which its wavelength can be 
compared. 

To obtain the equation for the phase (and group) velocity c R of 
these sagittally polarized surface waves, we move the second term on 
the left hand side of Eq. (1.14) to the right hand side and square 
both sides of the resulting equation. The equation for c R then takes 
the form 


l 6 - 85 4 + 8(3-2k 2 )£ 2 - 16 (1-k 2 ) = 0, (1.16) 

where we have introduced the definitions £ = c /c, and \ = c./c . In 

ry ry R t t £ 

view of the restriction that > to /c£, only the real root of Eq. 
(1.16) for which 0 < £ < 1 yields the speed of a surface wave. The 
only solution of Eq. (1.16) that satisfies this condition is plotted 
as a function of k in Fig. 1. [We note that the physically permissi¬ 
ble values of k range from 0, which corresponds to an incompressible 
solid, to (3/4) ]/ 2 , which is the largest value consistent with the 
stability of the isotropic elastic medium, i.e., consistent with a 
positive-definite strain energy^ 2 ).] 

From Eqs. (1.13) we see that the amplitudes A^ and A fc are 
related by 
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Fig. 1. A plot of c R /c t , the speed of Rayleigh waves on an istropic 
substrate, as a function of \ = c t /c^. 


A 

"A 


t 

i 


2 H?t 

2 - 1 2 


where 


( P A P t ^ 2= “ a-Z 2 )^ = - (1- \ l 2 ), (1.17) 

= (l-\ 2 5 2 )^ 2 . p t = (1 - Z 2 )^ , (1.18) 


and we have used Eq. (1.14) in obtaining the several alternative 
forms of this relation. in this way we find that the displacement 
field in this surface wave, obtained by combining Eqs. (1.6), (1.11), 
and (1.17), is given by 


(x;t) 

u 3 (x; t) 



£ x 3 


iA *M e 


_kp A x 3 


1 ,2 -k ^t x 3 


(1- f n e 


■kp 


I 2 

( 1 - j Z 2 ) 


] exp[ik(x 1 -c R t)] 

3 

] exp[ ik (x^-c R t) ] 


(1.19a) 


(1.19b) 


On the assumption that A^ is real, the physical displacement 
components, given by the real parts of Eqs. (1.19), are 


* -kp^Xj . 2 -k Pt x 3T 

u^(x;t) = A^[e - (1- Z ) e ] cosk (x ^-Cj^t) (1.20a) 
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u 3 (x;t) = - A^p^e 


" kf 3 A x 3 


-kp t x 3 

77 ^ 


-Jsink^-Cpt) 


( 1 . 20 b) 


From Eqs. (1.18) we find that the penetration depths of these 
sagitally polarized surface waves, (kp^) - *' and (kp t ) - ^, are of the 

order of the wavelength \ = ( 2 it/k) of the wave along the surface. 

2 2 

For example, in the typical case xn which c^ = 3c fc (the so-called 
Poisson case) we find that £ = [2-^/3 = 0.9194, whence it 

follows that 


(kP A ) 1 = \ = 0.18 8 \, (kp t ) _1 = -2^|i \ = 0.4 04\ . (1.21) 

The result that the penetration depths are of the order of the 
wavelength of a surface acoustic wave along the surface over which it 
propagates is found for many other types of surface waves. 

We also see, from Eqs. (1.20), that the particle displacements 
in this surface wave execute ellipses in the sagittal plane. Near 
the surface the wave motion is retrograde, and it reverses its sense 
at depths greater than approximately one-fifth of a wavelength. The 
major axes of the ellipses are normal to the surface, and the aspect 
ratio varies with depth. 

Because the frequency of this sagitally polarized wave vanishes 
with vanishing wave vector k, it is termed an acoustic wave; because 
it is a wave localized to the surface of the medium, it is further 
termed a surface acoustic wave . Finally, in honor of its discoverer, 
the surface acoustic wave we have just discussed is called a Rayleigh 
wave . 

Turning briefly to the case of shear horizontal polarization 
defined by Eqs. (1.9)-(1.10), we find that the solution of Eq. (1.9) 
that vanishes as x^ * is 

•* - 0 I t x 3 

u 2 (ku|x 3 ) = Ae . (1.22) 

When this solution is substituted into the boundary condition (1.10) 
we obtain the equation 


a t (kai) A = 0 


(1.23) 


If we are to have a wave at all, we must have A * 0. It follows then 
that a t (ku) = 0, so that from Eqs. (1.12) we see that the frequency 
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of the resulting shear horizontal wave is 


Wg H (k) = c fc k. (1.24) 

This wave is not a surface wave (a fc = 0 in Eq. (1.22)). It is in 

fact a bulk wave that propagates parallel to the surface, and is 
therefore called a surface skimming bulk transverse wave . 

This surface skimming bulk transverse wave has been called 
"unstable" by Viktorov^), in the sense that a slight variation of 
the boundary conditions or properties of the medium convert it into a 
surface wave. In the remaining sections of these lectures we will 
see several examples of this conversion of surface skimming bulk 
transverse waves into true surface acoustic waves by perturbations of 
the usual stress-free boundary conditions. 

The preceding results can be summarized by saying that the 
surface acoustic waves discovered by Lord Rayleigh in 1885, that now 
bear his name, are solutions of the equations of motion of a linear, 
semi-infinite, homogeneous, isotropic elastic medium that satisfy 
stress-free boundary conditions at the planar surface of the medium. 
They propagate in a wavelike fashion in directions parallel to the 
surface; their displacement vector lies in the sagittal plane; they 
decay in amplitude exponentially with increasing distance into the 
medium from the surface, with a decay length that is of the order of 
the wavelength of the wave along the surface; and they are disper¬ 
sionless due to the lack of any characteristic length in the system 
supporting these waves. In addition, surface acoustic waves polar¬ 
ized perpendicular to the sagittal plane do not exist on such 
surfaces. 

Real solids, however, are generally not elastically isotropic, 
but instead are anisotropic. In fact, they are often not purely 
elastic but are piezoelectric or magnetic. They can also be inhomo¬ 
geneous in their material properties. Often the latter are functions 
of the distance into the medium from the surface. Real solids can 
have internal stresses, due to the manner in which they are prepared, 
for example. The surface bounding the medium can present transverse 
discontinuities, material and/or geometrical, to the propagation of 
surface acoustic waves across it. It may also not be planar, but 
curved or rough, deterministically but not periodically, periodic¬ 
ally, or randomly. Real surfaces possess a surface tension that 
affects the dispersion relation for surface waves propagating across 
them. Because of the discreteness of a real crystal at the atomic 
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level, the stress-strain relation in a medium is nonlocal in fact, 
and this modifies the surface acoustic waves discovered by Lord 
Rayleigh in interesting ways. Real elastic media are also nonlinear, 
rather than linear. Finally, real surfaces can have one-dimensional 
structures present either naturally or artificially on them, e.g. 
edges or topographic waveguides that can support acoustic waves that 
are spatially localized in the vicinity of the structure, viz. edge 
acoustic waves. 

In these lectures I would like to describe briefly, and in some¬ 
what didactic fashion, some results of recent investigations of the 
consequences of several of the properties of real surfaces listed 
above on surface acoustic waves. Much of this work has been carried 
out by my colleagues and myself at the University of California, 
Irvine. Discussions of the remaining properties not covered here can 
be found in Refs. 5-8. 

2. Surface Acoustic Waves on Rough Surfaces 

Why study surface acoustic waves on rough surfaces? A simple 
answer is that all real surfaces, even the most carefully prepared 
ones, possess some degree of roughness. It is therefore of interest 
to know how their properties are modified by that roughness. For 
example, a surface acoustic wave propagating across a rough surface 
can be scattered by the hills and valleys on the surface into other 
acoustic waves and into bulk waves. Energy is drawn from the wave 
and it is attenuated thereby, even if it is propagating on the 
surface of a lossless medium. It can be important for applications 
of surface acoustic waves to know what degree of such surface 
roughness is tolerable before the attenuation to which it gives rise 
reaches an unacceptable level. In the same vein, the propagation of 
surface acoustic waves across a rough surface gives rise to the 
phenomenon of wave slowing, viz. the reduction of its phase velocity 
below its value for a planar surface. If the surface is periodically 
corrugated a surface acoustic wave propagating across it displays 
pass bands and stop bands in its dispersion curve that can be useful 
in the design of filters for surface acoustic waves. The controlled 
conversion (transduction) of surface acoustic waves into bulk waves 
(and vice versa ) can also be effected by such surfaces. 

A second reason for studying surface acoustic waves on rough 
surfaces is that surface roughness gives rise to new types of surface 
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acoustic waves that cannot exist in the absence of the roughness. 

This enriches the taxonomy of this field of surface science, and adds 
to the armamentarium of those interested in applications of surface 
acoustic waves. 

When one speaks of rough surfaces one instinctively thinks of 
randomly rough surfaces. However, that is only one type of rough 
surface. In this section I will consider three types of rough 
surfaces, each of which would be planar in the absence of the 
roughness. They are all defined by an equation for the position of 
the surface of the form X 3 = G(x^). [A discussion of surface 
acoustic waves on surfaces defined by an equation of the form 
x 3 = can k e found in Ref. 6 .] They differ in the nature of 

the surface profile function G(x^). For the first type of rough sur¬ 
face C(x^) is deterministic and is nonzero only for a finite range of 
values of x^. It describes an isolated ridge or groove on an other¬ 
wise planar surface. For the second type of rough surface C(x 1 ) is 
again deterministic, but is a periodic function of x^. It describes 
a classical grating on a material surface. For the third type of 
rough surface Gix^) is a stochastic function of x-^ and describes a 
randomly rough surface. 


2.1. A Deterministic, Nonperiodic, Rough Surface 


Surface shape resonances are excitations that are spatially 
localized in the vicinity of an isolated protuberance or indentation 
on the otherwise planar surface of a solid. Because of the destruc¬ 
tion of translational invariance in directions parallel to the 
nominal planar surface of the solid caused by the presence of the 
protuberance or indentation, the frequencies of surface shape reson¬ 
ances are discrete, and depend on the shape of the protuberance or 
indentation. Because these frequencies fall in the frequency range 
allowed the normal modes of the solid in the absence of the 
protuberance or indentation, the surface shape resonances can decay 
into the latter modes, and acquire a finite lifetime thereby. 

All of the studies of surface shape resonances to date have 
dealt either with electrostatic (9) atl d electromagnetic surface 
shape resonances, or with magnetostatic surface shape resonances^). 
In this section I describe some first steps! 1 **) in the study of 
acoustic surface shape resonances by considering what is perhaps the 
simplest system that can support such excitations. This is a 
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rectangular ridge of height d and width 2 A, oriented parallel to the 
x 2 -axis, on a semi-infinite substrate of the same or different 
material occupying the regions X 3 < 0 (Fig. 2). The displacement 
field is assumed to have only a single, nonvanishing component, along 
the x 2 - a xis, i.e. parallel to the ridge, that is a function only of 
x^ and X 3 . 


x 


3 


1 

c 

J 

i. 


c!!> 

• j 


-A 1 

1 JL 


Fig. 2. A ridge of height d and width of 21 of one material bonded 
to a semi-infinite substrate of a second material. 


We assume that the ridge is fabricated from a material of mass 

density p^ and elastic moduli {cj^}. It is bonded to a semi- 

1 J t , / 9 ) 

infinite substrate fabricated from a material of mass density p v 
and elastic moduli ic^?)}. Each of these materials is assumed to 
possess cubic symmetry, with the cube axes aligned parallel to the 
coordinate axes. 

The displacement field in this system is assumed to have the 

form 

u ( x; t) = ( 0 ,u 2 (Xj^Xj 110 ) , 0 ) exp(-itot) , ( 2 . 1 ) 

where w is the frequency of the modes we seek. The equation of 
motion satisfied by u 2 (x 1 x 3 |w) in the region occupied by the ridge is 


p ^uj 1 ) (x^-j 1 “) 


.U> r! 

'44 


6 x 


I + 

1 3X 3 

-A < X, 


( 1 ) 


2 

< i. 


(x 1 x 3 |u) 


0 < x 3 < d. 


( 2 . 2 ) 
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The equation satisfied by u 2 ( x i x 3 l“) in the substrate is 




( 2 ) 




8 x^ 8 Xj 

-® < x^ < 


Xj< 0 . 


The condition that the surface of the ridge be stress-free 
reduces to the requirement that the normal derivative of 
u< 1J (x x |») vanish at every point of the boundary. Additional 
boundary conditions require that the surface = 0 be stress-free in 
the region |xj_| > A, 


u<*> (x 1 x 3 |») = 0 


| *i | > A , x 3 = 0, 


and the displacement field and the stress acting on the interface 
Xj = 0 be continuous across this interface in the region |x^| < a, 


U 2^ (X 1 X 3 I = uj| 2) (x 1 x 3 |w) |» 

C ii ) u 2 L) (x i x 3 I“> = c i¥ ^ u 2 2) (x i x : 


| X x | < A, x 3 = 0 


I X 1I < x 3 = °* 


Finally, u^ ' (x^x^w) must vanish as x^ + -®. 

The solution of Eq. (2.2) that satisfies the boundary conditions 
on the surface of the ridge can be written in the form 

CD 

U 2 X) (x l x 3l“) = E E n B n cos ■^|(x 1 -A)cosp n (u) (x 3 -d) 

n= 0 

-A < x L < A, 0 < x 3 < d. 


where E n ~ f° E n ~ 0 and 1 for n > 1, and 




tl) . fill 

Cj_ 21 


(2.8a) 


2 

- “ )V 2 “ . nw 

i iTT > ')> r* ^ 90 . 


(2.8b) 


with c^ = (c|^/P fa . The solution of Eq. (2.3) that satisfies 
the boundary condition at infinity can be written as 


u (X x |«) = f T - A(kw) 


ikx^ +a (kw) x j 


-A < x 3 < i, x 3 < 0, 



93 


where 


a (kto) 


and c 2 = (c(2> p (2 ))V2 
The coefficients 
conditions (2.4)—(2.6) 
way is 


= (k 2 - 4) Vz 


(2.10a) 

°2 

C 2 


= _i(i4 _ k 2 )V2 

k 2 < 

k < -j , 

(2.10b) 

c 2 

c 2 



{B n > and A(ku) are determined from the boundary 
. The equation for the {B n ) obtained in this 


c (1) 

costp^d)^ = 4 -fa 

C 44 


y M («)E (8 (to) d) 

L mn v ' nn' ' ' 
n=o 


x 


x sin O n (w) d) B n m = 0,1,2 

where 


M 

mn 


(w) 


‘ 2 it 


(k) S n (k) 
a (kto) 


( 2 . 11 ) 


(2.12a) 


and 


s n (k) 



ikx ^ 


cos 


nrc 

21 


(Xj^-A) 


(2.12b) 


Equating to zero the determinant of the coefficients in Eq. (2.11) 
yields the equation for the frequencies of the surface shape reso¬ 
nances associated with the structure in Fig. 2. In practice the 
infinite determinant defined by Eq. (2.11) is made into an NxN deter¬ 
minant by restricting m and n to the values 0,1,2,...,N-1. N is then 
increased until convergence of the frequencies is achieved. Because, 
according to Eq. (2.10), a(kto) is real for |k| > w/c ^ and imaginary 
for |k| < u/cj, the matrix elements (^ mn (“)} are complex even if u 
is real. The physical reason for this is the decay of the surface 
shape resonances into the bulk vibrational modes of the substrate. 

Rather than solving for the complex zeros of a complex 
determinant we can obtain the complex frequencies of the acoustic 
surface shape resonances in the following way. Let us denote the 
determinant of the coefficients in Eq. (2.11) by D(w). The frequency 
of an acoustic surface shape resonance is written as 


u 


(2.13) 
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where both to R and tOj. are real and Uj is positive for a mode that 

decays with increasing time. Let us expand D(to) for to in the 

vicinity of to D - ito T : 

K 1 

D(to) = (to-to R + iwj) D' (w R -iw I ) + 0 ( (to-to R + iiOj.) 2 ), (2.14) 


where the constant term vanishes because D(w -iw T ) = 0 by hypothesis. 

R 1 

It follows, therefore, that for to real and in the vicinity of to 

R 


i 

| D (to) | 2 



(to —to R ) + 


(2.15) 


_ o 

Consequently, a plot of |D(to) | as a function of real to will have a 

peak at to = to_ and a full width at half-maximum of 2to T , for each 

acoustic surface shape resonance, from which circumstance both to_ and 

R 

tOj can be obtained. The preceding discussion assumes that Uj is 
small conmpared with to in order that terms of 0 ( (to-to_+ito T ) 2 ) and 
higher can be neglected on the right hand side of Eq. (2.14). 



a 


-2 

Fxg. 3. A plot of |D(Q)| vs Q, where Q is the dimensionless 

frequency Q = (toA/Cj)* The peak at £3 = 4.85 corresponds to 
the surface shape resonance associated with the structure in 
Fig. 2 when d = 2A, = p^, and c |j* = c| 2 ^ . 


— 9 

A plot of | D (£3) | vs. o is shown in Fig. 3 for the case in 
which p (1) = p (2) , cfP = c| 2) and d = 2A, where £3 is the dimension¬ 
less frequency Q = In preparing this plot only the simplest 
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approximation to D(Q) was used, viz. the one obtained by setting m = 
n = 0 in Eq. (2.11). The peak corresponding to the lowest frequency 
acoustic surface shape resonances is shown. In the present case it 
is quite broad (to “ to R ) , so that this mode is strongly damped. This 
result is not expected to change when a fully converged result for 
D(Q) is used. 

interest in such surface shape resonances derives from the fact 
that their resonant excitation by, e.g. surface acoustic waves 
impinging on the protuberance supporting these excitations, can lead 
to stress concentrations in the vicinity of the protuberance that in 
turn can affect physical processes occurring at a solid surface, such 
as chemical reactions. In addition, some rough surfaces, whether 
peiodically or randomly corrugated, can be regarded as an array of 
protuberances on an otherwise planar surface. A knowledge of the 
excitations associated with an isolated protuberance could be of 
value in understanding the excitations associated with such a rough 
surface. 


2.2. A Deterministic, Periodic, Rough Surface 

In contrast with the discussion in the preceding subsection, 
where a very specific surface profile function was assumed, we 
consider here the case of an isotropic elastic medium that occupies 
the region x^ > C(x^), where the surface profile function C(x^) is 
arbitrary except for the assumption that it is a single-valued 
function of x^ (Fig. 4). The unit vector normal to the surface at 
each point, and directed away from the solid, is given by 

n = [1 + (C* (x L )) 2 3“ ^2 (c* (x x ),0,-1). (2.16) 

It is convenient to study the propagation of surface acoustic waves 
of sagittal and shear horizontal polarization across such a surface 
separately, and we take up these cases in turn in the remainder of 
this section 


2.2.1. Sagittal Polarization 


The displacement field of a sagittally polarized surface 
acoustic wave propagating in the x^-direction across the surface 
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Fig. 4. A nonplanar, rough, surface profile on a semi-infinite, 
isotropic elastic medium. 


depicted in Fig. 4. The displacement field in this case has the form 


u(x;t) = (u 1 (x 1 x 3 |u),0,u 3 (x 1 x 3 |u))exp(-i u t) 


(2.17) 


in the region x-j > Gfx^. The amplitudes u^^ gtx^Xjlw) satisfy a pair 
of coupled equations of motion in this region: 


\ = ( 


2 a 2 2a 2 'i ,2 

'X ~T + C t T 2^ U 1 + (C A 
5x, 5x~ 


.2 &2u 3 

't' sxj^axj 


(2.18a) 


?u 7 = ( 


a 2 u 


C X c t J ‘5 x£5x 3 


- + (c? 

x, ' t 


2 a 


+ c 


2 a 


ax; 


ax 


(2.18b) 


The conditions (1.4), that ensure that the surface x. 
stress-free, take the forms 


C (x. 


‘V sir* < efrl" 




= 0 


{[-cjc (x 1 ) + (oj - 2c 2 


t' 6l^J u i + 


+ t“ c t C,(x 1 ) 6^ + c 


X ax 3 ] u 3^x 3 =c(X L ) °* 


(2.19a) 


(2.19b) 


In addition, we require that u, ,(x.x.lu) vanish as x, ■+ «>. 

X f j X j ■ 3 

The solutions of Eqs. (2.18) in the region x 3 > C(x.) that 

x ina x 

satisfy the the boundary condition at infinity can be written as the 
Fourier integrals 
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ikx. -a.(ku)x, 

U 1^ X 1 X 3I= / fi e {(ku)e 


+ A (ku)e 


-a fc (ku)x j 


(2.20a) 


,,,, ikx. a (ku) -a, (ku) x, 

u 3 (Xi x 3 | to) = / yjj e M—- A^tkuje + 


+ A t (k “> e 


-a t (ku) x 2 


(2.20b) 


where 


“a t (ku) = ^ k2 - 1 — 

C A,t 


k 2 > jgi- 

C lt 


: 2)V 2 k 2 < «L_ . 


(2.21a) 


(2.21b) 


We now invoke the Rayleigh hypothesis(H) and use the solutions 
(2.20) in satisfying the boundary conditions (2.19) at the rough 
surface x^ = Ctx^)- When the k fc ^ Fourier coefficient on the left 
hand side of each of the resulting homogeneous equations is equated 
to zero, we obtain a pair of coupled, homogeneous integral equations 
satisfied by the amplitudes A^(ku) and A t (ku): 

. I(a. (qu) Ik-q) 2 _ 

1 if f-§g'"T qu) - [(k_q) 1 + 2ka2 (qu ,] Aji (q u ) + 

A C t 


I (a t (qu) |k-q) 


“ t (qw) 


(2kq - A fc (qu) } = 0 


dq , I(l V < 3“> | k-q) u 2 

if {-5- (2kq- ? )A (qu) + 


(2.22a) 


I (a t (qu) |k-q) 2 u 2 

+ - 2 - [2kq - (k+q) —»]A (qu)} = 0 . 

a£(qw) c t 


(2.22b) 


In obtaining these equations we have used the representations 


-aC(Xi) dQ iQx 2 

e = /if e 


I (o|Q) 


(2.23a) 
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" aC(x l ) i ,dO iQx l 

C'(x 1 )e e QI(a|Q), (2.23b) 


where 


-iQx, -aC(x,) 

I (a| Q) = /dxj^e e . (2.24) 

Within the Rayleigh hypothesis Eqs. (2.22) and (2.24) are the exact 
equations for A^(kw) and A fc (kw). 

To apply the results to the case of a periodically corrugated 
surface, we assume that C(x^) is a periodic function of x^ with 
period a: C(x^+a) = C(x^). We then substitute the expansions 

A a t (N = 2 *1 * { n l,t) (qu)6 (k-q n ) , (2.25) 

' n=-~ 

where q n = q+(2itn/a), into Eqs. (2.20) and (2.22). From the former 
equations we obtain a displacement field that satisfies the Bloch 
theorem, 


U 1,3 < X l +a ,x 3 I “) = ex P( i< 3 a ) u 1 / 3 (x 1 x 3 |u) , 


(2.26) 


as must be the case for the periodic system we are considering. From 

the latter equations we obtain a pair of coupled, homogeneous matrix 

equations of infinite order for the coefficients { A ' ' ' (kw )}' 

n 


LJ~ ^TV) n ' [(Vkn) i + 2 k m“A< k n“>] A n* )(k “> + 


n=-® 

. r m-n(“t( k n“>) 


a (k uT 
t 1 n ' 


[ 2k m k n - = 0 

c t 

m = 0,±1,±2,±3 


(2.27a) 


l r I m-n ^ (k n M) .^ [ 2 k k - ^]a( A) (km) + 

L L k L m n 2 J n 


n 2 gt - k -— [ 2k m k n-<V k n> ^ = 


(2.27b) 


“t< k n“> 


m = 0,±1,±2,±3, . .. 
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where 




1 a 

= - Jdx^ 


2nm 
a 1 


—a C(x ^ 


(2.28) 


In writing Eqs. (2.27) we have denoted by k the wave number of the 
Rayleigh wave. The dispersion relation for Rayleigh waves on a grat¬ 
ing is obtained by equating to zero the determinant of the coeffi¬ 
cients in Eqs. (2.27). In actual calculations the matrix of coeffi¬ 
cients in Eqs. (2.27) is made to have a finite size by restricting m 
and n in these equations to run from -N to N. The value of N is 
increased until convergent results for the frequencies are obtained. 

The results of the numerical calculations of the dispersion 
curves can be analyzed in terms of the flat-surface dispersion curves 
in both the extended- and reduced-zone schemes. In the extended-zone 
scheme of Fig. 5 the straight line w = c R k (shown with a solid and 
then a dotted segment) is the dispersion curve for a Rayleigh wave on 
a flat surface (c R is the speed of such a wave), and the dashed lines 
are the lines u = c 1 1 k+( 2it/a) m | , where either m = 0 (the transverse 
sound line) or m = ±1, ±2,... . Since any point (w,k) in the region 
above the dashed lines, u > c fc |k+(2n/a)m|, will correspond to an 
imaginary a t (k^u), the displacement fields at such points will have 
radiative components. Thus, a Rayleigh wave initially on a flat 
surface with its (w,k) on the dotted part of the dispersion curve in 
Fig. 5 will begin to radiate into the bulk at the moment the grating, 
however weak, is turned on. If a Rayleigh wave with (u,k) on this 
radiative part of the dispersion curve is launched across the grating 
surface, it will decay with some characteristic lifetime or, equiva¬ 
lently, will acquire a finite mean free path. We will return to this 
point below in discussing the attenuation of Rayleigh waves on a 
grating. Gratings thus can act as transducers converting Rayleigh 
waves into bulk waves in a controlled manner. The Bloch-type surface 
waves that are true eigenmodes for the surface with a grating (i.e. 

possess an infinite lifetime) will thus be found only with (u,k) 

beneath the dashed lines in Fig. 5. In other words, they originate 
out of the solid line part of the flat surface Rayleigh wave 
dispersion curve as the grating is turned on. 

The flat surface dispersion curve with its solid and dotted line 
segments is folded back into the domain -it/a < k < n/a (the first 
Brillouin zone for the grating) in the reduced zone scheme of 
Fig. 5. The nonradiative region is now beneath the single dashed 
line u = c|k|. At points like A, B, C,... on the flat surface 

dispersion curve of Fig. 5 we have two degenerate modes separated in 
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Fig. 5. The flat surface Rayleigh wave dispersion curve to = c D k in 

K 

the nonradiative region (-) and in the radiative region 

(.) defined by the boundary lines (----) 

to = c fc | k+ (2ix/a)m| , where m = 0, ±1, ±2,..., for a grating 

period of 10"® m, and c = 5 x 10 3 m/sec and c fc = 

3 

3 x 10 m/sec. (a) the extended zone and (b) the reduced 
zone scheme. 


wave vector by a multiple of 2it/a, i.e. by a reciprocal lattice 
vector of the grating. If the Fourier coefficients of the grating 
profile function that correspond to these reciprocal lattice vectors 
are nonzero, then the degeneracy of the modes at the points A, B, 

C... will be lifted in the first order of perturbation theory in the 
surface profile function, and gaps will occur in the dispersion 
curves at these points in both the extended and reduced zone schemes. 

From Eqs. (2.27) it is easy to show that this dispersion curve 
is an even function of k, and is periodic in k with period 2it/a. 

Thus we confine our attention to the region 0 < k < it/a, i.e. to half 
the one-dimensional first Brillouin zone defined by the periodicity 
of the grating. 

The preceding qualitative results are what is observed in a 
typical dispersion curve, such as the one plotted in Fig. 6 for a 
sinusoidal surface profile function G(x^) = C Q cos2nx^/a with 

Z o /a = 0.3. Values of N of about 10 were used in obtaining this 
result. in the long wavelength limit the dispersion curve osculates 
the dispersion curve for Rayleigh waves on a flat surface. With 
increasing k the curve bends away from the latter curve, into the 
nonradiative region. Both its group and phase velocity decrease 


<< 
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Fig. 6. Dispersion curve for Rayleigh waves propagating across a 

sinusoidal grating with corrugation strength C Q /a = 0.3 on 
an isotropic elastic medium characterized by c = 

5 x 10 m/sec and c t = 3 x 10 m/sec. 


below c R . This is the phenomenon of wave slowing that occurs for 
Rayleigh waves on a grating. Wave slowing occurs because in contrast 
with the dispersion curve for a Rayleigh wave on a flat surface, 
which has a constant slope for all k, the dispersion curve for a 
Rayleigh wave on a grating is required to have zero slope at the 
Brillouin zone boundary k = n/a due to its periodicity and conti¬ 
nuity. This forces it to bend over into the nonradiative region of 
the (w,k)- plane reducing its group velocity thereby. At the zone 
boundary a gap opens up in the dispersion curve, which defines a stop 
band for the propagation of Rayleigh waves on a grating. Knowledge 
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of where this stop band occurs can be useful for the design of 
filters for Rayleigh waves. Finally, there is a high frequency 
branch to the dispersion curve above the gap, that terminates when it 
intersects the transverse sound line. 

We now turn our attention to solutions of Eqs. (2.27) in the 
radiative region of the (w,k)-plane, i.e. for (w,k) above the 
transverse sound line to = c fc k, where “ t (' c n to) is imaginary, and for 
(w,k) inside the gap in the Rayleigh wave dispersion curve at 
k = it/a that is caused by the periodicity of the grating. In this 
region a Rayleigh wave can radiate energy into the bulk of the medium 
supporting it. By conservation of energy, the wave must be atten¬ 
uated as it propagates across the grating. Consequently, if we 
assume that to is real in these equations it is found that the 
corresponding wave number k(to) = k R (w) + ikjfu) is complex, where 
k R (to) and k^ (to) are real, positive functions of to for a wave that 
travels in the +x^-direction. The inverse attenuation length of the 
Rayleigh wave is then given by A“^(to) = 2k (u) . In solving Eqs. 

(2.27) for to real and k complex one has to be careful about the 
manner in which the branch cut defining the square root of a.^ t (k^to) 
is chosen. The correct choice turns out to be along the positive 
imaginary axis, and one seeks solutions on the first sheet of the 
corresponding Riemann surface.* With this choice of branch cut we 
obtain a wave that radiates energy into the interior, is attenuated 
as it propagates along the surface, but in addition has an amplitude 
that grows exponentially with increasing distance into the medium. 

The latter feature of the resulting wave is an unavoidable conse¬ 
quence of the exponential growth in the amplitude of the Rayleigh 
wave on the surface of the medium as x. ■+ due to the fact that 


in Fig. 7 we show the experimental results of Rischbieter(^-4) 
for the attenuation of Rayleigh waves by symmetric sawtooth gratings 
ruled on an aluminum surface, together with the predictions of the 
first-order scattering theory of Sabine^ 15 ) (which follows the work 
of Brekovskikh). In Fig. 8 we show the acoustical attenuation 
(20 log e \ g kj) versus \ g /a, where \ g /a = 2mc t /ua, for Rayleigh waves 
on symmetric sawtooth gratings with the same surface profile 
functions as in the experiments of Rischbieter. The latter results 


Equivalently, the branch cut can be chosen to coincide with the 
negative real axis, provided one then seeks solutions on the lower 
sheet of the corresponding Riemann surface. 
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Fig. 7. Attenuation as a function of shear wavelength \ for Rayleigh 
waves on an A i symmetric sawtooth grating, as measured by 

Rischbieter (—o—) and calculated by Sabine (-), for a 

Poisson ratio a = (l-2\ 2 )/(2-2\ 2 ) = 0.33, and (a) 0 = 10° 
and (b) 0 = 25° [Ref. 15] . 

were obtained by solving Eqs. (2.27) for kj.(u) in the manner 
described above.Comparisons of Figs. 7 and 8 show that the 
present theory gives the peak heights more accurately than the first 
order scattering theory, and finds all the experimental peaks, 
including (1) the sharp peaks at k g /a = 2.15, which correspond to 
solutions inside the first zone boundary gap, which are missed in any 
perturbative scattering theory; and (2) the higher frequency peaks, 
associated with the edges of the successively higher order gaps, also 
missed in previous theories. 

2.2.2. Shear Horizontal Polarization 

The displacement field of a surface acoustic wave propagating in 
the x^-direction across the grating depicted in Fig. 4 has the form 

u(x;t) = (0,u 2 | to) ,0) exp(-iwt) (2.29) 





Pig. 8. Attenuation as a function of shear wavelength \ for 

Rayleigh waves on symmetric sawtooth gratings with (a) 
P = 10° and (b) p = 25°, calculated for c fc /c = 0.3 
[Ref. 17] . 


in the region > C(x^). The time-independent equation of motion 
satisfied by u^x^Xjlw) in this region is 


2 

-to u„ 



u 


7 ' 


(2.30) 



105 


The stress-free boundary condition at the surface x 3 = G(x^) can be 

expressed in the form 


(x l> + al7^ u 2 


= 0. 


x 3 =C(x x ) 


vanish as x 3 °*. 


In addition, we require that u 2 (x 3 x 3 | 

The solution of Eq. (2.30) in the region x 3 > C(Xi) max 
satisfies the boundary condition at infinity can be written 
Fourier integral 


(2.31) 


that 
as the 


, , , »,v i ikx l-“t( k “> x 3 

u 2 (x 1 x 3 |“) = A(kw)e , 


(2.32) 


where a t (kw) has been defined in Eq. (2.21). 

We now invoke the Rayleigh hypothesis and substitute the 
expression (2.32) into the boundary condition (2.31). If we again 
use the representations (2.23) — (2.24) , and equate to zero the k 1 -* 1 
Fourier coefficient on the left hand side of the resulting equation, 
we obtain the following homogeneous integral equation for the Fourier 
coefficient A(kw) of the displacement component u 2 (x^x 3 |w): 


dq I (a t (q<*»> l k -<3> 

J ~Zn a fc (qw) 


(kq - 


3 


A(qw)) = 0 


(2.33) 


Within the Rayleigh hypothesis this is the exact equation 
To apply this result to the case of a grating profile 
assume that Gfx^) is a periodic function of x^ with period 
substitute the expansion (2.25) for a t (koj) into Eq. (2.33) 
the following infinite set of homogeneous linear equations 
coefficients {A^ t ^(kw)}: 


l 

n=-° 


r m-n<“t< k n“>> 

“t (k n“> 


( k k n - 


(qw) = 0 


for A(ku) . 
, we again 
a, and 
to obtain 
for the 


(2.34) 


m — 0, +1,±2,±3,..., 


where I m (“) has been defined in Eq. (2.28). The dispersion relation 
for shear horizontal surface acoustic waves on a grating is obtained 
by equating to zero the determinant of the coefficients in Eq. 
(2.34). Again, in practice the matrix of coefficients in Eq. (2.34) 
is made to have a finite size by restricting m and n to run from -N 
to N. 

Dispersion curves for such waves are plotted in Fig. 9 for a 
sinusoidal grating defined by G(x 3 ) = G q cos (2itx 3 /a) . Values of N of 
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the order of 20 were used to obtain these results. For the same 
reasons that apply in the case of surface acoustic waves of sagittal 
polarization, we can restrict our attention to that portion of the 
dispersion curve corresponding to values of the wave vector k in the 
interval 0 < k < n/a. We see that in the long wavelength limit these 
curves are tangent to the dispersion curve for bulk transverse waves 
with the same wave vector, w = c t k, viz. the dispersion curve for 



Fig. 9. Dispersion curves for shear horizontal surface acoustic 

waves propagating across a sinusoidal grating with a peirod 
of 500 A and c = 3 x 10 m/sec, for several values of C Q /a. 

surface skimming bulk transverse waves. (We have seen in Section 1 
that surface acoustic waves of shear horizontal polarization cannot 
exist on a planar, stress-free surface of a semi-infinite isotropic 
elastic medium.) As the grating strength C 0 /a increases, the dis¬ 
persion curves bend away from the sound line at progressively lower 
frequencies, or smaller wave vectors, and display the phenomenon of 
wave slowing. For the values of G 0 /a indicated in Fig. 9 there is 
only a single branch to the dispersion curve. Thus, the entire range 
of frequencies above the zone boundary frequency is a stop band for 
these waves. 

We have here an example of surface roughness giving rise to 
surface acoustic waves that cannot exist in the absence of surface 
roughness. 

These shear horizontal surface acoustic waves are weakly bound, 
however, at least in the limit of small k. A perturbation 
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calculation starting from Eq. (2.34) shows that in this limit 

“ t (kw) = n (C Q /a) 2 (ka) 2 k, (2.35) 

for a sinusoidal grating. Since the decay length of the wave into 
the elastic medium is a” 1 (kw), we see that for C Q /a = 0.05 and 
ka = O.lit, the decay length is (4 x lO'Vn^) a ~ 4000a. Thus it 
penetrates far into the medium. As the wave vector increases, 
however, the wave becomes more tightly bound to the surface. 

The determination of the attenuation of shear horizontal surface 
acoustic waves on a grating on the basis of Eq. (2.34) has not been 
carried out yet. 


2.3. A Randomly Rough Surface 

The results of the preceding subsection can also be used in the 
case that the surface defined by the equation X 3 = C(x^) is randomly 
rough. We are therefore dealing with a random grating. In this case 
the surface profile function C(x^) is not known in general, and we 
are forced to characterize it by certain statistical properties. 
Underlying this characterization is the assumption that there is not 
a single function t(x^) but rather an ensemble of realizations of 
this function. Physical properties associated with a randomly rough 
surface are to be averaged over this ensemble, and it is assumed that 
this ensemble average does not differ significantly from the spatial 
average over a single realization of Cfx^). 

We assume in this case that C(x^) is a stationary stochastic 
process that is characterized by the properties 

<C(x 1 )> = 0 (2.36) 

<C(x 1 )C(x^)> = 6 2 W(Ix x -x ^|)- (2.37) 

In Eqs. (2.36)-(2.37) the angular brackets <...> denote an average 

2 

over the ensemble of realizations of C (x^) . The quantity 6 
appearing in Eq. (2.37) is the mean square departure of the surface 
from flatness. 


< C 2 (x x )> = 6 2 . 


(2.38) 



108 


We will also require the Fourier transform C(Q) of C (x^) , which 
is defined by 


C(X 1 ) = / C(Q)e lQx . (2.39) 

With the aid of the Fourier inversion formula and Eqs. (2.36)-(2.37) 
it is readily established that C(Q) possesses the following 
properties: 


<C(Q)> = 0 


(2.40) 


<C (Q) C (Q' } > = 2-rc6(Q+Q')6 2 g(|Q| ) , 


(2.41) 


where 


- iQx i 

9(|Q| = /dx x e W(|x x |) 


(2.42) 


is called the surface structure factor . 

The general results we obtain in this section will be given in 
terms of an arbitrary function g(|Q|). However, in obtaining 
numerical results we will assume a Gaussian form for W(|x^|), viz. 

W(|x L |) = exp(-x 2 /a 2 ), (2.43) 


where the characteristic length a appearing in this expression is 
called the transverse correlation length . The form of g(|Q|) that 
corresponds to the choice (2.43) is found from Eq. (2.42) to be 


g{|Q|} 


= i^2 


a exp(-a 2 Q 2 /4) 


(2.44) 


Finally, in obtaining the dispersion relation for surface 
acoustic waves on a random grating we will invoke the small roughness 
approximation, which is defined by the expansion 

■iQx. 


I(a|Q) = JdXje i [l-aC(x 1 )+.. .] 
= 2x6(Q)-aC(Q)+... 


(2.45) 


Although it is possible to improve on this approximation, at the 
present time there appears to be little reason to do so. 

We now consider the effects of random surface roughness on the 
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dispersion curve of surface acoustic waves of sagittal and shear 
horizontal polarization in turn. 


2.3.1. Sagittal Polarization 

In the small roughness limit Eqs. (2.22) can be written in 
matrix form as 


l ^ ( k >V k “) = l (k|q)Ap(q U ) 


(2.46) 


where the indices a,p,... assume the values A and t. The matrices 
(k) and M(k|q) are given by 


M (o) (k) = 


2a^(kw) 


k 2 +a 2 (kto) 


k 2 +a 2 (kw)' 
a fc (kai) 


2k 


(2.47a) 


M (1) (klq) = 


2 9 1 2 

[ (k-q) + 2ka|(qw>] ± 2kq- ^ 

C t C t 


2 a (qw) 
(2kq - “ ) l 


2kq 2 - (k+q) " 


T 

c t 


3 ~ 


a fc (qw) 


(2.47b) 


Equation (2.46) is a stochastic matrix integral equation because of 
the presence of the stochastic function G(x^) in its kernel. The 
solutions A^(kw) and A t (ku) therefore are stochastic functions 
also. We will not seek the probability distribution functions of 
A A,t^" Instead we will seek their first moments <A^ t (k)>, which 
describe the propagation of the mean wave across the random grating. 
This suffices for obtaining the dispersion relation of sagittally 
polarized surface acoustic waves across the random grating. 

To extract the equation satisfied by <A a (kw)> from Eq. (2.46) we 
introduce the smoothing operator P that averages everything on which 
it acts over the ensemble of realizations of the surface profile 
function G(x^): Pf = <f>. We also introduce the complementary 
operator Q = 1-P that projects out the fluctuating part of everything 
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on which it acts. We then apply these operators to both sides of Eq. 
(2.46) in turn: 

l (k) PAp (kw) = l PC (k-q)M^ J (k|q)QA p (qu) (2.48a) 

l m£°> (k)QAp (kw) = l /|3 C (k-q)M^ J (k|q) PA p (qu) . (2.48b) 

In writing these equations we have used the identity A. (qu) = 

* P 

PAp (qoj) + QAp(qw) and the fact that PC (k—q) = 0. When we eliminate 

QAp(kw) from these equations we obtain the equation satisfied by 
<A a (kto)>, viz. 


I M'p ) (k)<Ap(kw)> = 6 2 g( ^-gp x 

x (k|q)C (iv (qu)M^> (q | k) < A p (ku)> (2.49) 


where we have used Eq. (2.41) , and where 

D(ku) = 4k 2 a A (kw)a fc (kw) - (k 2 +a 2 (kw)) 2 , 
while the matrix C(!tw) = D (ku) M ^ -1 (k) is 


C(kw) 


2k (kw) 


(kw)(k 2 +a 2 (ku)) 


-k(k 2 +a 2 (ku)) 


2ka^(ku)a t (ku) 


(2.50) 


(2.51) 


That Eq. (2.49) is an algebraic equation rather than an integral 
equation is due to the restoration of infinitesimal translational 
invariance by the averaging process. 

The dispersion relation for sagittally polarized surface 
acoustic waves propagating across a random grating is obtained by 
equating to zero the determinant of the coefficients in Eq. (2.49). 
Correct to 0(6 2 ) this relation is^®) 


D < k “> = 62 /HnH!3 i, 11 j| * 

* c pv^ u > M ii l(q i k >- 


(2.52) 
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The function D(ku) vanishes when to = c R k, where c R , the speed of 
Rayleigh waves on a planar surface, is obtained from the smallest 
positive solution of Eq. (1.16). Thus, if we substitute 

to = c R k + c R k6 2 A (k) (2.53) 

into both sides of Eq. (2.52) and equate terms of 0 (6 2 ) on both sides 
of the resulting equation, we find that 


Mk) = 


SG(S ,Mk 




T J 2 71 


l l [ C aLt< k “> M lp ) ( k |q)Cg v (qw)M^) (q|k)] u = 


ftv 


C R k 


D(q,c R k) 


(2.54) 


where 


G(S,?0 = -U 4 -2(3-2X 2 )!i 2 + 6(l-\ 2 ) ] . (2.55) 

(2-)T) Z 

The integral over q in Eq. (2.54) has to be evaluated numerically. 

It turns out to be complex, 

A(k) = (k) + iA 2 (k). (2.56) 

The imaginary part of A(k) arises from two sources. When |q| < u/c^ 
both a ^ (qto) and a t (qto) are pure imaginary; when u/c^ < |q| < to/c fc 
a^fqto) is real while a t (qto) is imaginary. The occurrence of imagi¬ 
nary a ^ ^ (qto) means that energy is being radiated into the interior 
of the solid from the surface due to the roughness-induced conversion 
of Rayleigh waves into bulk waves. By conservation of energy the 
Rayleigh wave is attenuated as it propagates along the random 
grating, and this is reflected in the presence of an imaginary part 
to its frequency that is proportional to A 2 (k). For |q| > u /c fc the 
function D -1 (q,c R k) has a simple pole at |q| = k, and circling this 
pole in a manner consistent with the analytic continuation of 

t (qw) defined by Eq. (2.21) yields a second contribution to the 
imaginary part of A (k) . It is associated physically with the atten¬ 
uation of the Rayleigh wave due to its roughness-induced scattering 
into other Rayleigh waves. 



112 


When the form for (q|Q|) given by Eq. (2.44) is used, it is 
convenient to rewrite Eq. (2.53) in the form 


“s (k) 


c R k [i 


+ 



(x) 



(2.57) 


where x = ka and 


(^(x) = a 2 i 1 (k), u 2 (x) = -a 2 A 2 (k) . (2.58) 

The functions w (x) and to (x) are plotted in Figs. 10 and 11, 
respectively, for the particular choice \ = (1/3), for which 

5 = (2- /I)^ 2 = 0.9194. In plotting oijlx) we have plotted both the 



Fig. 10. The function to^(x) defined by Eqs. (2.47)-(2.58) of the 
text, for Rayleigh waves on a random grating, when 
k 2 = 1/3. 


contribution associated with the scattering of the Rayleigh wave into 
other Rayleigh waves, to^ (x), (Fig. 11(b)), as well as the total 
function (Fig. 11(a)). It is clearly evident that the contribution 
(x) is dominated by the contribution associated with the 
scattering of the Rayleigh wave into bulk waves. 

The function m^(x) is negative. This means that the Rayleigh 
wave on a random grating is slower than it is on a planar surface. 

The function u^tx) tends to zero (as x 2 ) when x + 0 and also when 
x -* ", and has a maximum at an intermediate value of x » 8, This 
behavior is accounted for by the fact that as x * 0 the wavelength of 
the Rayleigh wave is much larger than the transverse correlation 
length a and it therefore see a planar surface on which it is 
undamped. In the opposite limit of very short wavelengths the 



(X) 6o| 
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Rayleigh wave tides adiabatica1ly over what it sees as a locally flat 
surface and is again undamped. 




Fig. 11. 


(a) The 

the text 
,2 _ 1 
X - 3 ‘ 
from the 

Rayleigh 


function w 2 (x) defined by Eqs. (2.57)-(2.58) of 

for Rayleigh waves on a random grating, when 
(b) The contribution 1 (x) to w 2 (x) that arises 
scattering of the Rayleigh wave into other 
waves. 


The fact that u 2 ( x ) goes to zero as x^ as x * 0 means that the 
attenuation rate of a Rayleigh wave on a random grating, viz. 

2 c D k (& 2 /a 2 )w (x) is proportional to x 4 = (ka) 4 « in this limit. 
The physical explanation for this dependence is that the frequency 
dependence of Rayleigh scattering in d dimensions is The 

ridges and grooves responsible for the scattering of a Rayleigh wave 
in the present case are two-dimensional, since they are defined by 
the equation x 3 = Ctx^. Thus the Rayleigh scattering law in the 
present case gives us an frequency dependence of the scattering 
rate in the low frequency, long wavelength limit. The remaining 
factor of w arises because the penetration depth of the Rayleigh wave 
into the solid is of the order of its wavelength parallel to the 
surface(^) (see Section 1). 
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2.3.2. Shear Horizontal Polarization 


The form Eq. (2.33) takes in the small roughness limit is 

* 2 

a t (koi)A(ku) = G (k-q)(kq - ^)A(qoi) . (2.59) 

c t 

When we apply the operators P and Q to both sides of this equation in 
turn and use the identity A(qoi) = PA(qoi) + QA(qoi), we obtain the pair 
of equations 


a t (kw)PA(kw) = /|| PC(k-q)(kq- i^)QA(qw) (2.60a) 

dq « 

“ t (koi)QA(kw) = /-^ G (k-q) (kq - PA (qoi) . (2.60b) 

c t 

When we eliminate QA(koi) from these equations we obtain the equation 
satisfied by <A(koi)>: 

a t (ku) < A (koi) > = 6 ] (kq - 2 <A(k u )>. (2.61) 

c t 

The dispersion relation for shear horizontal surface acoustic waves 
on a random grating is therefore( 2 *^ 


“ t (kw) = 


2 f dq 

5 J T5 


g( I k-q| 

(qoi) 


( kq 


(2.62) 


When 6 = 0 (a planar surface), this equation 
“ t (koi) = o. The solution of this equation, u = c t 
frequency of a surface acoustic wave, but instead 
a surface skimming bulk transverse acoustic wave, 
see, the effect of surface roughness on this wave 
it into a surface acoustic wave. 

The solution of Eq. (2.62) to lowest nonzero 
effected by setting 


reduces to 
k, is not the 
is the frequency of 
As we will now 
will be to convert 

order in 6 can be 


01 

c 


2 

2 

t 


4 2 

A A (k) , 


(2.63) 


substituting this form of the dispersion relation into Eq. (2.62), 
and equating the coefficients of 6 on both sides of the resulting 
equation. The function A(k) obtained in this way has the form 


A (k) = Aj_(k) + iA 2 (k) , 


(2.64) 
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where 

(2.65a) 

(2.65b) 

The imaginary part of A(k) arises from the surface roughness induced 
conversion of the surface acoustic wave into bulk waves, which 
extracts energy from the surface wave and attenuates it as it 
propagates along the surface. 

The integrals in Eq. (2.65) have to be evaluated numerically. 
When the form for g(|Q|) given by Eq. (2.44) is used, the frequency 
of the shear horizontal surface acoustic wave obtained from Eqs. 
(2.63) and (2.64) can be expressed in the form 

c 4 c 4 

“sH (k) = c t k [ 1 + “4 “i( x ) " i — “ 2 ( x )]r (2.66) 

a* a 4 

where x = ka and 


^(k) = 


-k 


Y dq g (|k-q|) 

1 ^ \:vz~ 


(y -k 


(kq-k 2 ) 2 + / 
k 


dq g ( 1k-q| 


2n 


(q 




2 2 
(kq-k ) Z 


V k) 


. r <3q g (1 k-q | ) 

'J * (k 2 -q 2 ^ 


(kq-k 


2 . 2 


w (x) = - ^ (k) - A 2 (k)]—► - - x 2 + o(x 2 ) (2.67a) 

1 2k 2 1 2 x-o n 


w (x) = ^ A.(k)A (k) — | x 4 + o(x 2 ). (2.67b) 

Z k Z 1 Z x^o Z 

The functions u^(x) and to 2 (x) are plotted in Pig. 12. 

The shear horizontal surface acoustic wave obtained here 
displays the phenomenon of wave slowing (w^(x) < 0) for small x, and 
indeed it is this wave slowing that binds it to the surface 
(Rea t (kw) >0). It follows that for larger values of x(x > 1), 
when w^(x) becomes positive, we no longer have a surface acoustic 
wave. 

We also note that since in the absence of surface roughness a 
shear horizontal surface acoustic wave cannot exist, in the approxi¬ 
mation maintained here the attenuation of the roughness-induced shear 
horizontal surface acoustic waves studied here is due entirely to 
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x 

Fig. 12. The functions (x) and Ujtx), defined by Eqs. (2.66)- 

(2.67) of the text, for shear horizontal surface acoustic 
waves on a random grating. 


their scattering into bulk elastic waves. The (ka)^ dependence of 

the attenuation rate 2c k(6^/a^)(x) of these waves, in the long 

t z ^ 

wavelength limit, can be understood as due to the u frequency 
dependence of Rayleigh scattering in the present case and to the fact 
that the penetration depth of this wave is proportional to the square 
of its wavelength parallel to the surface (a t (kw) is proportional to 
k^ in this case: see Eqs. (2.21), (2.66), and (2.67)). 

The results obtained here provide one more example of how 
surface roughness can give rise to surface acoustic waves that have 
no counterparts in the case of a planar surface. 


3. Effects of Nonstandard Boundary Conditions on Surface Acoustic 
Waves 


As. Velasco and Garcia-Mo1iner(^^) have emphasized, the boundary 
conditions constitute the key features in any theory of surface 
waves. It is through them that one introduces in the analysis the 
physical consequences of specific surface effects, such as local 
changes of mass and stresses. In this way one goes beyond the simple 
case in which one matches a semi-infinite bulk medium to a semi- 
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infinite vacuum. Op to this point our discussion of surface acoustic 
waves has been based on the assumption that the displacement field in 
the medium supporting the surface waves satisfies stress-free 
boundary conditions on the surface of that medium, irrespective of 
the shape of the surface. There are several situations, however, in 
which more general boundary conditions are appropriate. In this 
section we consider these situations, the corresponding boundary 
conditions, and the consequences of the latter for the surface 
acoustic waves on the surface bounding the media of interest. 


3.1. Effects of an Adlayer on Surface Acoustic Waves 


The study of elastic waves in layered media is of interest for 
seismology(22). In addition, a thin film deposited on a substrate 
can guide surface acoustic waves in the substrate(23-36). when the 
thickness of the film is very small the system of film plus substrate 
can serve as a model for a substrate with a small number of layers of 
foreign atoms adsorbed on it. In this limit it is convenient to 
simplify the study of surface or guided acoustic waves in such a 
structure by considering the vibrations of the substrate alone and 
requiring their displacement field to satisfy boundary conditions at 
its interface with the film that account for the presence of the film 
to first order in the latter's thickness. 

Derivations of such boundary conditions were obtained by several 
authors in the late 1960's and 1970 1 s . (21 1 26-29) More recently, 
Djafari-Rouhani et al . (30) and Dobrzynski and Djafari-Rouhani(31) 
have simplified the derivation of these boundary conditions, and have 
generalized the results of the earlier authors. In fact, the results 
obtained by Djafari-Rouhani et al . (30) an( j by Dobrzynski and Djafari- 
Rouhani^l) can themselves be simplified and generalized. In what 
follows we sketch out how this is done. 

Consider the system that consists of an elastic medium (medium 


1) characterized by a mass density p 


( 1 ) 


and elastic moduli C 


( 1 ) 


appv 

occupying the half-space x, > 0 and of a film (medium 2) character¬ 
ized by a mass density p^ 2 '(x ) and elastic moduli (x ) filling 

1 otp p V 1 

the region -d < x^ < 0. (Fig. 13). The assumption that the material 
properties of the film depend on the coordinate x^ allows the results 
to be obtained to be applied to surfaces on which steps, isolated 
strips, and parallel arrays of strips, for example, are present, as 
well as homogeneous films. 
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*3 

Homogeneous Medium 
jn „ <u 

P * c ij 


Inhomogeneous Medium 




Fig. 13. An inhomogeneous layer of thickness d bonded to a semi¬ 
infinite, homogeneous substrate. 

We assume that each of the media is a cubic medium with its cube 
axes parallel to the coordinate axes. We consider straight-crested 
waves propagating in the x^-direction, so that the displacement field 

has the form 


u Q (x;t) = u a (x 1 x 3 | (o) exp (-iut) a = 1, 2, 3. (3.1) 


The equations satisfied by u a (x 3 x 3 |u) are 


a 2 u (1) 

.^p^u ' 11 = I ° £ - 

a pjv a ^ v a y\ 


x 3 > 0, 


(3.2a) 


and 


3u 


-p (2) (x )co 2 u£ 2) = l -J- (C (2) (x ) — 
1 “ ppv ^ 1 


( 2 ) 


-d < x 3 < 0. (3.2b) 


11 21 

The boundary conditions satisfied by u^ ' '(x^x 3 |w) are 
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,(D 


= u< 2 >| 

x 3 =0 “ lx 3 =0 


3u (1) 

l C„ (1) - 




au 


( 2 ) 


'oc3liv 53c I L “a3jiv '“1' 3x 

Liv v 'x 3 = 0 iiv ^ v 


x 3 =0 


5u 


( 2 ) 


Y C ^ 2 ^ ( y 1 _ 

a3|iv' x r 3x I , 
liv r v I x 3 = -a 


0. 


In addition, we require that u^ 3-3 (x^x^u) + 0 as x 3 + ®. 
We begin by rewriting Eq. (3.3c) as 

6u< 2 > 3 2 u (2) 

J v C i^v ( *l ) - d 7YYTT3T7 + °< d )lx.-0 = °‘ 

nv v v 3 3 


(3.3a) 


(3.3b) 


(3.3c) 


(3.4) 


With the use of Eq. (3.3b) this equation becomes 

= d I C< 2 > (x.) 1. 

L oc3liv ' 1' 3 


3 2 u< 2 > 


M , I*™ 

Y c (1) v - _ 

|iv “ 3 ' vn5 Vlx 3 = 0 “ ‘/aSuv'" 1 ' 3 x v 3x 3 , X3 = 0 


+ 0(d ). (3.5) 


i 21 

Our task now is to eliminate u' from the right hand side of Eq. 


(3.5) in favor of u 


( 1 ) 


We rewrite the right hand side of Eq. (3.5) as 

, ( 2 ) 


3u' 


RHS = d Y (C',' ( x .) .— 

HV 1 3X v lx 3 =0 


-) 

x, =C 


(3.6) 


Now, from Eqs. (3.1) and (3.2b) we find that 

,( 2 ) = 


-<o 2 p< 2 > 


3 u 


( 2 ) 


- l "577 (STliv < x i> ax- 

tiv 1 ^ v 


+ l _A_ (r(2) 


3u 


( 2 ) 


Thus, Eq. (3.6) becomes 


_ (r^i i, \ n 

^3 ^ a3nv (x l ) 3x v 


- d < x 3 < 0 . 


(3.7) 


rhs . -d[»v 2 > ■> i tI-i 


, ( 2 ) 


H 1 


3_ (r ( 2) 

ini' 


3 u 


( 2 ) 


J 377 Trf-)lx..o • 


3u 


( 2 ) 


n 1 


3x 3 j j x 3 =0 


(3.8) 
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(21 

where we have used the fact that u^ ' is a function of only and 
X 3 . Now, since from Eq. (3.3a) u Q is continuous across the plane X 3 
= 0, so are its tangential derivatives. Equation (3.8) can therefore 
be rewritten as 


RHS = -d[co 2 p (2) (x^u* 15 + l 


a 

a x_ 


.( 2 ) 

""a lp 1 ' 


(cv,!*,) 


au 


(i) 


ax, 


+ l 


a 

■577 


f c ^ 2 ^ (x ) 
1 al^'V 


au 


( 2 ) 


3x 3 ^ ^x 3 = 0 ' 


(3.9) 


To deal with the last term on the right hand side of this 
equation we turn to Eq. (3.3b), which we write as 


I C 


(11 3u(1) 
(1) P 


'oc 3 uv 3 x . 

(iv ^ v I x 3 = 0 


I C 


( 2 ) 


au 


( 2 ) 


(x. ) 


'a3pl v 1 ' 3x. 

[i ^ 1 1 x^ = 0 


(21 * u(2) 

+ y r (2) (x 1 

1 tx l' 3x 


(3.10) 


3 lx 3 =0 


(21 (21 

where we have introduced the symmetric matrix r (x n ) £ C' ' (x,). 

(2i “P 1 cc3li3 1 

For a cubic medium r v ' (x^) is a diagonal matrix. 


rf 2) (x n ) = 6 „..ri 2) (x 3 ) , 


where 


ccp 


ap a 


(3.11a) 


r < 2) (x l) = r< 2) (x 3 ) = c< 2) ( Xl ); T 3 2) (x 3 ) = c[ 2) (x 1 ), (3.11b) 

in the Voigt notation. In view of Eq. (3.11a) we can rewrite Eq. 
(3.10) as 


3u a 


( 2 ) 


1 x 3 = 0 


r (2) (x ) 
a 1 


/ i \ 0 u 

[y c ( ^ -Ji— 

LL a 3 p. v 5 x 
^ v v 


(21 3u(1) 
y c 2 (x 1 i 1 

1 a3pl ( 1 ; 3x. 

P 1 


x 3 =0 


(3.12) 


where we have used the continuity of au^/ax^ across the plane x^ = 0 
in writing the second term on the right hand side of Eq. (3.12). It 
follows that 
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y c (2) (x i 

“ cclp3 ( l' 


3 'x 3 =0 


C ( 2) (x ) 3u ^ 

_ v «ip3 (x r rv MD p 

■ i r« 2 ) (Xi , V U P3P- 3x a 


A n v ' 

y c (2) (x 1 p 1 

£ P 3p 1 (x 1 ' tx 1 J x 3 = 0* 


(3.13) 


Equation (3.13) holds for all xj_. It is therefore the case that 


l (C «li3 (X l ) “^T^lx =C 


C (2) (x ) 

e 4- (- g ^ 3 1 [i c< 


L 3x, ' (2), . lL p3pcr 3x 

P 1 (x^) po a 


- y c^ 2 ^ (x 1 p ii 

t p3pl (x r ax, J J x =0 


(3.14) 


When Eq. (3.14) is substituted into Eq. (3.9), the boundary 
conditions satisfied by ^ (x^x 3 |w) become 


Ml 3U ' 

y c (1) _£_ 1 

6 oc3pv 3x . 

(iv v lx 3 =0 


= -d{u 2 p ^ (x 3 )u^ 1 * + 


C< 2 > (xjcj 2 . 5 , (x.) au (1) 


, f a r f^(2) . , v oclp3'l' p3pl' l'i ou p ,, 

* “'wv 1 75577;> -sriix 3 .< 


- C (2) (x ) 3u (1) 

. v a < “ip3 1 ? „(i) p 11 

+ i -577 l_ 7T2n 7 i C p3pa ~a £~> 

P 1 (x 3 ) po ^ ^ o'x 3 =0 


(3.15) 


However, the last term on the right hand side of this equation is 
O(d^), in fact, because it contains the left hand side as a factor, 
and the latter is manifestly of 0(d). Thus we have finally for the 
boundary conditions satisfied by df (x^x 3 |w) at the interface x 3 = 


a ( 1 ) 

,. , 3u 

y c (1) p 1 

„ a3pv Px . 

pv v lx 3 =0 


-d^p^’txju' 1 ' + 
t r 1' a 


(x,)C (2) , (X,) 3u (1) 


, V 3 r (M2) . V al P 3' 1' p 3p 1 ' 1 

+ l -57- L^ altll (x 1 ) i - -err .—;- 


“ A , 

P 1 


r p 2 ) ( X l^ 


_P_} 

3 x^ ; x 3 =0 


(3.16) 
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If we let a take the values 1, 2, 3 in turn, we obtain these 
conditions in explicit form: 

auP 6 u< 1 > 

3 


,( 1 ) 

'44 8x 




S’ 


0 = -d{u 2 p (2) (X x )u* 15 + 

( c ( 2 ) (x )\2 , ( 2 ). ..2 g u ( 1 ) 

a f r ( 11 (x l n ( 12 (x l n ■) 0U 1 ^ i 

J ax, '’x,= o 


+ ^ ([ 


c^(Xi) 


(3.17a) 


.( 1 ) 


3u 


( 1 ) 


'4 4 53T 


3 ' x 3 =0 


= -dluV^xX 1 ’ + 


+ ^ (x i ) _ a^ _ ^x 3 =o 


3u 


( 1 ) 


(3.17b) 


a^ 1 ) 3u (1) 

(cil> + c* 1 ’ 3 


'12 ~^xZ 


11 ^-^3 = 0= --{-^‘'’(XiJu^Jx^o- 


(3.17c) 


The approach outlined here can be extended to the case of a film 
depositied on a substrate of different symmetry and to propagation in 
an arbitrary direction on the surface. 


3.1.1. Sagittal Polarization 


To illustrate the uses of these boundary conditions let us 
consider first of all a Rayleigh wave on the surface of an isotropic 
medium covered by an isotropic, homogeneous adlayer cj^ = cj^- 
- 2 c^) , (j =1, 2). The solutions of Egs. (5.2a) in this case of 
sagittal polarization are 


ikx 


lhAi “U « A ^ Q « 

u 1 (x 1 x 3 |(0) = e [A^e + A t e ]f 


(3.18a) 


u 3 (x 1 x 3 |u) = ie 1 [^ A^e 


'+ — A.e 1 J ] 
“t J 


(3.18b) 


where 
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« Aft (k “ ) = " ~T—^ 2 k2 > 


'Art 


A ,t 


(3.19) 


and we have defined 


c (1) 
2 C 11 


'A ' p (l) ' 


c (1) 

2 44 

c t = ~ttt ■ 


(3.20) 


When Eqs. (3.18) are substituted into Eqs. (3.17a) and (3.17c), we 


obtain the following pair of equations for the amplitudes A 


A,f 


k 2 + a 2 

2 a. A. + —=- A*. 


‘ru 


a. 


pc. 


4c^ 2 (c^-c^ 2 )k 2 

- 7TZ 


] (A A +A t ) (3.21a) 


k 2 + “? n (2) o “» k 

-ir 1 A A +2kA t = d *“2" “V A * + *7 A J ' 

pc. t 


(3.21b) 


where 


c <2) 

.,2 . 11 c , 

A ' t 


c (2) 
2 c 4 4 


TZY ’ 


(3.22) 


Equating to zero the determinant of the coefficients in Eqs. (3.21) 
yields the dispersion relation (to O(kd)) 

. i 2 lr , ■ 2 _ c , 2 

7? 


D(k,u) = (kd) 


p(2)a.(o 2 2 a. 4c’* (c’*-c:*)k 

-r- [7-3 U + -j- 

pc t kc t t c t c A 


(3.23) 


where 


D(k,u) = 4k 2 a t a A - (k 2 +a 2 ) 2 


(3.24) 


The solution of the equation D(k,u) is u = c R k, where c R is the speed 
of Rayleigh waves on the stress-free surface of medium 1. It is 
obtained from the smallest root of the equation 


C 6 - 8C 4 + 8(3-2X 2 )C 2 -16 (1-X 2 ) = 0, 


(3.25) 


where we have put C = c /c , \ = c./c . The solution of Eq. (3.23) 

K t t X 

i s 
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- n ( 2 ) 

“s (k) = c R k 1 - (kd) GTXTcT V" p t x 

x [ C 2 (l + _ 4 ( ft) !*!^] + 0((kd) 2 )}, 

Pfc C t c« 2 


where = [1-(c 2 /c 2 ft ) fr 2 and 


(3.26) 


G(k,5) = - gl -..--[E 4 -2 (3-2X 2 )e 2 + 6(l-X 2 )] . (3.27) 

(2-eV 

Thus the correction to the frequency of a Rayleigh wave due to the 
presence of a thin overlayer of 0((kd) 2 ), and not of 0((kd)^) as 
might have been expected. 


3.1.2. Shear Horizontal Polarization 


As a second example of the use of Eqs. (3.17), we apply them to 

obtain the dispersion curve of a wave of shear horizontal polar¬ 
ization propagating in the x^-direction. The only nonzero component 
of the displacement field is u 2 (x^X 2 |(o) which, from Eq. (3.2a), is 
found to be given by 

ikx. _ “t x 3 

u 2 ( x i x 3 M = e Ae . (3.28) 


When this solution is substituted into Eq. (3.17b) the dispersion 
relation for this wave is obtained in the form 


d ( 2 ) 2 22 
- 2 ( “ - c t k > 


P (1 ’c 


> 0 


(3.29) 


The inequality here derives from the necessity of being positive 
in order that Eq. (3.28) describe a surface wave. The solution of 
Eq. (3.29) is 

(2) c' 2 

“sH (k) = C t k ^ " \ (kd)2 (• E TTj') 2 ( 1 ■ -J - ) 2 + o((kd) 2 )], (3.30) 

p c t 

2 2 

provided that c^ < c£. 

The result given by Eq. (3.30) coincides to the order in kd 
given with the frequency of the lowest branch (n=0) of the spectrum 
of Love waves in the structure considered (Fig. 14). This branch 
corresponds to a displacement field that has no nodes (as a function 
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of X 3 ) within the film, i.e. it is the most smoothly varying branch 
within the film. Thus, the results obtained here, in addition to 
yielding surface wave frequencies that are exact only to the leading 
nonzero order in kd, are further limited to yielding the dispersion 
curve of only the mode that is the smoothest function of X 3 within 
the film. This is as it should be because the method used to derive 
Eqs. (3.17) implicitly assumes that the displacement field within the 
film is a slowly varying function of X 3 . 



k 

Fig. 14. The dispersion curves for the three lowest frequency Love 
waves associated with a layer of thickness d and material 
constants p', c^ bonded to a semi-infinite substrate 
characterized by material constants p, c fc [Ref. 32]. 

The extension of the present analysis to the case of a piezo¬ 
electric film on either a piezoelectric or a nonpiezoelectric 
substrate would be useful, but has not been done yet. 

3.2. Effects of Spatial Dispersion on Surface Acoustic Waves 

The discreteness of a crystal structure has the consequence that 
the relation between stress and strain in it is nonlocal, i.e. the 
stress at any point in the medium is produced by the strains within a 
finite region of the medium surrounding that point. This nonlocal 
relation between stress and strain is often described by saying that 
the medium displays spatial dispersion. Spatial dispersion has 
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interesting consequences for surface acoustic waves that we examine 
briefly here. 

By passing to the long wave limit of the equations of motion of 
a simple cubic crystal with nearest and next nearest neighbor central 
and noncentral force interactions among atoms, the following con¬ 
tinuum equations of motion are obtained, through fourth derivative 
terms: 


,2 *2 .2 3 2 u a 2 u, 

+ C 44 + 7“2^ u i + (C 12 + C 44^ax av + av ] + 


PU 1 ^ C ll T~2 T "44 '■TT ’ . 2 ^ J “1 ’ '"12' "44 ,L ax 3x ' ax Jx 

ox^ bx^ ox^ 12 13 


b • 


. 2;ri a 4 .1 _ r 3 4 . a 4 i . i „ t a 4 

+ a o^T2 C 11 —I + T2 c 44'-—T + — + "2 C 12^ 2 2 T 2 2 

O 12 11 3x 4 12 44 3x 4 3x 4 2 12 3x ^ 3x ^ 3x^3x^ 
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+ \ (c 12 + c 44 )[ ^7-3Zr + TTTZ )a 2 + ( 
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3 3-* 3 

3x 1 3x 3 3x 1 3x 3 


u,]} (3.31a) 
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3x 2 3x 1 3x 2 3x 3 
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(3.31b) 
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. ri _ a 4 . 1 _ r< 

+ l T2 C 11 T~f TZ c 44 . 


(3.31c) 
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where a Q is the lattice parameter. If the crystal is bounded by a 
stress-free (001) surface, the boundary conditions at the plane 
X3 = 0 are found to be 


3u, 3u_ 




44'-777 T ‘53TT J " o 1L 1 ^12 


rrl „ 8.1 

l L? C 1 0 2 +7 
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ax 


2 c 4 4 “ 2 ^ U 1 

OX3 


1 ® 2u 3 

+ 2 (C 12 + C 44 } 3x 1 3x 3 J 


= 0 


(3.32a) 


3u_ 3u, . 

C 44^^ + 33^ ~ a o ^2 C 


12 L 2 * 2 C)4 L 2lU2 * 


a 2 u. 


( c no + C..) 


2 '^12 


44' ax 2 ax 3 


} = 0 


(3.32b) 


3u l 3u 2 3u 3 1 3 2 u.. 

12 + S3^ + C 11 ^ " a o^ (c 12 + c 44 ) U"x“3x 3 + 


3x 2 3x 3 j 


+ ^ & U 3 } - °‘ 

3x^ 3 x 2 3x 3 


(3.32c) 


Again, the leading nonzero terms in the lattice parameter have been 
kept. 

In Eqs. (3.31) and (3.32) the terms containing the lattice 

parameter a Q are the terms describing the lowest order effects of 
spatial dispersion in the equations of motion and the boundary 
conditions, respectively. 

We now apply Eqs. (3.31)-(3.32) to an investigation of surface 
acoustic waves of sagittal and shear horizontal polarization in turn. 


3.2.1. Sagittal Polarization 


In this subsection we consider a sagittally polarized surface 
acoustic wave propagating in the x^-direction on the (001) surface of 
our crystal. This displacement field in this case can be written in 
the form 
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u(x,t) = (cosefj^ (x 3 ) , 0 , sinef 3 (x 3 )). 


(3.33) 


where 9 = kx^-cot. When Eq. (3.33) is substituted into Eqs. (3.31) we 
obtain the following pair of equations for 3 (^ 3 )5 

(c n k 2 - P“ 2 ) f 1 - C 44 f i - ( c 12 + c 44 )kf 3 


- c k 4 - ± c k^ ° _ + c 2_If + 

" a o U 12 ll k 2 12 k j..2 12 44 j.,4- 1 1 


dx. 


dxl 


+ ■? (c 12 + C 44 ) ^" k3 ^ + k f 


dx 


3' 3 J 


(3.34a) 


(c 12 + c 44> k f i + (c 44 k2- P “ 2 ) f 3 - c 11 f 3 


a o^ (C 12 + C 44 )(_k f~3 + fc3 371^1 
dx^ 3 


4 & 


dx j 


1 c k 2 d + 1 c k 4 lf 1 
^ C 15 k —7 + TZ c 44 k J f 3 i- 


dx ‘ 


3 3 

The boundary conditions at X 3 = 0 become 


(3.34b) 


C 44 (f i + kf 3 ) = 3 o^ 7 C 12 k2f l + 7 C 44 f 'i + 7 (C 12 + C 44 ) kf 3> 

(3.35a) 

" C 12 kf l + C ll f 3 = a o^“ 2 (C 12 +C 44 )kf l " 2 C 44 k f 3 + 2 C ll f 3J' 

(3.35b) 

In Eqs. (3.34) and (3.35) primes denote differentiation with respect 

tO X3 . 

In what follows we will assume the isotropy condition c^ = 

C 11 “ 2c 44 order to simplify the analysis. 

If we make the Ansatz 


-ocx, -tx, 

fj_(x 3 ) = Ae f 3 (x 3 ) = Be 


(3.36) 


the equation for the amplitudes A and B takes the form 
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/c n k 2 - P“ 2 - c 44 a 2 + 0 (a 2 ) 

\ _(C ll" C 44 )k “ + 0(a o ) 


(C 11 -C 44 )k “ + 0(a o ) 


c 44 k 2 - P (o 2 -c i:L a 2 + 0(a 2 ) 



= 0 


(3.37) 


The solvability condition for this system can be written as 


(a - a‘(ko)))(a"- a‘(kco)) = 0(a£) 


(3.38) 


where 


a jt,t ( kl °) = k - -r 


l.t 

2 2 

with c^ = c^/p, = c A/( /p. Thus, if we write 
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co = co + a io. + 0 (a ) 
o o 1 o 
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(3.40a) 

(3.40b) 


then to this order in a Q the two solutions of Eq. (3.38) are 


a = a . (k u) =a 
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a. —- + O(a^) 
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c A a ot 


The solution of Eqs. (3.34) is therefore 


(3.41a) 


(3.41b) 


i. 3 _ “’t"3 

f l (X 3 ) = A A e + A t® 

a Jt a Jt x 3 k —a t x 3 

f 3 (x 3 ) = " IT A i e ~ A t® 


(3.42) 

(3.43) 


Substitution of these solutions into Eqs. (3.35) yields the equation 

*‘ 2 \/, 



(a 2 +k 2 ) (a^+k 2 ) \ 


+ ? a o 


2 a. 
CO l 

~2 W 


2 u 

co k 


=? 0t / 



= 0. 


(3.44) 


Since the second term on the left hand side of this equation is 
explicitly proportional to a Q , we can replace u and a. . in it 

Aft 
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by (o and a Q ^ t , respectively. However, terms of 0(a Q ) and of 0(a o ) 
from Eqs. (3.41a)-(3.41b) must be retained in the first matrix on the 
left hand side. The solvability condition for the resulting equation 
then yields the dispersion relation for Rayleigh waves to lowest 
order in the lattice parameter as 


>00 -c R | k |[i-i <2-;V * 

R 8 4(l-\ 2 )-4(3-2\ 2 )C 2 +6C 4 -C 6 

+ 0((a Q k) 2 )]. 


(3.45) 


In writing this equation we have denoted by c R the speed of Rayleigh 

waves in the absence of spatial dispersion, and have used the 

notation C = c 0 /c. , X = c./c.. c (X.) is obtained from these 
R t t X R 

definitions in terms of the smallest root of the Rayleigh equation, 
Eq. (1.16). 

We see from Eq. (3.45) that in the presence of spatial disper¬ 
sion Rayleigh waves are dispersive. This is due to the presence of a 
characteristic length in the problem, viz. the lattice parameter a Q . 

A similar result has been obtained on the basis of a slightly 
different crystal model by Djafari-Rouhani et al .(30) and by 
Dobrzynski and Djafari-Rouhani (31). 


3.2.2. Shear Horizontal Polarization 


The effect of spatial dispersion in the case of sagittal 
polarization discussed in the preceding subsection is to render 
dispersive a surface acoustic wave that exists even in the absence of 
spatial dispersion. A more dramatic consequence of spatial 
dispersion is that it can give rise to a surface acoustic wave of 
shear horizontal polarization that, as we' have seen earlier, cannot 
exist in the absence of spatial dispersion. To see this, we assume a 
displacement field of the form 

u(x,t) = (A,-A,0) exp[— (x n +x_)-ax -iut] , (3.46) 

n 1 2 5 

that describes a shear horizontal surface acoustic wave propagating 
in the [110] direction on the (001) surface of our crystal. When we 
substitute Eq. (3.46) into Eqs. (3.31) we obtain a single independent 
equation, viz. 
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“ 2 = i [ ^ (C ll- C 12> k2 - c 44“ 2 ] 


7 T [ 78 (C 11 + 2c 12 " 3c 44 )k4 - 7 C 12 k “ + 


TZ c 44 


(3.47) 


2 2 

Then if we expand w and a in powers of a Q according to 


? 2 2 2 
or + a (o, + a„u^ +. 

O O 1 0 2 


(3.48a) 


2 2 2 2 
a + a ar + a at. +. 
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(3.48b) 


we obtain the set of equations 


,2 c ll" c 12 .2 c 44 2 

o Ip p o 


(3.49a) 


2 44 2 

(o, = - - a, 

1 P 1 


(3.49b) 


'44 2 1r1 


“2 p ^ 48 (C 11 + 2c 12 3c 44 )k ? c i2 k “o + 12 C 44 a o]' 


(3.50) 


From the boundary conditions (3.32) we also obtain a single 
equation, which can be written as 


2 2 r 1 ^12 .2 1 2-i 2 

“ = Vi c77 k - 2 “ ] • 


(3.51) 


By equating terms of the same order in a Q on both sides of this 
equation we obtain the set of equations 


a 2 = 0 
o 


(3.52a) 


= 0 


(3.52b) 


2 _ r l 12 .2 1 2 ■, 2 

“ 2 M c77 k " 2 “o) 


(3.52c) 


From Eqs. (3.49), (3.52) and (3.48) we obtain 

^ k> - 4 4 ^ k< * “< k6> 
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(3.53a) 


a 2 (k) 



+ 0(k 6 ) 


(3.53b) 


We can simplify Eq. (3.53a) if we note that by setting a = 0 in Eqs. 
(3.46) and (3.47) we obtain the square of the frequency of the bulk 
transverse acoustic wave propagating in the [110] direction (in the 
presence of spatial dispersion): 


(c 


“l!0 (k) = 


11 


Tp 


C 12 ) .2 
- k 


15p (C 11 + 2c 12" 


3c 44 ) 


4 6 

k +0(k ). 


(3.54) 


Thus we have that 

a 2 c 2 

co 2 (k) = w 2 10 (k) - ° ^i 2 k 4 + 0(k 6 ). (3.55) 

^ 44 

2 2 

The fact that u (k) < (o‘ 1Q (k), and hence lies outside the band of 
frequencies allowed the normal modes of the bulk crystal, is the 

reason for the localization of this mode to the crystal surface. 

2 

Because oc(k) = (a Q /4)( c ^2/ c 44) k ' rather than being of 0(k) as in the 
case of Rayleigh waves, this mode penetrates more deeply into the 
crystal than does a Rayleigh wave. 

Future work on the effects of spatial dispersion on surface 
acoustic waves will undoubtedly employ phenomenological equations of 
motion and boundary conditions that are not based on specific crystal 
models. Some steps in this direction have been taken recently(33)^ 
Nevertheless, theories based on such models can provide very useful 
insights into the form such phenomenological theories must take. 


4. Nonlinear Surface Acoustic Waves 

All elastic media are nonlinear to a greater of lesser extent. 
The consequences of this nonlinearity for surface acoustic waves are 
several. It can give rise to such effects as second and third har¬ 
monic generation of surface acoustic waves(34,35 ) f or the nonlinear 
mixing of two or more surface acoustic waves to produce a new surface 
acoustic wave. (36) In contrast with these consequences of elastic 
nonlinearity in which changes in the frequency or frequencies of the 
participating surface acoustic waves occur, there are other conse¬ 
quences that occur at constant frequency. For example, nonlinear 
surface acoustic waves can exist that propagate along the surface 
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without change of form.(37-42) In this section we consider such 
nonlinear surface waves and a consequence of their existence that has 
been little discussed in the literature up to the present time. 

We have pointed out in Section 1 that the displacement field of 
a Rayleigh surface acoustic wave is essentially nonzero only at 
distances into the medium supporting it that are smaller than its 
wavelength parallel to the surface. The energy in such a surface 
acoustic wave is similarly localized in the vicinity of the surface. 
The elastic energy density of the Rayleigh wave in this region is 
therefore much higher than that of the bulk elastic waves, particu¬ 
larly in the case of high-frequency Rayleigh waves, and the effects 
of the nonlinearity of the medium on the propagation of these waves 
are correspondingly enhanced. We have also seen in the preceding 
section that the discreteness of the structure of a real crystal, or 
the presence of an adlayer of a different material, can make Rayleigh 
waves dispersive. It is well known that a balance between the 
spreading tendency of dispersion and the contracting tendency of non¬ 
linearity in the propagation of a wave through a nonlinear dispersive 
medium can result in the formation of a stable solitary wave, that 
travels through the medium without change of form and have some 
localized form. Consequently, one may expect that under suitable 
conditions a surface acoustic solitary wave (or surface acoustic 
soliton*) can exist. 

Surface acoustic solitons based on Rayleigh waves have been 
studied in a series of papers by Sakuma and coworkers (43-46). 
Similarly, surface acoustic solitons based on Love waves have been 
studied by Bataille and Lund^^). There are, however, some unsatis¬ 
factory features to both of these sets of studies. In each case, the 
dispersion of the linear surface acoustic wave is introduced into the 
problem in a somewhat ad hoc fashion and, in the case of Refs 43-44, 
incorrectly in view of the results of Sections 3.1.1 and 3.2.1. In 
the case of sagittal polarization Sakuma and Kawanami(^3) begin with 
a Hamiltonian for a semi-infinite elastic medium written ins second 
quantized form in terms of creation and annihilation operators for 
Rayleigh waves. The equations of motion of these operators are 
rewritten in a coherent state representation, and a nonlinear wave 

* Strictly speaking, a soliton is a solitary wave that has the 
property that when it collides with another solitary wave each passes 
through the other without change of form and only a small change in 
the phase of each. However, since the term "surface acoustic soli¬ 
ton" has entered the literature, and since it is less clumsy than the 
term "surface acoustic solitary wave," we will use the former here. 
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equation for the normal component of the (classical) elastic 
displacement field at the surface of the medium is extracted from 
them. Finally, the reductive perturbation method of Taniuti and 
Yajima(48) i s use d to obtain a nonlinear Schrodinger equation from 
this nonlinear wave equation. The nonlinear Schrodinger equation has 
well-known soliton solutions.( 49 ) This approach to obtaining surface 
acoustic soli tons seems unnecessarily complicated for a classical 
nonlinear system. 

In this section we obtain surface acoustic solitons in a system 
supporting Love waves by an approach that requires obtaining first 
the dispersion relation for the nonlinear surface acoustic waves 
supported by that system, and that appears to be free of the kinds of 
objections that can be raised against the work cited above. 



, 3 

Nonlinear Medium 

o (l) c (,) c (l) c (l) 

P • c ij • c ijk • c ijk 1 


Linear Medium 

o (2) c (2) 

P • c ij 




Fig. 15. A layer of thickness d of a linear cubic elastic medium 

bonded to a semi-infinite, nonlinear cubic elastic medium. 

The system we consider is depicted in Fig. 15. It consists of a 
semi-infinite cubic elastic medium, characterized by a mass density 
P^ and linear and nonlinear elastic moduli c^V, cjl? , ..., 

1 j 1 J K 1 J KX 

in the contracted, Voigt notation, that occupies the region > o, 

to which is bonded a thin plate of cubic symmetry, characterized by a 

f 21 (21 

mass density p' ' and linear elastic moduli c>^ , that fills the 

region -d < x 3 < 0. It will be assumed that the cube axes coincide 

with the coordinate axes. Thus we assume that only the substrate is 
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a nonlinear elastic medium. In this system we seek straight-crested, 
shear horizontal acoustic waves that propagate in the x^-direction 
and are localized to the interface x 3 = 0. The form of the dis¬ 
placement field we study is therefore 

u(x;t) = (0, u 2 (x 1 x 3 ;t),0). (4.1) 

The choice of system and form of the displacement field was 
prompted by the following considerations. The fact that there is 
only a single nonzero component of the displacement field means that 
there is only a single nonlinear partial differential equation that 
has to be solved and only a single boundary condition that has to be 
satisfied, in contrast with the two coupled nonlinear partial differ¬ 
ential equations and two boundary conditions that are encountered in 
the case of sagittal polarization (see below). The analysis is 
simplified somewhat as a result. In addition, for the orientation of 
the medium with respect to the coordinate axes assumed here, the 
lowest order nonlinear terms in the elements of the stress tensor of 

the nonlinear medium are of third order in the displacement compo- 

2 

nent u 2 (x^x 3 ;t), i.e. of the form (du^dx^)(au 2 /3x^) , rather than of 

second order, i.e. of the form (3u 2 /3x 3 ) (au^ax^) , as in the case of 
sagittal polarization. As a result, the lowest order nonlinear terms 
in the equation of motion of the nonlinear medium are also of third 
order in u^x^x^jt), i.e. of the form (3 Uj/ax^) x (Bu^/ax^) , 

rather than of second order, i.e. of the form (3 2 u 2 /3xp (Bu^Bx^) , as 
in the case of sagittal polarization. This circumstance considerably 
simplifies the derivation of the nonlinear dispersion relation for 
the shear horizontal waves we are studying. Finally, the thin over¬ 
layer occupying the region -d < x 3 < 0 has been introduced in order 
to give rise to surface acoustic waves in the linear theory, viz. the 
Love waves, that are absent in the absence of the overlayer and that 
are dispersive. In this way the dispersion is introduced into the 
linear dispersion relation in a physical, and controllable, way 
rather than being introduced in an ad hoc fashion. 

It may be thought, however, that the introduction of the over¬ 
layer in fact complicates the problem of obtaining the nonlinear dis¬ 
persion relation for the nonlinear shear horizontal waves we seek, by 
giving rise to boundary conditions at the interface x 3 = 0 as well as 
at the surface x 3 = -d. This, however, is not the case due to the 
way in which we treat the overlayer in the present work. The 
approach used here consists of replacing the overlayer by a modified 
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boundary condition on the displacement field in the substrate at the 
plane X 3 = 0. This boundary condition is exact to first order in the 
thickness d of the overlayer. Thus, we have to solve the nonlinear 
equation of motion in the substrate alone, and we use the solution in 
a single boundary condition, which is the only way in which the 
properties of the substrate now enter the problem. As we have seen 
in Section 3.1.2, the overlayer is sufficient to introduce dispersion 
into the frequency of the linear surface wave supported by the struc¬ 
ture depicted in Fig. 15 . It also has the effect of giving rise to 
only the lowest frequency Love wave in this structure, rather than to 
the infinite number that can exist when the finite thickness of the 
overlayer is taken into account. 

A repetition of the analysis presented in Section 3.1 yields for 
the modified boundary condition at the plane X 3 = 0 


r (1) 

l 23 


= d[ p 


( 2 ) 


at 2 


a 2 u (1) 

, ( 2 ) U 2 

'44 


3x‘ 


lx,= 0 


(4.2) 


where the left hand side is the stress in the nonlinear medium 

(x 3 > 0 ) at the plane x 3 = 0. We turn now to obtaining the solution 

of the nonlinear equation of motion of the substrate and from it the 

stress that enters the left hand side of Eq. (4.2). The satisfaction 

of the latter equation yields the nonlinear dispersion relation 

sought. 

4.1. The Nonlinear Dispersion Relation 

In Lagrangian coordinates (50) the Lagrangian (or Piola- 
Kirchhoff) stress tensor of an arbitrary nonlinear elastic medium can 
be written in the form^^ 


3u . . au au 

m — V r* _ ^ 4 . V p(®) _ tL _ 2. 4 . 

■“■ap i ^appv 8x afipvpa 3x 3x 
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3Up 3% a u K 


4 . y c ^ ~' _ n _ — _^ + 
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pvpaicX v v a X 


(4.3) 


through the first two nonlinear contributions, where 


(3(s) _ 1 3 ^ ^1 3 , + C 6 
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(4.4a) 
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and C„ 0 and C„ a are elements of the third and fourth order 

appvpa ap pvp ate a. 

elastic modulus tensors, respectively. The equations of motion of 
the medium, to the same order in the nonlinearity, are given by(52) 
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where p Q is the mass density of the undeformed medium, and 


C (f) = £ +C 6 + C 6 + c 6 

aPpvpa appvpa apav pp appv ap vppaap 


(4.6a) 
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In the particular case considered in this section the equation 
of motion (4.5)-(4.6) simplifies to 
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where c 2 = cj}Vp^» and 
t 44 o 


a c. (i) 


_ v _ „ + 3c (D + 3 c (l) 
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(4.8a) 
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C 44 

To simplify the notation, in writing Eq. (4.7) we have replaced 
u^ 1 ^( x i x 3 ;t) by u( x 1 x 3 ;t). The boundary condition (4.1) becomes 


(4.8b) 






J J ^ X 3 


x 3 =0 


= d r 0 (2) - c (2) 

tP St 1 14 a xJ l4 3-» 

We seek a solution of Eq. (4.7) in the form of a wave that 
propagates in the x 1 -direction without changing its form, viz. 


(4.9) 


u ( x 1 x 3 ; t) = v (9 ; x 3 ) , 


(4.10) 


where 9 = kjc^-ut. The equation satisfied by v(9; x ^) is 

(.2 w 2 i a 2 v a 2 v .4 r av->2 a 2 v , 

- - p —7-j = ak l-^J —2 + 

c t 39 3x 3 39 
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To solve this equation we set 


(4.11) 


v( 9; x 3 ) = ev 1 (9; x 3 ) + e J v 3 (9; x 3 ) + ... 


(4.12) 


and 


(0 


2 


2 2 2 
or + e^co, + 
O 2 


(4.13) 


where e is an ordering parameter that can be set equal to unity at 
the end of the calculation. When we substitute Eqs. (4.12)-(4.13) 
into Eq. (4.11) and equate terms of the same order in e on both sides 
of the equation, we obtain the following set of equations: 
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The solution of Eq. (4.14a) that vanishes as x^ + * can be written as 


Vi(9;x 3 ) = a cos9 e 


-Yo x 3 


(4.16) 


2 2 2 

where a is a constant amplitude, provided that k > (u> Q /c^). 

Equation (4.14b) thus takes the form 

2 2 2 
, a v a v a, - Yr .x, 
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+ cos39 a 3 ( 3 ak 4 - pk 2 r 2 + 3 a Y 4 )e c 
If we assume a solution of this equation of the form 


(4.17) 


v 3 (9;x 3 ) = cos9A(x 3 ) + cos39B(x 3 ), 


(4.18) 


The equations satisfied by A(x 3 ) and B(x 3 ) are 
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whose solutions that vanish as x 3 + » are 
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(4.20b) 


In writing the solution of Eq. (4.19b) we have added in a solution of 
the corresponding homogeneous equation with a coefficient C. It 
should be noted that the presence of secular terms in the solutions 
given by Eqs. (4.20) does not violate the boundary condition at 

infinity. ($3) 

The boundary condition satisfied by v(9;x 3 ) is obtained from Eq. 
(4.9) as 
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When the expansions (4.12)-(4.13) are substituted into this equation, 
and terms of the same order in e on both sides of the resulting 
equation are equated, we obtain the following system of equations at 
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The substitution of Eq. (4.16) into Eq. (4.22a) yields the value of 
“ 2 (k), viz. 
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to lowest nonzero order in d, provided that (p^/p^) > 

( c 44 ^/ c 44 ^* Equation (4.23) is just the dispersion curve for the 
lowest frequency Love wave, obtained in Section 3.1.2, as it must be. 
The substitution of v 3 (9;x 3 ), as given by Eqs. (4.18) and (4.20) into 
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Eq. (4.22b) yields both the coefficient C and oi^{k) : 
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If we note from Eqs. (4.15) and (4.23) that 
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and work only to the lowest order in d, we obtain for the nonlinear 
dispersion curve 
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while the corresponding displacement field is given by 
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We see from Eq. (4.27) that if the phase velocity of this 
nonlinear wave is to be slower that c t , for the wave to be localized 
to the surface, we must have 
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£ V 2 p 

cc J (1) 
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an inequality that is easily satisfied, since the right hand side is 
typically of order unity. 

We now turn to the application of Eq. (4.27) to the 
determination of surface acoustic solitons. 


4.2. Surface Acoustic Soli tons 

It is not expected that the kind of nonlinear surface acoustic 
wave studied in the preceding subsection exhausts the surface waves 
possible on the surface of a nonlinear elastic medium. in parti- 



142 


cular, for reasons described in the-introduction to this section, it 
is of considerable interest to look for surface acoustic solitons. 
These are pulse envelope waves that have the nature of solitary waves 
propagating along the surface of a nonlinear elastic medium. in this 
subsection we apply the results of the preceding subsection to an 
examination of the question of whether such excitations can exist in 
the structure depicted in Fig. 15. 

Let a(x,t) be the (real) amplitude of a component of the elastic 
displacement field at the surface of a nonlinear elastic medium in 
contact with vacuum. (A precise definition of a will be given 
below.) The fact that we have assumed that a(x,t) dependes only on 
the coordinate x (= x 1 ) in the direction of propagation of the wave 
on the surface and is independent of the transverse coordinate z 
(= x 3 ) normal to the surface means that the transverse variation of 
the elastic displacement field enters the final pulse evolution 
equation to be obtained here (Eq. (4.43) below) through the nonlinear 
surface wave dispersion relation. This is an adiabatic assumption in 
which at any point (x,t) the transverse variation of the elastic 
displacement field is given by the nonlinear CW surface acoustic wave 
solution. This means, physically, that as the wave propagates along 
the surface the system adjusts to the self-consistent nonlinear field 
distribution at a rate faster than the time scale over which the wave 
changes. Any wave propagating along the surface can be expressed 

in terms of a complex amplitude a(x,t) expi9(x,t), where 9(x,t) is a 
generalized phase factor. In a simple CW case 8(x,t) is kx - ut, so 
that the derivatives of 9 with respect to x and t are just the wave 
number k = 9^ and frequency u = -9 t , where the subscripts denote 
partial derivatives. In this case k and u are constants. In the 
more general nonlinear case considered here they are functions of 
both x and t. 

The equations determining a(x,t) are^5-57). 
the energy equation 



+ 0 - n- 
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the dispersion relation 
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the consistency equation 



143 


k fc + u x = 0. (4.32) 

We note that in the absence of the second term on the right hand side 

of Eq. (4.31) the dispersion relation given by the latter has the 

form of the nonlinear dispersion curve to O(a^) obtained in the CW 

12 2 

case in the preceding subsection. The term - _ (a (o Q (k)/ak ) ( a xx / a ) 
has been shown by Yuen and Lake^®^ to be present when the wave 
amplitude a is a slowly varying function of x and t. 

We now introduce the phase function 9(x,t) and require that 
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so that Eq. (4.32) is automatically satisfied. We next set 
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where co and k are constants. It follows that 
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If we expand the dispersion relation (4.31) about k = k Q , using 
the second of Eqs. (4.34), 
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where the subscript o means that the derivative is evaluated at 
k = k Q , and use the first of each of Eqs. (4.34) and (4.37), and the 

second of Eqs. (4.37) we find that 
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From Eqs. (4.30) and (4.38) we obtain the result that 
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where we have used the result that 
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which follows from Eqs. (4.38) and the second of Eqs. (4.37). 

We can combine Eqs. (4.39) and (4.40) into a single equation if 
we introduce the complex amplitude A(x,t) by 


A(x,t) = a(x,t) expi9(x,t) 


(4.42) 


By the use of Eqs. (4.39) and (4.40) it is easy to show that A(x,t) 
satisfies the nonlinear Schrodinger equation 
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The condition that Eq. (4.43) have stable soliton solutions is that 
(9 2 (o o /9k 2 ) o (o 2 (k Q ) < 0 .(^ 8 ) so i u tion of this equation is 
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and A is the half-width of the pulse represented by Eq. (4.44). 

The nonlinear dispersion relation obtained in the preceding 
subsection (Eq. (4.27)) yields the following results for the 
functions (o Q (k) and “ 2 (k) appearing in Eq. (4.31)s 
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Thus, if we identify a(x,t) with the amplitude of the displacement 
field of the nonlinear shear horizontal surface acoustic wave at the 
surface x 3 = 0, whose CW value was denoted by a in the preceding 
subsection, we see that a stable surface acoustic soliton is possible 
in the system considered in this section if a > 0. 

There are questions about such solitons that remain to be 
answered. For example, how can they be excited and detected? What 
is the evolution distance for these pulses, that is, what is the 
distance a pulse of arbitrary form established at t = 0 travels 
before it evolves into the form given by Eq. (4.44)? It is hoped 
that these and other questions concerning surface acoustic solitons 
will be raised and answered in future work on these excitations. 
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Acoustic phonons in infinite and semi-infinite superlattices 
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1■ Introduction 

A great deal of work have been devoted during the last decades to the study 
of wave propagation in layered media |l|. There is a renewal of interest in 
this domain due to fabrication of artificial crystals made of alternating layera 
of two (or more) different materiala, and the measurementa of phonons in these 
periodically modulated atructures. Due to the larger periodicity of the superlatti¬ 
ce in the direction perpendicular to the layers, there are many phonon branchea 
in the folded Brillouin zone ; theae branchea are aeparated by gapa where localized 
modea associated to defects, and in particular to the surface of a semi-infinite 
superlattice, may exiat. In this paper, we present a review of the theoretical 
calculations on the bulk and aurface phonona in auperlatticea, uaing either 
an elastic continuum approach or aome particular atomic models ; we will mainly 
limit our discusaion to the phonona belonging to the acouatic domaina of the 
conatituent crystals. 

Let us mention that the experimental demonstration of acoustic zone folding 
was firat given 121 by using superconducting tunnel junctions aa sources and 
detectors of quaai-monochromatic phonona and probing the selective transmission 
of high frequency phonons by a GaAs-GaAlAa superlattice. The frequencies of 
the few first folded acouatic modes were then obtained by Raman spectroscopy 
in different type of superlattices |3-9| ; the dispersion curves of theae phonon 
branches were also probed |10,5| and even umklapp processes were observed in 
long period auperlattices 1111 . These experiments (which have been discussed 
within an elastic continuum approach) are only dealing with phonons propagating 
along the axis of the auperlattice. On the other hand, concerning the aurface 
phonons, Brillouin scattering has been used as a tool to investigate Rayleigh 
waves localized at the surface of metallic |12,13| or semiconductor |4| superlatti¬ 
ces. 

2. Elastic continuum approach 
2.1. Bulk acouatic waves 

Each conatituent of the superlattice is characterized by its elastic constants 
C aBpv an< * maaa density p. This continuum description can only be applied if the 
thicknesses of the films (d^ = 2h^ and d,, = 2h,,) as well as the acouatic wavelengths 
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are large compared to the interatomic diatances. The equationa of motion of the elas¬ 
ticity theory can then be written 

3u (x,t) 


p (x 3 ) 


3 2 u (x,t) 
a 


at 


= 1 7— fs c a (x ) 
„ 8x „ L.. aBpv 3 
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6 pv 


-] ( a = 1,2,3) 


(1) 


where x„ is along the axia of the superlattice and p and C are periodic functions 
3 aBpv 

of Xg. To obtain the dispersion relations of the bulk (and also of the surface) acous¬ 
tic wavea in the auperlattice one can uae a transfer matrix method |14,17| ; firat 
the solution to the diaplacement field can be obtained in each film from eq. (1) ; 
for example in the first type of film belonging to the nth cell of the superlattice 


uf n \x,t) 
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where to is the frequency and k^ the wavevector parallel to the interfaces. The redu- 


(n) 


ced coordinate x^ = x 3 - (n-l)D (where D = d^ + d^ is the period of the superlattice) 
is introduced for convenience and ranges from -h to +h. The parameters a. are the 


An)' 




solutions of a secular determinant of rank 3 while the coefficients A. . (or B. . ) 

ij ij 

are the eigenvectors of the corresponding matrix. There are consequently six unknown 
multiplicative constants, let us say and B^ 1 ?^ (j = 1,2,3) which have to be de- 

termined by using the boundary conditions on the displacements and on the stresses 
at the different interfaces. By writing these six coefficients as a column vector 
1+ >, the boundary conditions easily give 


HW = T IV 


(3) 


where T is a 6x6 transfer matrix. For an infinite superlattice, the application of 
the Bloch theorem in the x direction, with a wave vector k , gives the eigenvalues 


aa solutions of the determinantal equation 
«■ lk 3 ° 

det(T - e I) = 0 


(4) 


where I ia a 6x6 unit matrix. For given oi and k //' thia equation gives six roots for 
k associated two by two, corresponding to propagation in positive or negative x - 
direction ; in a bulk band these solutions are real while in a gap they have an ima¬ 
ginary part. 

A simplification ariaea in the above general theory in aome particular cases, for 

example when the films in the superlattice are isotropic |14,16|, or |17| when they 

are (0001) oriented hexagonal slabs, or still if they are (001) oriented cubic slabs 

with k^ along Qloo] or [llOj ... In these cases the shear horizontal modes decouple 
_ ++ 

from those polarized in the sagittal plane ; then the T matrix becomes a juxtaposi¬ 
tion of a 2x2 and a 4x4 matrix. Moreover, we showed that the eigenvalue problem for 
this last matrix can be solved analytically by introducing the matrix M = — (T+T *) 

when the displacements (eq. (2)) are expressed in terms of cosh(a.x^ n ^) and 

(n) J d *+ 

sinh(a .x' ) rather than in terma of exponentials ; indeed, the matrix M can be block 

J 3 
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Fig. 1. Bulk bands and surface wave disper¬ 
sion for an Al-W superlattice. The shaded 
areaa are the bulk bands. The surface modes 
are presented either for an A1 layer (aolid 
line) or a W layer (dashed line) at the sur- 
facea. c^-(Al) is the tranaverae velocity of 
aound in Al. After ref. |15|. 


diagonalized into two 2 x 2 submatrices. 



Fig. 2. Comparison of the elastic 
waves band structure in a two-compo¬ 
nent (A^A 2 > and in a four-component 
(A 1 A 3 A 2 A 3 ) auperlattice, where A 3 ia 
a mixture of Ai and A 2 due to the 
interdiffusion of the films ; 

Q = (dD/c^ is a reduced frequency. The 
shaded areaa (limited by the full li¬ 
nes) are the bulk banda of the four- 
component superlattice ; the daahed 
lines give the band limits of the two 
component auperlattice. After ref. |18|. 


As a matter of example the dispersion relation of the transverse wavea in the caae of 
hexagonal alaba mentioned above becomes 1 17 1 


cosk^D 


1 C 44 “l 
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( 6 ) 


For cubic slabs, this same relation holda when k /<f ia along [lief] while ^ has to 

be changed to when k^ is parallel to [lOO] . The diaperaion relation of the sagit¬ 
tal waves ia more complicated when k^ 0 ; however at k^ = 0 the sagittal modes 
decouple into longitudinal and ahear horizontal modea and one obtains dispersion re¬ 
lations similar to (5). An illustration of the sagittal bulk bands ia given in figure 
1 (shaded area) for an Al-W superlattice |l 6 |. This band structure is not only depen¬ 
dent on the parameters of the constituents but alao on the relative thickneaa of the 
two media. Concerning the example displayed in fig. 1, let us also point out that at 
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an interface between two semi-infinite A1 and W crystals there is a Stoneley (inter¬ 
face) wave, with an eigenfunction localized near theinterface and decaying exponential¬ 
ly on both aide into the interior of the crystals. In the superlattice thia givea riae, 
in the limit of thick layers, to bulk bands at the frequency of the Stoneley mode ; 
indeed for k^D » 1 the velocities of the first bulk bands approach the velocity 
of the Stoneley wave (at about 2800 m/s). 

A generalization of the above calculations to a superlattice composed of N diffe¬ 
rent layers (instead of two) ia possible ; in particular an analytic dispersion rela¬ 
tion waa derived in the caae of ahear horizontal waves |17,18|. Figure 2 gives |18| 
a comparison of the corresponding bulk bands in a two-component (A^A^) auperlattice 
and in a four-component (A A A A ) auperlattice, where A is a mixture of A and A 

1 o C. o O It 

due to the diffusion near theinterfaces of one film into another. 


2.2. Surface acouatic waves 


The surface acoustic wavea in a superlattice have been investigated by assuming 
the surface to be either parallel |14-17,19| or perpendicular to the laminations 
1201. In the firat caae, one can use the transfer matrix method 114-171 to 
search for surface modea, which have their frequencies inaide the gapa separating 
the bulk bands. Such a mode has to be sought in the form of a linear combination 
of three out of the aix solutions of eq. (4), i.e. thoae corresponding to the 


attenuation of the wave far from the surface. 
3 3 


t>. ; » i (7) 

1 p —1 ^ j —1 1 ^ 1 J 


ut) 


(|i = 1,2,3) are arbitrary coefficients introduced to make a linear combination of 
the three possible solutions. The surface mode solution muat also fulfill the vanis¬ 
hing of the streaaea at the free surface of the superlattice. Thia leada to three 
linear homogeneousequationa in the coefficients R^, whose determinant has the frequen¬ 
cies of the surface modea as ita roota. In fig. 1 we have presented the diaperaion 
curves of the surface modes (polarized in the aagittal plane) either for an A1 layer 
or a W layer at the surface of the auperlattice. The thickneaa of the surface layer 
is assumed to be the same aa that of the corresponding films in the bulk. However 
the existence and frequencies of the surface waves are very dependent on thia thick¬ 
neaa which may be varied experimentally 114-171. 


The Rayleigh wavea on a superlattice have also been investigated in a geometry in 
which the surface is perpendicular to the alternating layers |20|. A new method has 
been developped which consists of first Fourier analyzing the equations of motion (1) 
in the direction x^ perpendicular to the layers ao as to include automatically the 
boundary conditions at the different interfaces. For each value of the wave vector k 
perpendicular to the layers, thia givea an infinite set of wave vectors parallel to 
the layers (i.e. perpendicular to the surface). Then a aurface wave ia conatructed 
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Fig. 3. Diaperaion of the bottom of the bulk banda (B) and of the Rayleigh wavea (R) 
in the reduced Brillouin zone associated with the superlatti^e. The two media in the 
auperlattice differ only by their maaa denaity, with (a) = 0.95 and (b) 

p'/p = 0.5, Q = o)D/2itc^_ ia a reduced frequency, where c^_ ia the transverse speed of 
aound in the firat medium. After ref. |20|. 

from a superposition of these solutions. The frequencies of the surface Rayleigh 
wave are obtained by using the Fourier-analysed conditions of vanishing stresses 
at the free surface. Numerical calculations are performed by limiting the number 
of Fourier components taken into account. For two relatively similar layers 
in the superlattice, there are two different Rayleigh branches near the Brillouin 
zone boundary which result from the folding of the dispersion curve for a Rayleigh 
wave on a homogeneous medium (fig. 3a). The higher branch can disappear when 
the two layers differ significantly in their elastic properties (fig. 3b). 
The magnitude of the gap between the two Rayleigh branches may also be varied 
by changing the relative thickness of the two layers. 

2.3. Piezoelectric auperlatticea 

The transfer matrix method has been applied to the study of shear horizontal 
wavea in infinite and semi—infinite auperlattices, composed of two piezoelectric 
media of hexagonal symmetry |21|. There is a new possibility afforded by these 
systems due to the coupling between the acoustic waves and the electric field. 
Let us mention that the homogeneous piezoelectric materials have already found 
many practical applications and also they exhibit surface wavea (the Bleuatein 
Gulyaev wave (BGW)) which have no analogue in purely elastic media. Figure 4 gives 
an illustration of the shear horizontal bulk bands (shaded area) and surface 
modes in a CdS-ZnO superlattice. The effect of the piezoelectric coupling is 
to rise the frequencies by a few per cent compared to those in the purely elastic 
system. An other effect of this coupling is the existence of BGW ; the behaviour 
of the surface modes below the bottom of the bulk banda is then qualitatively 
different in the two, piezo and non—piezoelectric, cases. Besides the surface 
wavea are sensitive to the nature of the film at the surface, its thickness, 
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C,(CdSj 



Fig. 4 . Same as in fig. 1 for a piezoelec¬ 
tric CdS-ZnO superlattice. The dashed cur¬ 
ves represent the surface modes when a 
non-metallized CdS film ia at the surface. 
For a metallized surface, the results are 
slightly different. When a ZnO film is at 
the surface (metallized or non-metallized) 
there ia only one surface wave very near 
to the bottom of the bulk bands over a 
small range of k D. After ref. \2l\. 

and also to the electrical boundary com 
non-metallized surface). 



Fig. 5. Illustration of the first acous¬ 
tic phonon branches in a GaAs-AlAs su¬ 
perlattice, for propagation perpendicu¬ 
lar to the layers, using the continuum 

model (-) or a linear chain model 

with five monolayers in each film 
(_). After ref. j 14 ]. 


at the surface (metallized or 


2.4. Effective medium approximation 

In the long wavelength regime, i.e. when the acoustic or optic wavelengths 
become large compared to the period D, the superlattice behaves like an effective 
homogeneous medium in which the waves are dispersionless. This medium is characte¬ 
rized by elastic, dielectric, photoelastic ... constants which can be expressed 
aa functions of the parameters of the constituents in the auperlattice. Besides 
the earlier work of Rytov |22| assuming the layers in the superlattice to be 
isotropic, the effective elastic constants have been recently calculated for 
layers of cubic |23,24|, hexagonal |24| or orthorhombic 125i symmetries, and 
finally given formally for any symmetry of the layers |26|. This formal theory 
has been generalized to piezoelectric auperlattices |2l| in which the effective 
elastic, dielectric and piezoelectric constants are coupled together (neglecting 
piezoelectricity, one finds independently the elastic and dielectric Constanta). 
The result can be expressed aa 
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and the aymbol < > means average over the constituents of the superlattice, 

each film having a weight proportional to its thickness. 


It is interesting to note that the effective constants are involved into 
expressions which are averages of the corresponding expressions in the two 
constituents. 

A similar conclusion holds for the effective photoelaatic Constanta |27| 
which play a major role in the scattering of light by long wavelength phonons. 

3. Atomic models 

It ia necessary to go beyond the elastic continuum model in several respects, 
for example if the layers in the superlattice are only a few monolayers thick, 
or in order to describe the high frequency phonons (in particular optical phonona), 
or still, to obtain the dispersion curves in the whole two dimensional Brillouin 
zone parallel to the layers. 
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To deal only with phonona propagating along the axis of the auperlattice 
the simplest approach ia to use a linear chain model ; then the general equation 
of motion for an atom i may be written as 

Mjtij = Yd.l+i) (u jl+1 - u jl ) + y(J.-1 , J.) ( u 4 _ 1 -u^) (11) 

where only interactions between nearest neighbors are taken into account and 
the force constants y are relative either to the bulk of each material or to 
the interfaces. Different linear chain models have already been set up 15,14,28- 
31| and several numerical or analytical results obtained. In figure 5, the 
few first folded acoustic branches calculated in the continuum model (dahaed 
line) are compared to those obtained by using a linear chain model (full line) 
in which the films contain respectively five monolayera of GaAa and AlAs. One 
can notice that some deviations appear between the two results for higher phonon 
branches. However the linear chain models have often been used in connection 
with optical phonona in semiconductor superlattices, especially in GaAa-AlAa 
auperlattices where several experimental data are available. Also a linear 

chain calculation 1311 showed the existence of interface phonons (see § 2.1. 
above) in a GaSb-InAs auperlattice, with a crucial dependence of the results 

on the nature of the interfaces (In-Sb or Ga-Aa). 

Uaing a Green's function technique, the qualitative behaviour of phonona 
in a three dimensional, infinite or aemi-infinite, superlattice was studied 
1321 within a Montroll—Potts model of monoatomic cubic crystals. An example 
of the bulk bands and surface modes, as functions of k^, is given in figure 

6 . Let ua point out that at each value of k^, aome of the bulk bands are relatively 
wide while others are very narrow ; this means that aa functions of k g (wave vector 
along the auperlattice axis) the banda may show aome dispersion or be very 
flat. These behaviours can be explained in the following way ; for a given 

, the frequency range of a bulk band may fall into the apectral domains of 
both (reap, only one) constituents in the auperlattice and consequently the 
eigenfunctions of the corresponding phonona are extended (resp. localized) 
over both (reap, only one) type of films. On the other hand, the surface modes 
may exist everywhere in the Brillouin zone, and are dependent on the nature 
of the film at the surface and on the number of atomic layers it contains. 

The quantitative calculations of phonona propagating along the axis (k^= 0) of a 
GaAs-AlAa superlattice have been treated in two papers, using either a bond 
charge model |33| or a rigid ion model |34|. Some differences exist between 

the results of the two calculations which however give qualitative conclusions 
similar to those of linear chain models. Finally a recent calculation 1341 



156 


Fig. 6. Band atructure of a 
auperlattice, with two atomic 
planea in each film (Li=L. 2 = 2 ). 
The two crystala have the aame 
atomic masses (Mi = Mg) and 
different force Constanta 
(yi = 2 y 2 or Y2 = 2 yi) ; at 
the interfaces y = (y1+Y2)/2. 
The film labeled aa 1 ia at 
the surface. The shaded areas 
represent the bulk banda (four 
of each value of k,,). Surface 
modea are present (absent) for 
a surface layer containing two 
(one) atomic planea. The Ni, 

N'i, N"i modea (_) refer to 

Yi = 2Y2t the N 2 . N'2. N m 2 mo¬ 
des (-) to YI = Y2/2. 


S=2-COS(k x a)- COS(k y a) 

waa alao dealing with phonona in a GaAa-Ga^AlAa auperlattice where one of the com¬ 
pound ia a ternary disordered alloy ; in thia paper, the recursion method was 
uaed to obtain the densities of phonon atatea near the wave vector k = 0. 

4. Concluaion 

By studying the acoustic phonona of a auperlattice within both continuum and 
discrete models, we have shown that the eigenfunctions may be extended over 
both type of alaba, localized in only one type of alab, or localized around 
the interfaces. The overall bulk band structure ia dependent on the elastic 
parameters of the superlattice and the relative thickness of the two layers. 

In a aemi-infinite superlattice, surface modea may exiat inaide the gaps, depending 
on the composition of the surface layer, ita thickneaa and posaibly on specific 
surface boundary conditions. Theae general physical concluaiona still hold 
for optical phonona in auperlatticea, and in particular the ideas of extended, 
confined |36,37|, or interface |38,39,3l| phonona have been more extensively 
diacuaaed in connection with optical modea. 

We are certainly going to know more extensive quantitative calculations 
of phonons in auperlatticea, including the effects of different types of disorder, 
the analyses of intensities and lineshapes in Raman scattering or other experi¬ 
ments. Theae and other vibrational properties may be handled through the knowledge 
of the Green'a function |15,32,40| which can be calculated for instance by 
using the recent interface response theory |41|. 

Acknowledgments.- The author would like to thank Dra. L. Dobrzynski and J. 
Sapriel for a critical reading of the manuscript . 
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PHONONS IN SUPERLATTICES 


John M. Worlock 

Bell Communications Research, Inc. 
Red Bank, NJ, 07701-7020, USA 


Superlattices are artificially and periodically layered materials, with periodicities chosen and controlled by their 
makers. Together with their cousins, the heterojunctions and the quantum wells, they have shown great promise 
for new electronic and optoelectronic phenomena. Superlattices are routinely grown by various epitaxial 
techniques, from crystalline semiconductor materials and metals, and even occasionally as amorphous (sic) 
superlattices. Intercalation of graphite is another technique for the generation of superlattices, and there are also a 
few analogous structures which are found ready-made in nature. Periods of grown superlattices range from a few 
atomic layers upward, and probably the most precise control is obtained using molecular beam epitaxy. While it 
is possible and very useful to grow and study superlattices of materials not well matched in lattice constant, the 
best developed materials are lattice-matched, and of these the most widely studied is the combination GaAs - 

Semiconductor superlattices were conceived in 1969 by Leo Esaki and Raphael Tsubut a few years of gestation 
passed before they began to be taken seriously. Phonons in these new structures have caught the interest of 
investigators almost from their earliest beginnings, and both acoustic and optical modes have now been widely 
studied by Raman spectroscopy. These studies have been used to develop the ideas of zone-folding and mode 
confinement, but have contributed as well to the characterization of the quality of the interfaces between layers. 

Two recent reviews are available, and so much of the material covered in the lectures can be found there. They 
are: "Phonons in Semiconductor Superlattices," by M. V. Klein , and 'Phonons in Superlattices," by J. M. 
Worlock^. In addition, 1 can recommend B. Jusserand's lecture notes on "Confined and Propagative Vibrations 
in Superlattices," from the Winter School in March 1985, at Les Houches, France^. Both Klein and Jusserand are 
leaders in the exploration and the exposition of the subject. Two recent international conferences have had 
symposia on superlattice phonons, and their proceedings are most useful^. Finally, C. Colvard, M. V. Klein, 
and coworkers have provided an excellent and readable account of the development of the field and their 
contributions to it as of late 1984^. 

Generally, superlattices are one-dimensional in the sense that the superperiod has a unique axis, which is the axis 
of growth. This fact, coupled with the fact that the momentum transfer in the normal Raman experiment is along 
that axis, has enabled us to understand many properties of superlattice phonons using one-dimensional, linear 
chain, models. A further very useful simplification is the assumption of nearest-neighbor interactions: the 
mathematics for the dispersion curves becomes identical to that of the Kronig-Penney model for electronic 
dispersion in a one-dimensional lattice. Knowledge of the dispersion of the constituents of the superlattice allows 
the easy calculation of the superlattice modes. 
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So let us begin with a quick review of the Kronig-Penney model. In Figure 1 we show a one-dimensional 

rr 

V. 

J i 

Figure 1. Periodic potential for Kronig-Penney particle model. 

periodic potential, with abrupt edges, and period d = dj + dj. We are interested in calculating the dispersion 
relation q(E), giving the dependence of wave vector q on the energy E, for a particle of mass m moving in that 
potential. We have learned to construct wave functions by joining known solutions in the different sections: in 
section 1, as shown in Figure 2, the particle’s energy is such that its wave vector kj is real, while in section 2, 
because we have chosen E < V , the wave vector*^ is imaginary. In other words, in section 1 the wave function 
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offset in energy by V . At the energy E depicted, the wave 
vector is real in section 1, imaginary in section 2. 


is sinusoidal, while in section 2 it is exponential or hyperbolically-sinusoidal. In joining the pieces of wave 
function together, we must follow some simple boundary conditions, which guarantee continuity of the wave 
function and its first derivative. 

The required dispersion relation is then given by: 

cos(qd) = cos(kjdj)cosh(<jd 2 ) + l/2[K^/kj - kjAysmjkjdjjsinhjk^)- 

In this relation, the energy, E, is contained implicitly in kj andl <2 through the dispersion relations shown 
pictorially in Figure 2. For those values of E for which |cos(qd)| < 1, two real values of q emerge as solutions, 
within the range |qd| < IT, representing two counterpropagating sinusoidal waves. 
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Figure 3 is a sketch of a dispersion curve which represents such 
solutions. For values of E for which |cos(qd)| > 1, q must be 
complex, indicating that there are no propagating solutions. The 
gaps in the energy spectrum depend on all the input parameters: 
m, V Q , dj, and dj. For very strong barriers, i.e. large values of 
<2 and dj, the energy bands in Fig.3 will be quite flat, 
corresponding to particles strongly confined between barriers. 

Now we are going to do the same exercise for phonons in a one¬ 
dimensional superlattice. We construct a superlattice from 
segments of diatomic chains, as shown in Figure 4. The 
dispersion curves for LO and LA phonons in each segment are 
also shown in this figure. They are quite familiar, except that we 
must also use the portions of the curve which have imaginary 
and complex wave vectors, just as we did above for the particle 
which must tunnel between wells. The supcrlattice will be found 
to have modes at frequencies which are normally not found in 
one or the other of its constituents. In these, the phonon has to 
"tunnel" through the barriers to connect segments where it can 
propagate freely. 



Figure 3. Resulting dispersion curve for a 
particle in the Kronig-Penney model. The 
periodic potential has allowed us to shrink 
our span of view to the range |q| < ftyd, 
and has opened gaps in the energy spectrum 
at q = 0 and T/d. 
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Figure 4. Model for constructing linear 
chain superlattice. Each of the two 
segments is diatomic, and has dispersion 
curves as shown, depending on masses and 
spring constants. The frequency is real so 
the wave vectors must be complex in the 
frequency "gaps." 
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Assuming an elastic link between neighboring segments, the boundary conditions analogous to those for the 
particle’s wave function can be stated, in terms of continuity of displacement and force. Now the superlattice 
phonon dispersion curve can be found: 

cos(qd) = cosfkjd^coslkjdj) + [^‘llsinfkjdjjsinfkjdj). 

The form of this equation is identical to that found above, except that the term in the brackets, |*#*1], is 
somewhat more disagreeable, owing to the extra complication of the diatomic lattices. In this case, two separate 
amplitudes, whose complex ratio is frequency dependent, must be kept in mind, and in the equations. The 
serious student is urged to study carefully the explication of this subject by Colvard, et al.^ 

Figure 5 shows how the dispersion curve for the superlattice is 
related to those of its constituents. It is taken from Colvard, et 
al,^ and is meant to represent the longitudinal modes of a 
GaAs-AlAs superlattice with dj(GaAs) = 5a and djiAlAs) = 

4a, where GaAs and AlAs share the lattice parameter a. The 
dashed lines are AlAs modes and the full lines those of GaAs. 

The first thing to notice is that the Brillouin Zone for the 
superlattice is 9 times smaller than that of the constituents, for 
propagation along the growth axis. The most immediate and 
general consequence of a superlattice structure is Brillouin zone¬ 
folding, quite independent of models or computational 
techniques. A superperiod leads immediately to a reduced 
Brillouin zone. In principle there is then a multiplicity of zone- 
center modes, giving rise to new Raman-active modes among 
both acoustic and optical branches. While their existence is 
model-independent, their explication is not, and their observation 
and behavior depend on the real physical properties of the 
constituents, their interfaces, and their interaction, just as the 
gaps in electronic spectra as in Figure 3 depend on the real 
physical parameters. 

Most of these phenomena were predicted by Rytov^, who considered vibrations in layered elastic continuous 
media. In the long wavelength, low frequency limit, the ugly bracket above becomes simple: 

[♦#*!] = -(1 + r^)/2r, where r = Pl v l’ density and v velocity. 

The zone-folded longitudinal acoustic modes (arrow 1 in Figure 5) are now well studied by Raman spectroscopy 
and well understood in semiconductor superlattices with sharp interfaces, and are being used to study the quality 





Figure 5. Dispersion relation for 
superlattice phonons, within the reduced 
zone |q| < 0T /d, showing both zone-folding 
of acoustic phonons (1) and confinement of 
optical phonons (2) and (3). Constructed 
to resemble a GaAs-AlAs superlattice by 
Colvard, et al . 
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of as-grown interfaces, as well as the interdiffusion of constituents upon annealing. Gaps in the frequency spectra 
are expected at zone-edge and zone-center and have been observed in Raman spectroscopy. 

8 

In one of the earliest experiments on acoustic superlattice phonons, Narayanamurti, et al , used a superconducting 
junction phonon spectrometer to show gaps in the spectrum of propagating, ballistic phonons in a GaAs-AlGaAs 
supcrlattice. This technique has lain dormant, but has recently been revived and improved by the addition of 
time-resolved phonon imaging by Hurley, Tamura, Wolfe, and Morkoc. They were able to observe the phonon 
stop-bands for high frequency LA and TA phonons which were brought on by the zone-edge and zone-center 
gaps, and in addition found a new intrazone stop-band due to off-axis coupling between LA and TA modes. 

Longitudinal optical modes are also rather well studied. 1 lere, the basic phenomenon, in addition to zone-folding, 
is confinement, strongly analogous to the electronic confinement mentioned above. Arrows 2 and 3 in Figure 5 
are pointing to confined optical modes: at 2, the frequencies are those of GaAs, so GaAs is the confining well and 
AlAs is the barrier; while at 3, the opposite is the case. At arrow 3 are depicted four confined optical modes: they 
can be indexed by the number of half-waves of optical phonon which fit into the segment of AlAs. The flatness 
of their dispersion curves expresses the weak coupling between AlAs segments: these are frequencies at which the 
GaAs wave vector is imaginary and very large, and so there is little or no "tunneling" through the GaAs segments. 
Confined optical modes of many orders have been observed,*® and their frequencies compared with the simple 
models, leaving some small but worrisome discrepancies. The models calculate the mode wavelengths within the 
layers, taking account of finite tunneling, and try to relate the observed frequencies to the bulk mode frequencies 
at that wavelength, using known dispersion curves. It is not yet known whether the discrepancies are in the 
models or in the bulk dispersion curves, which are not generally well determined. The most striking defect of the 
models is their failure to allow for any long-range, or even moderate-range, interactions: the frequency spectrum is 
assumed to be a local property of a chain segment. Long-range interactions provide, 1 believe, one of the most 
important unsolved theoretical problems in understanding superlattice phonons. For propagation obliquely or 
perpendicular to the axis, in superlattices made of polar semiconductors, there is as yet no adequate description of 
the optical modes. Some attempts will be described later. 

One of the most notable recent contributions to the study of axial or one dimensional phonons in supcrlatticcs is 
the work of Merlin, et al* *, on quasi-periodic structures. Inspired by much recent work on icosahedral quasi- 
periodic "crystals," they set out to study epitaxially grown structures with a quasi-periodicity in the growth 
direction. Their recipe was the Fibonacci sequence: layer n is identical to the sum of layers n-2 and n-1... Such 
structures they called Fibonacci superlattices, and they are interesting because although they have no periodicity, 
they do have well defined Fourier transforms, with delta-function "Bragg peaks." Thus, though there is no 
Brillouin zone, there should be a well defined structure to their Raman spectra, analogous to the well defined X- 
ray diffraction patterns that they possess. 

A Fibonacci superlattice, because of its quasi-periodicity, has no reciprocal lattice, but a multitude of quasi¬ 
reciprocal-lattice points, given by the expression; 



164 


q = q n,m = 2f7r ( m + nr ^ d 2 + T ’ d P' 

where dj and d 2 are the thicknesses of the first two layers in the sequence,!' is the golden mean, V = (1 + if5)/2, 
and m and n are Fibonacci numbers. This implies that acoustic modes with such wave vectors should be zone- 
folded back to the center of the Brillouin Zone, and might thereupon become Raman active. They might also, in 
analogy with the folded-zone acoustic modes in periodic superlattices, have gaps in their spectra. 

Both phenomena appear to have been observed. Merlin, et al, studying Raman spectra of a GaAs - AlAs 
Fibonacci supcrlattice, found a continuum response in the acoustic frequency range attributable to defect-activated 
scattering, but with gaps in the spectra which they were able to index with the expected "strong" quasi-reciprocal- 
lattice points found to be those with neighboring Fibonacci numbers and having the form ■■ 


q = 2fl7(d 2 + rdjyrP. 

More recently Dharma-wardana, et al,*^ have 
observed peaks in Raman spectra of Fibonacci 
superlattices of Si - Ge x Sij_ x , which were 
similarly identifiable as the new pairs of Raman 
peaks brought near zone center by the "strong” 
quasi-zone-folding. There seems to be genteel 
agreement that both results are reasonable, given 
the differences in the structures and the 
experiments. 

1 have constructed Figure 6, to represent the 
quasi-zone-folding found in Fibonacci 
superlattices. Since reciprocal space is dense 
with "Bragg peaks," it is reasonable to choose a 
few which are suspected of being "strong." 
Following Dharma-wardana, et al, I have chosen 
to portray those with p = 0, ± 1. The circles 
and crosses then represent their observed 
frequencies. Merlin, et al, can then be supposed 
to have observed the partial gaps in the acoustic 
continuum. 





Figure 6. Schematic folding of the Brillouin Zone for 
the axial LA phonon in a Fibonacci superlattice. Three 
foldings are shown, corresponding to quasi-reciprocal- 
lattice points (qrl points) q = 2 v /d)(l/T) - dotted line; q 
= 2fT/d - dashed line; and q = (2H7d)(T) - full line. 
The corresponding pairs of Raman lines are shown as 
vertical crosses, diagonal crosses, and circles, and the 
Brillouin scattered line is marked with the open box. 
Note that each branch folds only once, suggesting that 
the harmonics of the qrl points are not themselves qrl 
points. The gaps in the frequency spectrum shown are 
probably realistic, i.e. non-zero, but perhaps there should 
also be gaps where the branches cross each other. Who 
knows? 
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There has been some work on periodic superlattices with more than two layers per period, and these are 
sometimes referred to as poly types They seem to me to be curiosities showing no essentially new phenomena 
not seen in the bi-layer superlattices, except perhaps that a thin layer connecting two dissimilar thick layers can be 
made as a model of controlled interface properties. 

Once we depart from the simple, one-dimensional world, with propagation along the axis, the phonons of 
superlattices look much more complicated. 1 know of no lattice-dynamical calculation which even attempts to 
comprehend oblique propagation, starling with an atomic-level model. 

Several experiments, however, suggest that it is possible to observe non-axial phonons by Raman scattering. 
Zucker, et al,'“* in a unique experiment measuring light scattered perpendicular to the superlattice axis, were able 
to observe confined optical modes with finite in-plane wave vector. Because of the confinement, the modes 
observed occurred with reversed polarization selection rules: the mode with polarization along the propagation 
direction had a TO frequency, while the mode polarized along the axis was LO in character. S. A. Lyon and 1 
have sought to reinterpret these results in a slightly different way.'"’ We suppose that the modes observed may 
not be confined, but may have a large apparent axial wave vector because of the resonant, and confined, 
excitation. If this is the case, then when the layers between excitation regions are alloy, this technique affords a 
novel way to probe the vibrations of alloys, by exciting optical modes at the surfaces of the alloy layers. 

The other class of observations that is interpreted in terms of non-axial modes involves interface phonons. Since 
their initial invocation by Sood, et al,*^, they have been noticed in several different systems, though their 
appearance is somewhat mysterious. An interface mode is expected at the interface between two dissimilar 
dielectrics, as for example the surface mode found at the interface between a vacuum and a polar crystal. Such 
modes propagate along the interface, with exponential spatial dependence perpendicular to the interface, and with 
frequency intermediate between LO and TO. In a superlattice of many interfaces there are many interface modes 
which interact to provide a continuum of possibilities, with wave vector both axial and in-plane. 

Pokatilov and Beril'^ have worked out dispersion expressions for these interface modes in superlattices. By now 
it will surprise no one to leam that the dispersion is given in implicit form by: 

cos(k z d) = cosh(k x dj)cosh(k x d 2 ) + |(i|^ + l)/ 2 r|]sinh(k x dj)sinh(k x d 2 ), 

where is the ratio of the frequency-dependent dielectric functions, k z and k x are axial and in-plane propagation 
vectors, dj and dj are the layer thicknesses, and d is the superlattice period. 

The mystery associated with observation of interface modes arises because they have been observed in axial back- 
scattering experiments, in which there is little or no in-plane momentum transfer, so one has to posit a defect 

1 O 

mechanism in order to generate theoretical interface modes with the observed frequencies. Perhaps the 
interfaces, themselves, possess enough roughness to account for the observation of interface modes, but eventually 
one would like some correlation between the intensity of the interface-mode scattering and some other physical 
property. 
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Other continuum theories of superlattice phonons have been suggested, notably that of Merlin, et al, who 
model the superlattice as a strongly uniaxial dielectric, with dielectric functions depending on those of the 
constituents. The zeroes and poles give the LO and TO frequencies, in the long wavelength limit. 

The real problem, of course, is to take account, in the same theory, of both the atomic nature of the superlattice 
with details of the short-range interactions, and the long-range, Coulomb interactions, especially for polar 
semiconductors. 

Phonons propagating obliquely and in-plane in semiconductor heterostructures and superlatticcs, while not yet 
well understood, are among the most important from the point of view of their practical consequence. They are 
the ones, of course that interact with carriers, providing thermalization and momentum relaxation. This makes 
them interesting not only to the academic physicist but also important to the applied physicist wishing to 
understand modem electronic devices. 
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NONERGODIC BEHAVIOUR AND PHONON LOCALIZATION 
AT STRUCTURAL PHASE TRANSITIONS 


N.M. Plakida 

Joint Institute for Nuclear Research, Dubna, USSR 


A dynamical ergodic-nonergodic phase transition as a result of 
the localization of order-parameter fluctuations (soft phonons freez¬ 
ing) at structural phase transitions is discussed. Connection between 
the nonergodic behaviour and appearance of precursor clusters and cen¬ 
tral peak phenomena is considered. 


1. INTRODUCTION 

/I 2/ 

Recent experimental and theoretical investigations ’ ' have 
shown that under certain conditions a crossover from a displacive 
(soft mode behaviour) to an order-disorder regime takes place near 
structural phase transitions (SPT). This results in a two-time scale 
behaviour with a slow relaxation of the Ising-type (central peak phe¬ 
nomena) and a frozen soft mode. As the renormalization group calcula¬ 
tions show^’^, there exists some temperature T^> T q (T c - is the 
phase transition temperature) where this crossover occurs. Tg-T c be¬ 
comes the larger the lower the lattice dimensionality and the shorter 
the range of forces. 

As a reason for such a peculiar critical behaviour the existen¬ 
ce of precursor clusters is now generally accepted. A direct proof of 
this picture is possible now only for low demensional system that al¬ 
low analytical solutions. As was shown in^^^ the critical behaviour 
of the one-dimensional system is determined by the dynamics of virtu¬ 
al domain walls whose diffusion results in a central peak in the scat¬ 
tering function. A qualitative change occurs also in the behaviour of 
the soft phonon mode 7 ^. 

However, at present there is no unique answer to the question 
whether there exist stable formations of the type of clusters of 
short-range order in the real three-dimensional space. For this rea¬ 
son it is rather difficult to interpret the experimental data many of 
which point to the existence of clusters in the real systems^/. The- 
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refore, it would be very desirable to establish a general criterion 
for the appearance of clusters of short-range order which show the 
Ising-like behaviour. 


For this purpose let us consider the nonergodicity of a local 
atomic displacement above T as a characteristic feature of the Ising 
-like behaviour of the system. For nonergodic systems the usual ther¬ 
modynamical averaging and the time averaging lead to different re- 
suits. In particular, as has been shown by Kubo' " , the isothermal 

-f 

thermodynamical susceptibility Y is not equal to the isolated 

/ K ^ » 

one X.o* and a general equation holds: 
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where 4^ - A — KA > , is the thermodynamical average, Y^g - 

= D<A>/^h 6 , ( hg is the field conjugated to the thermodynamical 

variable ), X*b - ~ <^A I the commutator Green 
function (see e.g.' '). According to Suzuki'" 7 ' integrals of motion 
cause nonvanishing long-time correlations that bring about the dif¬ 
ference between the isothermal and isolated susceptibilities: 


L Ae -A (< K/})' 1 <" K, a8> £ 


( 2 ) 


where K>) compose an orthogonal set of integrals of motion, i.e. 

/Kjj Hj = 0 and y = "n y . Therefore, the condition 

(1), ® as was P r °Posed in^”'®^, can be considered as a crite¬ 

rion for the appearance of nonergodic Ising-like behaviour of the 
system. As has been pointed out by Schreiber^the criterion (1) 
can be considered also as a criterion of localization since it is 
indeed connected with the existence of local integrals of motion 
in eq.(2). 


The proposed criterion for the appearance of clusters of short- 
range order in a certain sense is a generalization of the idea by 
Feder' ' who has proved that above T c order-parameter clusters yield 
difference between the isothermal and adiabatic susceptibility. The 
origin of the nonergodicity in this case can be thought of as due to 
a local spontaneous symmetry breaking inside the clusters. The only 
difference with the nonergodicity in a low symmetry phase where the 
order parameter is a nonergodic quantity/ 1 -^ is that the clusters 
have finite sizes and lifetimes (for discussions see^ 1 ^), 

A microscopic self-consistent theory for a dynamical ergodic- 
nonergodic phase transition has first been developed by GOtze^^^and 
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applied, recently for discussions of localization in a number of mo¬ 
dels (see^^). 

In the present lecture the nonergodic behaviour is discussed in 

two models of structural phase transition: scalar lattice ^ model 

/ 9 16 / /i 7/ * 

’ ' and the transversal Ising model' '. 


2. CALCULATION OP LOCALIZATION CONSTANT 


We consider a model of coupled anharmonic oscillators usually 
used to study structural phase transitions both of the displacive 
and order-disorder types (see^^): 



where %^ and Qi are canonically conjugated local normal momenta 
and coordinates. The single-site potential in (3) describes an an¬ 
harmonic oscillator with the negative harmonic force constant - A<0 
and the quartic anharmonic interaction of strength B . The harmonic 
force constant couple these oscillators on a c/-dimensional 

lattice, = 1 


To study relaxation processes in the model we introduce the iso- 

/1ft/ 

thermal relaxation function' ' 

I 1 **) = c ) > (4) 

where <(..defines the thermodynamical average, = Qe ~ 

is the time-dependent displacement operator. The initial value of 
(4) determines the static isothermal susceptibility: (t-Oj = ■ 

If the displacements U e (i) do not behave ergodically, their corre¬ 
lation function does not decay in the limit t o# , The correspond¬ 
ing localization (or nonergodicity) constant (1) can be determined 
in the following way: 


-£ t 


L tk , = £ J di e K ^ k y 


£ -»0 


- 2 e r ) - i /*) 

.here ^ [if s » -< f Jt It) 


(5) 


is 


the Laplace transformation of (4). 
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By applying the projection-operator technique' 'that is equi¬ 
valent to the continued fraction expansion of Mori, one obtains for 
the relaxation function in the ^ -representation: 






2 - 


i/ 


2 - M, (2) 


( 6 ) 


The relaxation kernel M q I •?) , or the self-energy operator, is given 

by the irreducible part of the second order (see' ') and in the mo- 

/15/ 

de coupling approximation (cf, ') can be written as; 

Mali)* S 2 (fc/ e 3 /c/ 3 )f ^ -id > 2 felt e ilt f^Jz<u c lt-iz ) 7} 


where the correlation function is given by: 

- LcJt to 


<u e lt)u K >* -y / ku e“ 77—7-« In> ■ 


( 8 ) 


In this approximation the corrections of vertices are neglected 
which we believe to be unimportant at least outside the critial regi¬ 
on, since the bare anharmonic interaction in the model (3) is a non¬ 
singular function. 


The static limit for the relaxation function (6) yields the non- 
ergodicity constant (5) in the form 

= X f 5 r ) i (9) 

where 5 = ^'''•7 3. 

? 2 -? cO ‘ 1 

The singular part of (7) is defined by the nonergodic contribution 
(5) of the correlation function (8) and after integration the ej - 
representation of eq.(7) can be written as 

fyfc) = t * ^7 (*) do) 

7i 7i 

f £ 

where /i-) is the regular part of the relaxation kernel: 

t*-JV Q kMj ^ —? O. Now, assuming that the static isothermal sus¬ 

ceptibility is known, one obtains a closed set of equations (9),(10) 
for the nonergodicity constant hj . 


3. NONERGODIC PHASE TRANSITION 

Let us first discuss qualitatively the self-consistent equation 
(9) for the nonergodicity constant L ? . if we assume the system (3) 
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to undergo a SPT of the ferrodistortive type at some temperature T c 
then its susceptibility at 't - T/T^ - 1 -» O can be written in the 
form: 


where 



[cni^ do-c 1 ) 

2 Lc exp (if?) , C 

e 



(ID 


» 


For further discussions the self-consistent eq.(9) can be writ¬ 
ten in a more 


/IS/ 

convenient form (cf. '): 


/tC, 

1 - plj/TCf 


“ *r s f “ 




G f >B 


( 12 ) 


Since O solutions of eq.(12) can be obtained only in the inter¬ 
val: OX 4 / . A simple graphical analysis of eq. (12)shows 

that there is always a trivial solution L ^ = 0; but for a suffici¬ 
ently high susceptibility X^ .and coupling constant B> a pair of 
nonzero solutions, ^ is also possible. Particularly, for 

c] - 0 and L -$> 0 the susceptibility (11) on the right-hand side of 
eq. (12) becomes divergent that brings about the solution p>L^/X^ i 
on the left-hand side of eq. (12). For A X^ one can prove that 

^ &tl I'Ll which even enhances this divergences as 'C 0. 


Therefore, in the vicinity of T ("Z" -5>0) the long-wave-length 
fluctuations in the system undergoing a SPT should be described as 
nonergodic (Ising-like) ones, X ^ ^ (b Z^ , with the Kubo suscepti¬ 
bility being finite, X^ = [ l/x\ + Xj - Por a sufficiently 

small susceptibility X* , e.g. far from the phase transition tempe¬ 

rature T , there is only the trivial solution L Q - 0 of eq.(12) and 
the Kubo susceptibility is equal to the isothermal one: - X^ • 


This simple analysis of eq.(12) clearly shows that the model (3) 
should exhibit a dynamical phase transition from an ergodic ( L^ =0) 
to a nonergodic ( L q t 0) state at some temperature T with a non- 

As in the liquid- 


zero solution in the temperature range T 4 ^4 T 


glass transition with nonlinear coupling' 


?15/ 


the nonzero solutions 


X i /<? appear discontinuously at T = T g : (T^) - 


/ l2 ) 

where only a large solution L is stable. 


The numerical investigation of eq.(9) was performed in a single 
-site approximation for the relaxation kernel (7): M £k (%] ^ M (i). 

This results in the -independent S^ : S , where the 

single-site nonergodic constant b = L kk was calculated self-consis- 
tently from eq.(9): Z » /// V2! Z^ . For integration over ^ in 
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this equation the static susceptibility (11) with a=A, V =1 and 
anisotropic spectrum of order parameter fluctuations C o -Cq=C o ( ^i + 

+ f<2 ) were used (here K ± - ^/f„ and Kg - ^x/fo are the dimension¬ 
less wave vectors, .£ -axis is directed along the displacements 
and 3d is the anisotropy constant). 

The results of numerical solution for £(z) - Ij fz}/(A/&) bxz 
shown in Pigs. 1,2 for some parameters j 0 = C a /A and 3d . 



Fig* 1 . Fig. 2. 


At Z - ,3d ) the nonergodic solutions £^-£-z~ appear dis- 

continuously and for Z ■< ^ we have •£ £y. £2 • The lesser solution 

C ■( (broken curve) is dynamically unstable^”' and only tx (full cur¬ 
ve) has the physical meaning. The nonzero solutions exist only for 
certain values of ^ a ; where the value of increases 

with the anisotropy 3d s e.g. for )£ = 1 and Z = 20 for 

X. = 0.1 (for details see^^), 


The influence of defects on the phase transition to a nonergo¬ 
dic state in the model (3) was investigated in^^/ by introducing 
the random parameters , £>c : Ag = Ap ^ 0, B e = Bp > 0 at defect 

sites t and A^ - A-? 0, B>^~ £> ^> 0 otherwise. The presence of de¬ 

fects considerable increases 'ZTj. ( and, correspondingly, -f-$ ) whe¬ 
reas the maximum value of = t (27= 0) depends only slightly on the 
defect concentration. The transition to the nonergodic state becomes 


also 

tion 


"more 

(for 


continuous 
details see 


... P 


-=> 0 with increasing the defect concentra- 


The comparison of our results with computer simulations and 
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and. with experimental results (see' * ') suggests that the nonergo- 
dic behaviour of the model is connected with the apearance of precur¬ 
sor order clusters as discussed in the introduction. The size of 
these clusters is given by the spatial dependence of the nonergodici- 
ty constant. By the Fourier transformation of (9) one obtains with 
Scj - S = 6yS B> z ft and X = 1 

L er Ifex/>[-!!/ fj- e*p(~R/fjj , 03) 

” here /^ ijr , jJ(r + A) , 4 - S/A ■ 

In this way the appearance of the localization constant (5) 
yields a quantitative criterion of the corssover from the soft mode 
dynamics to the Ising-like behaviour. For f 0 > -f j there is only a 
pure displacive regime (if one neglects =0) ^ 0) but f° r 

■j 0 4 ^ the localization constant L Z ^ appears disconti- 

nuously at some temperature T^ which also determines the temperature 
of the crossover from the displacive to order-disorder (Ising-like) 
behaviour. 

The nonergodic behaviour and the existence of precusor clusters 
naturally explains the observed narrow central peak in neutron scat¬ 
tering experiment s: - p ^ ^ co ) = ( 7/U) In, = Lj $ft), where 

L cj is given by eq. (9). The elastic central peak of the present 
theory idealizes the real situation. Physically, this central peak 
corresponds to the Ising-like behaviour of the if -model in the 
critical region as it has been detected by the static renormaliza¬ 
tion group technique^In order to get the critical dynamics for 
an Ising-system, additional relaxational mechanisms have to be in¬ 
cluded (cf. the Glauber-model). 

In conclusion we briefly discuss some results of the investiga¬ 
tion/"' ^ of the transversal I sing-model that is an extreme limit(for 
Jj 0 = of the model (3). The two parameters of the model: the 

tunnelling frequency Q. and the effective coupling constant - 
40^- (A/B), define the dynamical ergodic-nonergodic phase transi¬ 
tion. By applying the method of calculation described in Sec.2 for 
the relaxation functions 0 ^ ft) = C ft ft)/) and the nonergodic 
constants L for the pseudo-spin operators (ft , c< = X } £ 

the following results were obtained. 

For a sufficiently small transversal field (Ih "s -Q. c *0.05 Jo ) 
the system behaves nonergodically at any temperature in paraphase: 
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both and are nonzero for T c T <T oo (T Q is the tempera¬ 

ture of phase transition to the ordered state with <5^ 0). For 
-a > n° a nonergodic behaviour is possible only for T c <T$T g , 
where T -> T for XI -*J1 ( jB> is an upper critical value: 

g C r\ T 

T c = 0 for II >Jl*0.5J o )• The latter nonergodic behaviour seems to 
be due to the appearance of short-range-order clusters in the vicini 
ty of phase transition as in the case of y^-model described above. 

The last remark is that the nonergodic behaviour discussed in 

this lecture has much in common with the nonergodic dynamics in glas 

/IS 18 / 

ses and spin glasses (see e.g. ,' ’ ')• 
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SPECTRUM OF LOCAL FREQUENCIES FOR ORDERLESS SOLIOS 


A. Czachor 


Institute of Physics 
Polish Academy of Sciences 
02-668 Warsaw, Poland 


Spectrum of local frequencies (Einstein frequencies) E(cO) is perhaps the best and 
the most direct measure of disorder ever invented: it is a distribution of a finite 
width, whereas for a crystal it consists of one or a few peaks of the 6- function 
type. This fact has been generally disregarded so far. 

For monoatomic systems it has been shown that the spectrum of the normal mode 
frequencies g(cO) can be derived from E(cO). On taking the first order Raman spect¬ 
rum for amorphous silicon as approximate representation of g(oo), the local frequen¬ 
cy spectrum E(<*>) has been found, for the first time. Neutron inelastic scattering 
also can be used to determine E(cJ) for monoatomic systems. For multiatomic order- 
less solids these experiments lead to the function - Im<L(W ■+ 1 £, )^, where <L^ 
is the average locator Green’s function for such system. 


Definition of the local (Einstein) frequency 


As a thought experiment let us freeze all atoms of a solid at their equilibrium 
positions, and then disturb one of them slightly. It begins to oscillate about its 
equilibrium position R. We have the following equation of motion for its displace¬ 
ment u* .. a. -*■ 

n, u s = - V s U. s O) 

where is the mass of the atom and is the so called self-force matrix, cha¬ 

racterizing the restoring force at R. Such an equation describes oscillatory motion 

such that 


with the frequencies 


00 RV 




(?) 


where the numbers 
We shall call them the local frequencies or Einstein frequencies. 


are the eigenvalues of the (symmetric and real) matrix • 


For many decades physicists have studied mainly crystals, where atoms have just 
one, or a few types of neighborhood, and one or a few local frequencies. For example 
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for a monoatomic crystal of a regular structure 

n1/2 




= M, = lYand we have 

for A1 = 3.83.^13 rad/s. 


just one Einstein frequency = (Y/M ) L/ , e.g. 

Figures for other crystals are to be found in Leibfried’s papers [l], This quantity, 
, has so far been of little interest as a characteristic of crystal dynamics, 
except perhaps for the Mossbauer effect. True, for monoatomic crystals of regular 
structure it is known to be related to the spectrum of the normal-mode frequencies 

[ 2 ] ir 1 . / 2 X 

U> E = J 3 ( 0 ) CJ dcj = < CO ^> B2 . 


Still, being such an average, carries little information about crystal dynamics, 
as compared with the abundance of information displayed in the available phonon spect¬ 
ra for crystals. 


2. Spectrum of local frequencies 

Contrary to crystals, in orderless (disordered) solids the neighborhoods of atoms 
are in general different. This results in different self-force matrices 
Besides, we may have different atomic masses M^. It follows, there are many different 
local frequencies, their total number being the number of degrees of freedom for the 
system, 3N. We can introduce the spectrum of these frequencies, E(co), such that 
Je( co ) du)= 1 and 3N E(to)dio is the number of local frequencies in the ran¬ 
ge doc . We expect that the local frequency spectrum for, e.g., an orderless Al, 
should compare with that for the crystal Al in the way shown schematically in Fig.l. 

This picture shows that such a spectrum, by 
its very nature, should be a perfect notion to ex¬ 
press a fundamental distinction between crystals 
and orderless solids - it is the difference betw¬ 
een the ^-function (or a few of them) and a 
broad quasi-continuous distribution. The E(co ) 
provides us with statistical information on the 
fields of force the atoms move in. In the theory 
of solids we have no other physical characteris¬ 
tic, which would be more sensitive to the distinc¬ 
tion between order and disorder than E(cO); per¬ 
haps only the distributions of the atomic-level 
stresses have a similar merit [3,4], Therefore, 
this spectrum deserves attention and one should look for methods allowing one to es¬ 
tablish it for orderless systems. 

It is clear that one can determine E(u> ) numerically, for finite harmonic sys¬ 
tems, as a side product within the molecular dynamics scheme. So far, however, the 
importance of this spectrum has been generally disregarded and little attention has 



Fig.l. 

Local frequency spectrum for a 
monoatomic crystal and for a 
corresponding orderless solid, 
schematically. 


been 
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paid to collect such data. The only such spectrum known to me is the one computed by 
von Heimendahl [ 5 ], Fig.2, for the Mg-^Zn^ cluster of 800 atoms interacting with 
pair potentials derived from first principles. 


It has been shown mere¬ 
ly in order to demonst¬ 
rate that the relaxa¬ 
tion procedure used in 
this work does not lead 
to unphysical "extreme" 
atomic configurations at 
the cluster surface. 

In this lecture, 
apart from emphasizing 
the importance of E(co), 
we shall show that one 
can determine it experi¬ 
mentally, using neutron 
inelastic scattering 
(NI5), at least for mo- 

noatomic systems with short-range interactions between atoms. Besides, we derive an 
approximate relation between the normal-mode frequency spectrum g(cj) and the local 
frequency spectrum E(u>). This gives the possibility of determining E(co) from opti¬ 
cal spectra. 



Local frequency spectrum computed for the Mg 
cluster of 800 atoms [ 5 ] . 


70 Zn 30 


3. Scattering of neutrons and light in orderless solids 

In order to show that E(co) is a physical observable, we have to present the 
theory of inelastic scattering of neutrons and light by orderless systems [fi,7] . 

We shall concentrate our attention on monoatomic systems with configurational disor¬ 
der and interatomic coupling disorder. 

For monoatomic systems the frequency spectrum of normal modes, g(co), can be ex¬ 
pressed exactly, and the neutron inelastic scattering (NIS), the first-order Raman 
(FDR), and the infrared absorption (IRA) spectra can be expressed approximately in 
terms of the Fourier transform of the displacement-displacement Green’s function (GF) 

<^G 5 (to)> = Ut (3) 

where ^ ^ ^ R R* 

G---*, (t - i 1 ) = « dg(i), » ( 4 ) 

R R ^ 

where u^(t) is the displacement at time t of an atom from its average position R. 

For example, the (squared) frequency spectrum is ( A CJ 2 ) 




Fig.3. 

Example of a monoatomic ordorless structure 
with the n.n. distance W fixed. 


i.e. the frequency spectrum is 
g(C0) = 2 GO G(A) , whereas the NIS 
cross section has roughly the form 
.X .NIS \ 

dficlco V X "(6) 

where -fitf and fico are momentum and 

energy transfers in the scattering, 
respectively, and n(to) is the 
Bose-Einstein factor. Similar expre¬ 
ssions appear in the FOR and IRA ca¬ 
ses. Poles of the function 
in the 00-Q plane represent disper¬ 
sion relations for the plane-wave 
excitations of the system. 

The GF (4) obeys the following 
equation of motion 


CO 


^ R ^ R R' 


^RR" = T 

F" 


s 


RR' 


(7) 


where is ihe force constant matrix between atoms at R and R‘ . As an auxiliary 

notion, useful for future perturbation treatment of this problem, we introduce the 
locator GF ^ ^ -1 ^ 

= (^ Z ~ % ) S'rr' s (n) 

where the self-force matrix Vi? obeys the relation following from the translation¬ 
al invariance of the adiabatic potential of the system as a whole 


1 R 


- - L 


(9) 


Essential information on the local dynamics ^s stored in the locator - its poles 


occur at the (squared) local frequencies 
equation „ 

G«. = U Si 


CO 


R)9 


Using it, we arrive at the Dyson 


RR’ 


' RR 




U 


^R" R' 


(in) 


where C^.is a perturbation matrix, =(1 _ ^rr') < f^R' • 0n Multiplying (1°) b y 
exp [iQ • (R-R )J and summing over R and R* we obtain the equation for the GF we need: 


<G ? > = <U> * <(LC &) 5 > 


where 


01 ) 
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To solve it, we apply an approximation of the mean-field type, the average local-in- 


formation transfer approximation (ALITA) [fi], 
diately at the GF 

<&(«>>= [«<L><ML> 

where 


<LCG'> = < LC^-^G . We arrive imme- 




(13) 


<nt> = N ‘ J-V l. s 

<(L = MT l, ? fs . «p [i . 0, 

“ Rfc 1 

These averages can be calculated for some systems of physical interest. Here we as¬ 
sume central coupling between nearest neighbors (n.n.) at the fixed distance W, see 
Fig.3. 


= fyv, = (o 


-L w w 


for 


w K | - w, 


(16) 


otherwise 


where Wg is the distance vector between the atom at R and one of its nearest neigh- 

a" -fc 

bors, Wfi = / W. If, in addition, we take all self-force matrices scalar and iden- 

tical, = Ty , V= n 1> where n is the n.n, number (fixed), then for a monoa- 

tomic system we have purely configuration disorder , characterized by the following 
dispersion curves 


a 


2 

C0 T 


^ k‘P>- 

(Mp- k<p>), 


(17) 


where we have introduced the useful dimensionless variable p=QW and 

^T- P ] - 

kcp) = + 6 -3^^]. (11 » 

Isotropy and macroscopic size of the system considered were essential for the deriva¬ 
tions. 

These curves are displayed in Fig. 4, At large p both curves oscillate about 
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average local frequency, In particular the T-curve is almost flat there. This re¬ 
sults in a strong concentration of mode vibrations about this frequency, i.e. in 
a peak in the frequency spectrum g(CO ). It should be stressed once more that no 
coupling disorder is involved in the result (17), but only the configurational di¬ 
sorder, 


4, Coupling disorder 

Isotropy results in the following form of the GF(3) for a monoatomic solid, 

At A 




M co - <Jmw) 


(19) 


where Q = Q/Q. With the central coupling between nearest neighbors (16) we find in 
the case of the coupling disorder , [7J 

= % A(“0 l^cp) > 

<b T tco)= A(u>) [W 0 cp; - ^c P )] , (20) 

Ml 

where A(W) is an effective n.n, coupling constant, given by 


AM = 3 («o ! - l/<L>) 


(7.1) 


As A(£0) depends, through <L> , only on the self-force matrices , we can say 

that within this model the problem of force disorder reduces to the problem of the 
self-force disorder. 

Now the only thing to do is to calculate the average locator , Let the 

eigenvalues of the matrices be Ypy , We assume the distribu¬ 

tion of all eigenvalues to be extended and continuous in a certain range about an 
average value Vo ; we shall call it the distribution of self-forces , equivalently 
we may speak of the distribution of (squared) local frequencies (2). Using these no¬ 
tions we can introduce the dimensionless locator AO) 


3N 

00 


N (us + ifc ) 1 - V* 


4 

v; 


( 22 ) 

-jXW -1 AjW] 


= £<»] s 

where 'X = (ui/t0 0 f , and g ('X ) is the distribution of the 

eignevalues in the units CD* , i.e. the distribution of (squared) local frequen¬ 
cies. It is related to the spectrum of local frequencies by the obvious formula 

z 


E(w) = *<■> 


(23) 
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Now we insert (22) into (19) and obtain the following formula for Im f^(co + it ) 
in the band of coupling disorder, t D 

t rS T . „ fp' T (fp' + l) irljn) 

-I'm I (co+ li) ~ - T \ - —Tr-^—r-(24) 

Q V 0 A [fj; + AA 1 a;] z +[TrA§a)j a 


where 

( L - & k. 2 (p) 

if 1-6 



5(tt 0 (p;- k z ( P >) 

1 - 3(kcp)-Mp>) 


(25) 


For a frequency outside the range of the band of disorder, £ ( A ) = D, we can take 
the limit IT ”X —*’ 0 in (24) to arrive at 


- I'm. 



■ L,T 


a" 


o 




TT £({p + A A t («) 


(25) 



1 2 3 4 5 6 7 

P 


Having these, we can calculate the NIS 
profiles (6), see Fig.4, and the frequen¬ 
cy spectrum (5) . It follows that 
£ ( 'X ) is a primary dynamical charac¬ 
teristic for monoatomic orderless 
system. 


Fig.4 

Dispersion curves for the n.n. central-coupling 
model of solid with purely configurational dis¬ 
order and the broadening of the NIS profiles 
for the Lorentzian spectrum of self-forces 
£(.%), characterized by the width parameter 
a = D.l . 


5. Determination of E(CO) by neutron scattering 

According to (19) it is the function , which appears in the NIS cross sec- 

L ^ 

tion (6) . By definition, the function fp->oo whenever 6h^(.p) —*• 1, i.e. when 
the dispersion curve approaches the average local frequency. We find immedia¬ 

tely, that in such cases, in the band of disorder 
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- u ^ 5^) (27) 

i.e. the NIS cross section is, by (19) and (6), proportional to con(W)E(oJ). 

Therefore, the local frequency spectrum E(u3) can be in principle determined by ne¬ 
utron inelastic scattering. 

The above condition for f^ is certainly fulfilled when p rj Q —>oo t which is 
a limit too extreme. But the L-dispersion curve (17a) in Fig.4 oscillates about the 
level A = 1 and the first crossover occurs at p = QW — 2, the second at p £ 6, etc. 
It follows that one can determine the form of E(M) with the Q-constant scan at, e.g, 
the neutron momentum transfer Q— 2/W,. It should be stressed that for multiatomic 
systems such a procedure leads to the function -Im <^L( CO + i £. ) , which is 
somewhat different. Dne can distinguish the corresponding curves among the calcula¬ 
ted dynamical structure factors, reported by several authors [4,5^, about the above 
special value of Q. 


6. Derivation of g(co) from E(co) 

We can now use the derived GF (19, 24) in the formula (5) to calculate the 
spectrum of the normal-mode frequencies g(cO) = 2GO GO). Interestingly, we find 
that GCA) " QCA ) I( A ), where 1(A) is smooth, i.e. possible sharp features 
in £(A) can show up in G( A). 



Fig.5 

Spectrum of (squared) frequencies of the normal modes for 
the orderless system characterized by the Fig.4. 

The G L (A) curve is the contribution due to the L dis¬ 
persion curve. 
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To make the P - integration in (5) convergent, one has to multiply the integrand 
by a cut off function F(P), decreasing fast for Q-» oo . Using the analogy with crys¬ 
tals, where we may consider such a function to be F = 1 for Q £ 8Z, zero other¬ 
wise, we have chosen [ 7 ] 

F«u = [-(f/p./J , <2a! 

with p = x'rr-'*-/ 6 . For mathematical convenience we have taken the Lorentzian 

distribution of self-forces 




1 a _ 

* a 1 * (A- b) 1 


( 27 ) 


with the width parameter a = D.l and b = 1. To calculate (A ) we have extend¬ 
ed the lower limit of integration in (22) to - 00 ; this matters little if the dis¬ 
tribution is narrow enough. 

The corresponding NIS profiles (27) are shown in Fig. 4. They contribute inden- 
pendently to the partial, L and T, spectra of squared frequencies, G(A) = G*~(A ) + 

+ 2G 3 (A), as shown in Fig.5. 8esides the long expected peak near the average local 
(squared) frequency, A= 1, there appears also the L-bump at A = 0.6 , due to 
the first minimum in the L-dispersion curve in Fig.4. 


7. Derivation of E(co) from optical spectra 


We have shown that the following approximate relation holds between the frequency 

spectrum of monoatomic system, g(co), and the first-order Raman and the infrared ab¬ 
sorption spectra [6] . 

^(co) ^ ^ F 0 (co) + i^ 1 1 (3o) 

where o( is expected to be small or zero. 


1 A 



Fig.6 

The two-Lorentzian spectrum of self- 
-forces §(A ) for amorphous 
Si, as obtained by fitting the deri¬ 
ved from it spectrum of normal mode 
frequencies G(A ), open circles, to 
the corresponding experimental spec¬ 
trum, derived from the Raman spec¬ 
trum [8] . 
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Fig.7. 

Spectrum of local frequencies E(to) for amorphous Si derived 
from the function fi, ( % ) shown in Fig.6, and the first 
- order Raman spectrum [s], assumed here to be a fair repre¬ 
sentation of g(eO ). 

Having such experimental g(oo) we may try to invert the above procedure and to 
derive the spectrum of local frequencies E(u>) from the optical spectra. So far, 
only preliminary results for amorphous Ge and Si have been obtained. The Raman 
spectrum [s] has been taken as the representation of g(cO ). ^(^) has been 

assumed to consist of two Lorentzians (29), + C 2 = 1 

sw-Cjju, + c, , <3i) 

so the calculation was aimed at fitting the calculated G(^) to the one follow¬ 
ing from the experimental spectrum, by varying the parameters in (31). By a trial 
and error method we have arrived at the following numbers for Si: = 1. = 

□.115, a^ = D.12, ^2 = D.D5, c^ = D.94, corresponding to the curve given by 
open circles in Fig. 6 ; very close numbers appear for Ge. With just two Lorentz¬ 
ians and the dispersion curves corresponding to the above described n.n. central- 
-force model no essentially better fit can be achieved, it seems. A more satis¬ 
factory iterative procedure for deriving g(9i ) straightforwardly from g(uj ) 
is expected to be available soon. 

There are two peaks in the derived spectrum E(cO ) for Si, Fig.7, and Ge. 

The big one is obviously due to atoms vibrating much the same way as in crystals, 
probably with 4 nearest neighbors forming somewhat deformed tetrahedra. The small 
one correspond to the eigenvalues of the matrices, which are 10 times 
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smaller than the typical ones. It seems they may be due to atoms coupled to 3 nea¬ 
rest neighbors, the central atom being almost in plane with them; the restoring 
forme for vibrations perpendicular to the plane can then be small. 

To conclude , we have shown that the spectrum E(CO ), or ^ ( ^ ), is a 
well-conceived primary characteristic. Several observables depend on its form. 

It can be determined experimentally for monoatomic orderless solids. It has been 
approximately established for amorphous Si and Ge. 
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INTERACTION OF PHONONS AND POINT DEFECTS AND ITS 
INFLUENCE ON DEFECT MOBILITY 


H.R. Schober 

Institut fiir Festkorperforschung der Kernforschungsanlage Jiilich 
D-5170 Jiilich, Federal Republic of Germany 

The theory of lattice dynamics of crystals with point defects in its modern form 
originates in the work of Lifshits 1943 [1]. Since then the theory has been worked 
out in great detail and numerous review articles of earlier work were published, e.g. 
[2-5]. In the present contribution the theory can only be outlined and illustrated 
by a few recent results. On the material side we restrict ourselves to metallic and 
similar systems and do not touch upon the interesting effects of long range inter¬ 
actions of charged defects. Point defects are in this context those defects which do 
not destroy the topology of the host lattice and where the ideal host lattice can be 
used as a convenient reference system, i.e. vacancies, substitutional and interstitial 
atoms and finite clusters. After a short introductory section on the defect statics 
and elastic properties we give an outline of Green’s function techniques to calcu¬ 
late the dynamics of the defect itself and of the crystal as a whole. These effects 
will be illustrated by results from neutron and Raman scattering experiments. In 
the final sections lattice dynamics will be applied to calculate classical migration 
activation energies, defect tunneling rates and quantum diffusion. 

1. Defect Structure and Elastic Constants 

Before calculating the dynamics it is in general necessary to calculate the 
structure of the defect crystal. This is usually done by computer simulation tech¬ 
niques. General properties on the other hand are more conveniently discussed in 
the framework of Green’s function techniques where an ideal harmonic crystal is 
taken as the reference system. The total potential energy of the crystal with the 
defect at its origin is expanded as 

E = C/ 0 ({ r}) + V anh ({R}) + £ ^(R 111 ) (1.1) 

where R m = r m + s m is the lattice vector of atom m displaced by the static 
displacement s m from its ideal lattice position r m . t/o({r}) is the ground state 
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potential energy of the ideal crystal and $ the coupling constant matrix. V anh 
stands for the anharmonic part of the host-host interaction. Finally V d is the 
defect host potential in the case of interstitial defects or the difference to the ideal 
host potential for substitutional defects and vacancies. For the sake of simplicity 
possible internal degrees of freedom, explicit volume dependencies and quantum 
effects have been omitted. The lattice equilibrium condition at T=0 is obtained 
by differentiation with respect to the atomic positions 

-d^ vd{Rm) - ai? v ‘ n '‘ (Rm> ^ K ° = E*™*? (i-2) 

K™ is a generalized Kanzaki force, which is defined as that force which causes in 
the ideal harmonic crystal the same displacements as does the real force in the 
real crystal. Eq. (1.2) can be solved by the Green’s function, G^ n , of the ideal 
lattice [6,7] 

C = (1.3) 

n/3 

For large distances from the defect the lattice Green’s function converges towards 
its continuum counterpart (5 a/ g(R) which is a function of the elastic constants. 
For a description of the long range displacement field the force pattern may be 
expanded into multipoles. The zero moment (the sum over all Kanzaki forces) van¬ 
ishes due to translational invariance and the first moment, the dipole contribution, 
is the leading term 

«»(R“) = E*,<V r " - o*! = E (1.4) 

Pi 7 

with the (force) dipole tensor 


P a p = Y,rpQ (1.5) 

n 

The symmetry of P a p is determined by the point symmetry of the defect. Since the 
Green’s function falls off as 1/R the displacements decay slowly as lj R?. They are 
in general anisotropic due to the anisotropy of the host lattice, through 6 a ^(r) and 
additionally for many types ofinterstitial and off-centre substitutional atoms due 
to the anisotropy of P. In the latter case difference of the longrange displacement 
fields of differently oriented defects will also be oc 1 /R?. The Kanzaki forces 
are localized at the defect, their range given by the defect force and the lattice 
anharmonicity. The latter is important for ’’large” defects such as self interstitial 
atoms [7]. So far we have tacitly assumed an infinite crystal. In a finite crystal 
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there is an additional lattice expansion, AV tm , by the so called image forces, i.e. 
due to the missing restoring forces at the surface. Independent of the crystalline 
shape the defect relaxation volume is given by [ 8 ] 

A V = Y, ?<*<*/{ 3k) = AF°° + AV im ( 1 . 6 ) 

a 


with k the bulk modulus and AE°° the defect relaxation volume in an infinite 
crystal. The various relaxation volumes are related by the Eshelby factor 7 
(AV°° = 7 AF) which is e.g. for Cu 7 = 0.69. The (diaelastic) change of the 
elastic constants, AC, due to a random distribution of noninteracting defects is 
obtained from the energy change under an applied external strain e. Inserting 
(1.4) into (1.1) and expanding in e we obtain 


VcbC aM6 


9P a p 

de l6 


cAV im n 


dp 


(1.7) 


with V c the cell volume, c the defect concentration and p pressure. Here the 
first term represents the defects polarizability and the second one the contribution 
of the image volume expansion. Especially interstitial defects are often highly 
polarizable under strain causing values of AC/C ~ —100c [3]. This is caused by 
resonant defect vibrations, see next section. 

In analogy with electrostatics there can be in addition to this diaelastic polar¬ 
izability also a paraelastic one due to the reorientation of anisotropic defects in a 
external strain field [9]. 

V c AC^™ 8 = -^{(P ap P l6 ) - (P a p)(P l6 )} ( 1 . 8 ) 


where () indicates averaging over initially equivalent orientations. This effect is, 
contrary to the diaelastic one, strongly temperature dependent. It can only be 
observed when the defect can reorientate either by thermally activated hopping or 
by tunneling. The resulting temperature and frequency dependance is utilized in 
ultrasonic attenuation experiments. 
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2. Single Defect Dynamics 

In the harmonic theory of defect vibrations one studies the vibrations of the 
crystal atoms around their equilibrium positions given by ( 1 . 2 ). A second order 
expansion of the potential energy with respect to the dynamic displacements u 
from their static equilibrium positions R = r + s gives for substitutional defects 
the equation of motion: 


(M + AM)ii + ($ + A$)u = f. (2.1) 

Here and in the following indices have been dropped and matrix notation is adopted 
with M = m m <$mn<S a /3 the mass matrix of the ideal host crystal, AM the matrix 
of mass changes, d? the force constant matrix of the ideal crystal and Ad? the 
matrix of force constant changes. Ad? contains not only the direct couplings due 
to the defect but also contributions from the anharmonic host potential V anh . 
After Fourier transformation with respect to time (2.1) can be written as 

(L + AL)u = f (2.2) 

where the ideal host lattice terms have been combined to L = -Mw 2 + d? and the 
perturbation terms to AL = -AMw 2 + A$. ( 2 . 1 ) can formally be solved by a 
Green’s function 

G = (L + AL) -1 . (2.3) 

Experimentally observable quantities can be conveniently expressed by this Green’s 
function. E.g. the local frequency spectrum z™ of atom m for vibrations in 
direction a is given by: 

O/.jrii ^ 

Z? = —/mGT(w) (2.3) 

7T 

the imaginary part being defined by setting u> —> u> + irj. 

Various ways to calculate G are currently in use: 

i) The most simple one is to do a straightforward diagonalization of (2.3) for a finite 
crystallite. On modern computers this can be done for several hundred atoms in a 
couple of minutes. The resultant frequencies and eigenvectors will be accurate for 
localized and short wavelength vibrations. Long wavelength accustic vibrations 
can be estimated from their static limit, i.e. from the elastic constants. 

ii) In recent years the recursion techniques, proposed by Haydock et al. [10] 
for tight binding electronic calculations, is used frequently for lattice dynamical 
calculations of point defects and disordered systems. This method is based on the 
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fact that it is possible to construct for a quadratic Hamiltonian a set of basis states 
|n) which are coupled by a three point symmetric recursion relation 

(L + AL)|n) = a n \n) + b n+ \\n + 1) + b n \n - 1) (2.5) 

The a n and b n are determined by orthogonality and normalization. In this basis 
(L + AL) is tridiagonal and the inversion (2.3) can be done by an infinite continued 
fraction to obtain the Green’s function element corresponding to |0) 

G| 0 ) =-- (2.6) 


a 2 - 

Dependent on the size of the problem the continued fraction is terminated at 
a given level by some appropriate closure procedure. This causes the discrete 
spectrum of a finite fraction to be replaced by a smooth continuous one. Usually 
ten to twenty levels are sufficient for convergence comparable to experimental 
resolution [ 11 ]. Different elements of G are calculated by chosing different states 
[ 0 ), e.g. the x-displacement of atom 0 . 

iii) Eq. (2.3) can be expanded in terms of locators where the locator is the one 
particle Green’s function in the Einstein approximation for this particle [12]. 

iv) An exact solution of (2.3) for the single defect case can be given by T-matrix 
techniques where G is expressed by the ideal host lattice Green’s function 6 and 
the perturbation AL. Whereas for the previously discussed methods the splitting 
int L and AL was more ore less formal in T-matrix theory care has to be taken 
when interstitial or complex substitutional defects introduce additional degrees of 
freedom not present in the host lattice. Let us first discuss the case of a simple 
substitutional defect without that added difficulty and later on ammend the results 
for the more complicated case. We introduce the ideal host Green’s function 

6 (w) = L(w )- 1 (2.7) 

which can be readily calculated by Fourier transformation to q-space and integra¬ 
tion over the Brillouin zone, see e.g. [13]. From (2.3) follows 

G = 6 - 6 ALG = 6 - 6 t 6 ( 2 . 8 ) 


with the single defect T-matrix 

t = AL(1 + Gal) -1 = AL - ALG(1 + alG) _1 G. 


(2.9) 
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The matrix t has the same dimension as the defect matrix AL whence (2.9) can 
be fairly easily evaluated for ’’small” defects whereas for ’’large” defects mostly 
approximate methods are preferred. The point symmetry of the defect subspace 
can be utilized to speed up the inversion in (2.9) and to gain extra insight into the 
physics behind G. 

Complex and interstitial defects can be dealt with by a projection technique [14]. 
The degrees of freedom involved in the problem are divided into those present in 
the host crystal and the additional ones introduced by the defect. Such a split-up 
is not unique. A complex substitutional defect e.g. can be described by its centre 
of mass (host degree of freedom) plus its internal motion or alternativly as a host 
vacancy plus a complex interstitial with all its degrees of freedom. We can now 
write G and L + AL as hyper-matrices in the space of host ( H ) and added (A) 
degrees of freedom: 

f Ah aa AL ah W g AA °\ (210) 

h HH + Ah HH ) \G HA g HH ) \° W 

We obtain three linear equations for the Green’s function. By elimination we get 

[(hffH + AL hh - ALg-^AL^) 1 ALah\ G HH = {^HH + AL e J^}G HH = 1. 

( 2 . 11 ) 

The additional degrees of freedom lead to an effective, frequency dependent cou¬ 
pling change to be used in the T-matrix equation (2.9). A similar expression is 
gained for G^ where the effective coupling will contain terms containing the host 
lattice Green’s function which in turn causes the sharp frequency levels of the ad¬ 
ditional degrees of freedom to be broadened into a continuous spectrum. 

From (2.9) one sees that large effects have to be expected if Det|1 + AL 6| ~ 0. 
The determinand can only vanish exactly if the real and imaginary part vanish 
simultaneously. The imaginary part stems from the imaginary part of the host’s 
Green’s function 6 and vanishes therefore for all frequencies outside the bands of 
ideal lattice frequencies. For those frequencies where also the real part vanishes 
(2.8) ^-shaped contributions to the spectrum result. These vibrational modes are 
spatially localized and whence called localized modes. For Bravais lattices such 
modes are to be expected for defects with either small mass (e.g. H in metals) or 
very strong couplings (e.g. intramolecular vibrations of substitutional molecules). 
If the real part of the determinant vanishes while the imaginary part is small one 
has a resonant mode. Such a mode is not as strongly localized around the defect 
and its frequency is broadened with the width given by the imaginary part. Since 
ImG(w) ~ u> for small u> such resonant vibrations occur at low frequencies and 
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therefore for either heavy (e.g. Ag in Al) or weakly coupled defects. In fig. 1 typ¬ 
ical local vibrational spectra for a neighbour to a vacancy and of a self-interstitial 
atom in Cu are shown. As to be expected the spectrum shows in the vacancy case 
a general softening due to the missing couplings but neither resonant nor localized 
modes. By contrast the spectrum of the self-interstitial atom is made up mainly 
from such modes. 



Fig. 1 Local frequency spectrum of a nearest neighbour atom to a vacancy for vibrations in (110)- 
direction (left) and of a self interstitial atom (right) in fee Cu. Broken line ideal host spectrum. 
[3], 



Fig. 2 Schematic view of the self-interstitial, (lOO)-dumbbell, con¬ 
figuration in Cu. The configuration can also be seen as an octahe¬ 
dral interstitial which has been displaced in (OOl)-direction (100- 
off-centre interstitial configuration). There are six equivalent such 
positions for each octahedral site in an fee lattice. 


Fig. 2 shows the configuration of the self-interstitial. For our purposes it can 
be envisaged as a substitutional Cu 2 molecule where the two atoms are strongly 
coupled causing a localized bond stretching vibration ( A \ g ). At the same time the 
restoring forces against libration ( E g ) or translation of the molecule as a 

whole are weak causing resonant vibrations. This example shows the importance 
of the tensor character of the coupling. The simultaneous occurance of localized 
and resonant modes is typical for ’’large” defects which compress the lattice locally 
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and thus cause a tendency to instability in some directions. The defect configura¬ 
tion can even become instable and is then often split into configurations of lower 
symmetry. The configuration of fig.2 is actually a result of such an instability in 
the octahedral configuration which would have higher symmetry. In cases where 
the local vibrational spectrum of the defect has only little contribution from the 
eigenfrequencies of the ideal lattice the Green’s function of the defect, G dd , can 
to a good approximation be described by the resonant and localized modes alone: 

G dd = Y,-T~2 -(2.3.2) 

mFuz — m?u l — im? {w)w 

where |<r) represents the eigenvector of the mode a in the defect subspace, uv and 
are the mode frequency and damping and m a its effective mass. The latter 
is a measure of the participation of the other atoms in the vibration, i.e. of the 
localization of the mode. For localized modes one has 7 ^ = 0 and ~ m d . For 
resonant modes of interstitial atoms the effective mass is m a = m d + x m h with x 
typically varying between 1 and 5 and m h the host atom mass. The mean square 
thermal displacements of the defect can be calculated from the local spectrum and 
whence from the Greens function: 

(( u «) 2 ) = f du(h/2m d u)coth.(huj/2kT)z d (ijj) 

■'0 (2.13) 

— kTG^ a (jjJ = Q) for kT > khJresonance- 

For not too low temperatures the mean square thermal displacement is given by the 
(w~ 2 ) moment of the spectrum and therefore, is determined mainly by the resonant 
vibrations. Localized vibrations play only a minor role in classical motion.. The 
mean square velocity on the other hand would be given mainly by the localized 
modes. From (2.13) one sees that interstitials will have in general, due to their 
resonance modes, strongly enhanced Debye-Waller factors. 

Defect vibrations are often used to identify defect structure. Such an investi¬ 
gation was carried out to identify the configurations of Ag 2 in noble gas matrices 
[15]. There exist one, two or three distinct such configurations for matrices of Ar, 
Kr and Xe respectively. These could be identified by a comparison of experiment 
with the results of structure calculations followed by a calculation of the Ag 2 vi¬ 
brations. Fig. 3 shows the spectra seen by resonance Raman scattering on Ag 2 
trapped in Kr. 
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Fig. 3 Resonance Raman spectrum of Ag 2 
in Kr, demonstrating the simultaneous oc¬ 
cupation of two trapping sites and the cor¬ 
relation of modes [15]. The internal Ag 2 
bond-stretching modes are at 194 and 203 
cm -1 respectively. The species with the 203 
cm - ' mode also has a broad in-band contri¬ 
bution at 40 cm -1 and a combination band 
at 234 cm - '. The other configuration has a 
localized mode at 57 cm - ' with a combina¬ 
tion band at 260 cm - '. 

3. Finite defect concentration 

So far we have discussed the dynamics of isolated defects . When the concen¬ 
tration of defects increases the dynamics of the defects will be modified and, in 
addition, their effects on host lattice properties will become noticeable. An ex¬ 
ample of the former is the evolution of the optic phonon bands in metal hydrides 
from the localized modes of the isolated H-impurity. The latter is exemplified in 
the change of the elastic constants discussed earlier. Both these types of effect 
can be described by average Green’s functions as long as defect-defect correlations 
can be neglected. We consider a concentration of defects sufficiently small so that 
overlap effects are negligible. The total perturbation AL can then be split into 
the contributions of the single defects 

AL(w) = ^AL'(w). (3.1) 

i 

The Green’s function can again be calculated exactly in terms of a T-matrix (2.8). 
This formal solution is however not very useful. Macroscopic properties such 
phonon dispersion curves will not depend on the exact positions of all defects but 
only on their configurational or volume averages. We are therefore interested in 
an average Green’s function, (G), which from (2.8) is determined by an average 
T-matrix 

<G(w)> = 6- G(T)G. (3.2) 

Due to the averaging (G) is translationally invariant and can be conveniently 
epressed in terms of a self energy matrix E: 

<G(w)) = (L(w) + S(w ))- 1 (3.3) 



with 


E(w) = <TM)(1-G(wKT( W )»- 1 


(3.4) 
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To lowest order in the concentration the self energy is given by the configurational 
average of the single defect T-matrices, t^) 

E( w )~ C £t« = JV d <t) (3.5) 


In general the configuration average will include averaging over equivalent defect 
orientations. (G) can now be expanded in plane waves. For the main crystal¬ 
lographic directions where the polarization vectors are determined by symmetry 
alone 


(G) 


— E-: 

kj 




j(k,;) - mu 2 + ct(k,j,v) 


(3.6) 


We expect especially large effects when t(k,j,u ) has contributions from resonant 
modes. Wether a particular resonance couples to a particular phonon is determined 
by symmetry. For very low concentrations (3.6) will still have well defined phonon 
solutions whereas for higher concentrations a description in terms of hybridized 
phonon and resonance states is more adequate, fig. 4. Both kinds of behaviour 
have been observed in experiment [3J. 



Pig. 4 Effects of resonance vibrations on the phonon dispersion curves. 

a) mere distortion of the phonon line being shifted by AwJ, and broadened by Ao>JJ ( valid if 
2Ao>" << 7 ). 

b) hybridization of the ideal phonon line with the resonance mode resulting in a split of the 
dispersion curves ( valid if 2Aa>” >> 7 ). 


To see the influence of defects on long wavelength phonons one expands |k,j) for 
small k. One sees easily that only resonance modes with even symmetry couple to 
long wavelength phonons to order k 2 whereas ’’uneven” resonances couple only to 
order & 4 . These latter ones will therefore not contribute to the change of elastic 
constants, sect. 1. 

Whereas phonon dispersion curves are generally easy to measure since all atoms 
of the crystal contribute to their intensity the shifts induced by the defects are 
small ~ c. Since the defect lattice lacks translational invariance Im(G), which 
is essentially measured in neutron scattering experiments, will have additional 
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contributions with intensity ~ c in the whole Brillouin zone. The distribution of 
this ’’diffuse” intensity is determined by the structure factors of the vibrational 
modes. For different resonant modes these vary as functions of k and u, see fig. 
5, which 





Fig. 5 Plot of the structure factors of resonant modes of the self interstitial atom, fig. 2. The plots 
are only valid off the phonon lines. 


can be utilized to identify individual defect vibrations [15]. At higher concentra¬ 
tions additional information about defect ordering could thus be gained. Such 
measurements have been done for H in Nb [17]. 

The ’’single T-matrix approximation” (STA), (3.5), is only valid in the low 
concentration limit. It also does not give a finite width to the spectrum of local¬ 
ized vibrations as has to be expected from disorder. For diagonal (pure isotope) 
disorder one can improve the STA by an ’’average T-matrix” approximation (ATA) 
which uses an average lattice as reference system, and further by the self consistent 
’’coherent potential approximation” (CPA) [18]. With off-diagonal (force constant) 
disorder these approximations are due to the translational condition only possible 
with restrictions on the force constants, e.g. = ^($(^) + $( 55 )). This 

difficulty could be avoided by switching to an augmented space [19] which has, 
however, only been utilized for model systems. For realistic systems an alternative 
is to create configurations by Monte Carlo methods, let them relax to equilibrium 
and finally evaluate the dynamics by recursion procedures [11]. 

Finally it should be pointed out that often not the displacement- displacement 
Green’s function itself but some weighted average is measured in experiment. E.g. 
in neutron scattering experiments the Green’s function is weighted by the scatter¬ 
ing length. These weight factors do not influence the shape of the phonon line but 
the diffuse intensities and have then to be included in the averaging procedure [3]. 
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1. Classical Diffusion 

The diffusion constant in classical defect diffusion processes is often found to be 
given by an Arrhenius law with an only weakly temperature dependent prefactor 
times Boltzmann factor 

D = D 0 exp{-E a /kT) (4.1) 

The microscopic picture is that of an atom (interstitial or a neighbour atom to 
a vacancy) hopping over a potential barrier formed by the other atoms. The 
classical activation energy, E a , is the minimal energy needed for that process. It 
corresponds to the energy necessary to move the atom adiabatically to the saddle 
point seperating its initial and final equilibrium configurations. E a is, therefore, 
the difference of the potential energies with the hopping particle in the saddle 
point and equilibrium configurations, respectively, and the rest of the lattice fully 
relaxed. There is a large number of approximate formulae relating E a to other 
lattice quantities. Employing a Debye model Flynn [20] gave a formula for E a in 
terms of the elastic constants and a single parameter depending on geometry. The 
local Green’s function of the defect allows one to relate E a to lattice dynamics going 
beyond the elastic limit. One can thus check models qualitatively for consistency 
by relating their predictions to measured quantities. The energy needed to displace 
an atom, d, from its equilibrium site with the other atoms relaxing adiabatically 
is given by 

E(s d ) = (l/2)s d [G dd (u = 0)]- 1 s d (4.2) 

Assuming a smooth, sin-like, shape of the potential surface along the ’’reaction” 
coordinate to the saddle point (4.2) can be extrapolated to give 

E a ~ (2/7r 2 )d[G <W (w = 0)]~ 1 d (4.3) 

where d is the distance vector to the saddle point and G = (l/2)(G e9U ,;,& r j Um — 
G saddle)- Tests of this relation with computer models gave an error of < 1%. 
Taking the experimental values of the activation energies for vacancy diffusion in 
fee and bcc metals one finds that G is about 1.8 its ideal lattice counterpart. For 
bcc metals one has to take into account that the saddle point is split and |d| thus 
reduced. We have seen that the defect Green’s function for interstitial atoms is 
often determined by low lying resonance vibrations. In such a case (4.3) reduces 
to a sum over these resonances 

E a — 2/7T 2 m r L>rdl 


(4.4) 
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where d r is the projection of d onto the eigenvector of the resonance mode with 
effective mass m r and frequency w r . (4.4) establishes the observed correlation 
between the occurance of low lying resonance modes and low activation energies. 

5. Tunneling and Quantum Diffusion 

At very low temperatures one expects tunneling to contribute to particle mo¬ 
tion. The magnitude of the tunnel splitting, A E?, for a particle in a onedimen¬ 
sional double well potential is determined essentially by an exponential factor 
exp (-gmud?/h) where g is a geometrical factor of order unity, m the mass, \hu> 
the ground state energy and 2d the well separation. From (5.1) it is evident that 
tunneling will be important for particles of either low mass (e.g. H or fi) or moving 
in a soft potential with small d. Tunneling of an atom in a crystal cannot be de¬ 
scribed by a simple onedimensional double well potential. The atom experiences 
the potentials exerted by its neighbours which in turn move in the potential of 
their neighbours and so on. The potential in which the atom tunnels thus be¬ 
comes N -dimensional (N —> co). In tunneling between the two minima the atom 
carries its displacement cloud with it - it is ’’dressed”. 

For heavy interstitial atoms with pronounced resonant vibrations it has been shown 
that similar to the classical activation energy also the tunnel splitting energy can 
be approximated by these resonances [21]: 

AEt ~ exp[-<7 ^2 m r w r dr/ti\ (5.1) 

r 

From the dependence on the effective resonance mass m r one sees that the depen¬ 
dence on the interstitial mass and whence the isotope effect is much reduced. Such 
a close connection between the occurance of resonance vibrations and tunneling 
has also been observed in glasses [22]. 

For very light interstitials in a heavy matrix the tunnel splitting energy is made 
up from two parts: a term giving the tunnelsplitting, J, in some average fixed 
potential which shows the full isotope effect of the tunneling particle and a term 
describing the dressing by the lattice, exp( — S). 

AEj> = Jexp( — S') (5.2) 

Eqs. (5.1) and (5.2) describe ’’coherent” tunneling at T = 0, i.e. the tunneling 
particle can be envisaged to move periodically between the two wells. With in¬ 
creasing temperature A Ej< is replaced by a thermal average, A Ej<(T) = (AEj>)j> 
since there will be also tunneling between states with excited phonons. This tem¬ 
perature dependency is rather weak for low temperatures. Eventually the coherent 
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tunneling breaks down and ’’incoherent” processes become dominant, i.e. transi¬ 
tions between states with different phonon occupation numbers. In metals there 
are in addition to these phononic processes at low temperatures also electronic 
dressing effects and these actually determine the temperature dependences at very 
low temperatures, see below. 

In the following we will study the ’’incoherent” tunneling which is the elemen¬ 
tary step in quantum diffusion (phonon assisted tunneling). As a model system 
we have chosen H and D in Nb at low concentration which have been studied 
extensively both theoretically and experimentally, see e.g. the recent review by 
Fukai and Sugimoto [23]. H occupies tetrahedral sites in the Nb lattice, fig.6. Its 
dynamics is characterized by localized vibrations at 27 and 43 THz [24]. These 
account for ~ 99% of the local spectral intensity. Additionally it has strongly en¬ 
hanced in-band-modes which determine the temperature dependence of the mean 
square thermal amplitude (2.13) at intermediate temperatures [25]. At low tem¬ 
peratures a tunnel splitting of E? ^ 0.2 meV has been observed for H trapped 
at O-impurities in Nb [26]. This value is thought to be fairly representative also 
for the pure H-Nb-system since the localized H-vibrations change only marginally 
upon trapping of the H at the O-impurity [27]. At higher temperatures, in the 
pure H-Nb-system, two distinct diffusion regimes are observed. In both regimes 
diffusion follows an Arrhenius law with activation energies of 6 8meV (T < 250 K) 
and 108meF (T > 250AT) [28], respectively. 



Fig. 6 Tetrahedral sites in the bcc lattice. 
There are four sites surrounding an octahe¬ 
dral site on each side of the bcc cube. The 
symmetry of the tetrahedral sites is 
The H will therefore have two localized vi¬ 
brations, the higher frequency one being de¬ 
generate. 


The standard approach in the calculation of absolute diffusion rates is that of 
Flynn and Stoneham [29]. It involves several distinct ideas. The first is that of 
’’sensibly localized” states between which transitions occur. The second, related 
idea, is that of self trapping: the interstitial causes a distortion of the host lattice 
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which in turn immobilizes the interstitial. The transition probability is then found 
by the usual ’’golden rule expression” 

= ((W if ))m (5-3) 

= (2n/n)\(^ i (rn)\H-E im \^ f (n))\ 2 8(E irrL -E fn ) (5.4) 

where 'I',- and $ f are the initial and final state many body wavefunctions, m and 
n denote the respective excitational states, (()) m denotes thermal averaging over 
the initial states m and summation over the final states n and finally E{ m = 
(')). To be able to evaluate (5.3) a number of approximations are 
made. The hydrogen atom is assumed to follow the lattice vibrations adiabatically 
and the lattice phonons themselves are coupled linearly to the hydrogen. The 
matrix element in (5.3) is thus split into a ’’naked” tunneling element, J, of the 
hydrogen atom in the potential built by the host atoms and a dressing lattice- 
overlap term, <r, accounting for the change of the displacement field. To simplify 
the evaluation even further the dependence of the naked H-tunneling element on 
the state of the host lattice is neglected (Condon approximation) and one finally 
arives at a simple expression 

W if = (2% jh)\J\ 2 \<r if \ 2 . (5.5) 

Neglecting the deformation of the phonon spectrum by the H (5.5) can be evaluated 
using the ideal phonon states as basis 

k ; /| 2 = (H/Ihr) /_ + “ duexp|— £ S,(2» q + 1)] x [exp(- £ ~ 1] 

(5.6) 

with riq the phonon occupation number and the ”Huang-Rhys factors” 

S q = (l/2)|sj - s~\ 2 mw q /h (5.7) 

which describe the coupling of the displacement change to the phonon field, s+ 

and sr being the displacement components of the host atoms with the H-atom 

** _ 1 t 

at +d and — d, respectively. For small q one has S q ~ q or q for isotropic 

defects or anisotropic defects which change their orientation in the tunneling pro¬ 
cess, respectively (1.4). In evaluating (5.5) one has to omit the diagonal transitions 
{mi} = {nj}. This leads to the -1 on the rhs. of (5.6). Diagonal transitions corre¬ 
spond to coherent tunneling without phonon creation or absorption. Their inclu¬ 
sion would cause a divergence due to their weak coupling to the long wavelength 
phonons, given by S'q combined with a vanishing density of states, Z(w) ~ u> 2 . A 
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golden rule formula cannot describe coherent processes adequately. (5.6) yields in 
the isotropic case a T 7 law at low temperatures and an Arrhenius behaviour at 
high temperatures 

W if = (n/4Ji 2 E c kT) 1 / 2 \J\ 2 ex.v{-E c /kT) (5.8) 

The activation energy, E c , in (5.8) is the so called coincidence energy, i.e. the 
minimal energy necessary to deform the lattice such that the initial and final con¬ 
figurations - of H plus lattice - are equivalent. This coincidence energy is different 
from the ’’classical” activation energy which is the energy needed to transpose the 
H atom quasistatically from its initial to its final position. It has been shown by 
Kondo [30] that in the low temperature limit the nonadiabacity of the interstitial- 
electron interaction becomes decisive. The resulting low temperature behaviour 
of the hopping rate shows a minimum at low temperatures, for details we have 
to refer to the original literature. For calculations at low temperatures where the 
linear coupling approximation, with the coupling to the electrons added, describes 
the temperature behaviour adequately, Feynman path integral methods have been 
found to be an ideal method, see eg. [31,32] . We will not discuss these methods 
here but concentrate on phononic effects in (5.4), thus keeping within the adia¬ 
batic (Born-Oppenheimer) approximation as regards the electrons. The electronic 
effects would be superimposed on our results. 

There are numerous extensions to the simple linear coupling model, mainly 
aimed at improving upon the concept of a constant J. Even keeping the strict 
splitting into a hydrogen and a lattice wavefunction J will be temperature depen¬ 
dent due to the larger tunneling probability between excited states. Still within 
the adiabatic approximation but improving on the Condon approximation is the 
occurence probability approach [33,34] where one evaluates J for all coincidence 
configurations and averages with respect to lattice energy and excitation of the 
localized H-vibrations. These approximations explain the observed H-diffusion at 
least qualitatively. 

Whereas the approximations discussed so far relied on a weak hydrogen-phonon 
interaction we want to drop this restriction which is inconsistent with the occurence 
of resonant vibrations and comparatively large self-trapping energies. To accomo¬ 
date the resonant vibrations, which are tantamount to a strong hydrogen-phonon 
coupling, we treat the hydrogen and lattice degrees of freedom simultaneously, 
starting from (5.3) and (5.4) but avoiding the adiabatic and Condon approxima¬ 
tions. The evaluation of the rates (5.4) is outlined in [21] it can be broken down 
into the following stages: i) choice of interaction model, ii) calculation of struc¬ 
tures, energies and eigenmodes, iii) evaluation of the tunnel splitting and of the 
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transition probabilities w l f and the total rate W 1 ^. For the interaction we used the 
model by Sugimoto and Fukai [35] where the H-Nb interaction is via a truncated 
double exponential potential and the Nb-Nb interaction is via Born-von Karman 
parameters . 

In agreement with experiment the stable configuration of the hydrogen inter¬ 
stitial is tetrahedral. We find for H a self-trapping energy of Egf = 470meF where 
300 meV is potential energy and the change of the zero point vibrations contributes 
HOmeV. The minimal coincidence configuration energy is E c = 41 meV (31 meV 
potential energy and 10 meV zero point motion) and the classical saddle point 
energy is E a = 61 meV (potential energy only). As eigenstates in the initial and 
final configurations we take as a first approximation the harmonic ones obtained 
by diagonalizing the dynamic matrix for clusters of 6 to 21 atoms. Using these 
eigenmodes and a correction term for the rest of the lattice [21] we find at T = OK 
a tunnel splitting of A E? = 0.01 meV smaller than the value of 0.2 meV observed 
for H trapped in Nb-O. This underestimate may be due to a slightly different 
geometry for Nb-O-H as compared to Nb-H. We have assumed that the tunneling 
occurs only between a pair of adjacent sites. In general there is an additional 
geometric factor. Our value will be an underestimate due to the too small overlap 
of the harmonic wavefunctions. Assuming a sinusoidal potential shape one gains 
a correction factor of 1.3. If we write AE? as in (5.2) as A Ej< = J exp (-S) we 
find changing the isotopic masses a dressing factor of 0.15 in accordance with the 
usual estimates. The total tunnel splitting is, however, larger by a factor 5 as 
compared to a seperate calculation of the two terms. This indicates a rearrange¬ 
ment of the contributions of the localized modes, included in J, and of the band 
modes, determining S. The temperature dependence of (5.2) as gained by thermal 
averaging over the occupation numbers with m; = n,-, is totally different from the 
one expected in the weak coupling model. 

The total transition rate sums over all possible initial and final mode occupan¬ 
cies with energy conservation as the only restriction. With increasing temperature 
the number of terms diverges rapidly. In order to evaluate (5.4) we, therefore, 
divide the modes into strongly and weakly coupling ones. The latter ones we treat 
by the usual small polaron formalism whereas we sum over the strongly coupled 
ones explicitely. Eq. (5.4) is transformed into 

u if = 2x/h\{9 i (m)\H- l/2(E im + E fn )\* f (n)}\ 2 G(E {m - E fn ) (5.9) 

Here the ^-function is replaced by a shape function which consists of two distinct 
factors. One comes from the line broadening, i.e. it accounts for the broadening of 
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the sharp modes of the atomic cluster by the embedding lattice. We take a form 

G v {u) = (l/v^r)exp[-(w - fi) 2 W 2 ] (5.10) 

where W v = Eo- + n a ) is the total width and hfl = Eo- ftw £r (m cr - n a ) is 

the difference in vibrational energy between the initial and final states. As widths, 
w a , of the individual modes <r we took 0 THz and 0.5T.£fz for the localized and 
band modes, respectively. The second factor in the shape function stems from 
the change in mean displacement of the weakly coupled modes outside of the 
cluster as the hydrogen atom jumps. It corresponds to the dressing terms in 
(5.5). Its magnitude is, however, strongly reduced since we have included the bulk 
of the dressing explicitely in (5.9). To simplify the evaluation we take the high 
temperature limit of this term 

G r (u) = (IGirEjikT)- 1 / 2 exp{-(huj + 4E R ) 2 /16E R kT\ (5.11) 

where we estimate from the overlap at T = 0 K that E R — 6meV. 



Pig. 7 Diffusion constants of H and D in Nb.—-experimental value [28],-— according 

to (5.8), - full calculation harmonic wavefunctions, .. . full calculation with anliarmonic 

wavefunctions. 


Fig. 7 shows our results for the diffusion coefficients of H and D together 
with the values for H derived from (5.7) and experiment. From T ~ 10 K up¬ 
wards we find an Arrhenius behaviour with a sudden change in activation energy 
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at T ~ 250i£\ This kink can be understood from the partial rates, w 1 2 3 4 5 6 7 8 ^. At low 
temperatures transitions are only possible without exciting the localized vibra¬ 
tions of the H. At higher temperatures scattering from the band states into the 
localized states becomes allowed, m; oc = 0 —> n; oc = 1. These transitions with an 
excited localized state have much larger tunneling elements and whence become 
dominating. 

The model so far is able to describe the general behaviour. To get a better 
quantitative agreement we have to improve on the wavefunctions. For this we 
studied the anharmonic expansion parameters of the potential energy and added 
a first order correction to the harmonic wavefunctions. Two types of anharmonic 
terms were found to be important: 

i) Fourth order terms in the localized H-vibrations Including these 

terms leads to an increased tunneling rate at T = 0 and a slight increase in the 
high temperature activation energy. These effects can be estimated from low di¬ 
mensional models including only the localized modes. 

ii) third order couplings between localized and band modes (^^band^oc)- These 
terms are important for the low temperature behaviour. They account for the re¬ 
duction of the localized frequencies when the surrounding lattice is appropriately 
deformed. 

Including these anharmonic contributions we get also quantitatively good agree¬ 
ment with the experimental values, fig-7, and we conclude that we have demon¬ 
strated that a lattice dynamical model of quantum diffusion is applicable. The 
advantage of such a model is the possibility to study in detail the influence of 
the single processes contributing to diffusion. The importance of anharmonic ef¬ 
fects will probably be reduced for heavier interstitials where one does not have the 
interplay between localized and resonance modes. 
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EQUIVALENCE OF EULERIAN ANO LAGRANGIAN PHONONS: 
SOUNO PRESSURE ANO TUO-FLUIO EQUATIONS 
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Abstract: In correspondence to the two different descriptions of 

hydrodynamic motion by Euler and by Lagrange, there are two natural 
ways of defining phonons and the corresponding classical sound waves, 
Eulerian phonons turn out to have a momentum -+(k (k = wave vector), 
whereas Lagrangian phonons carry no momentum. This might suggest that 
the two definitions lead to different physical effects. That this is 
not the case is shown in detailed discussions of two examples: the 
sound pressure and the derivation of two-fluid equations. 

1. INTRODUCTION 

Fluid motion can be described in terms of Eulerian (local) or 
Lagrangian (material) coordinates [l], Oue to the nonlinear terms in 
the equations of motion of an ideal fluid, an initially purely sinu¬ 
soidal sound wave will change its shape in the course of time, but 
with suitable boundary conditions its momentum is a constant of the 
motion. It vanishes for a purely sinusoidal sound wave in Lagrangian 
coordinates and is different from zero for a purely sinusoidal sound 
wave in Eulerian coordinates. 

At any instant of time the irrotational motion of an ideal fluid 
can be Fourier decomposed into sinusoidal sound waves (with slowly va¬ 
rying amplitudes as a consequence of the nonlinearities), whose momen¬ 
ta vanish in one case and are different from zero in the other case. 

In either case any amount of momentum can be obtained from the mode 
with wave number k = 0 , i.e. from a uniform translational motion. 

The quantized theory leads to similar results: A Lagrangian pho¬ 
non has no momentum, an Eulerian phonon of wave vector j< carries a 
momentum fi k . 

This might make one believe that the two formu lations of hydro¬ 
dynamics would lead to different physical results. An example is the 
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sound pressure when it is calculated along the same lines as the light 
pressure in electrodynamics, which can be found by determining the mo¬ 
mentum of an incoming light wave transferred to an absorbing or reflec 
ting screen. Another example is the microscopic derivation of the two- 
fluid equations for liquid He II (see e.g. [2l-[5l) for which it 
looks essential that an elementary excitation - like a phonon - of 
wave vector k carries a momentum k . This point of view is put for 
ward e.g, in [6], 

On the other hand, physically observable effects cannot depend 
on the choice of the variables - Lagrangian or Eulerian - which are 
both legitimate and give complete descriptions of hydrodynamic motion. 
Indeed, a careful analysis shows that for well-defined physical situ¬ 
ations both descriptions leafl to the same result. In this paper we are 
going to demonstrate this in full detail for the sound pressure. As to 
the derivation of the two-fluid equations, the equivalence of the two 
formulations has been shown earlier [7],[8]. Ue repeat here the essen¬ 
tial facts. 

In Section 2, the differences between Euler's and Lagrange's 
formulations of hydrodynamics are laid out, and classical sound waves 
in the two cases are compared. In Section 3 we remind the reader of the 
calculation of the light pressure in electrodynamics. The calculation 
of the sound pressure is more delicate because of the non-linearities 
and because what might be called "lateral boundary conditions" play a 
role (compare [9]). Ue derive a general formula which is then applied 
to various physical situations. In Section 4 quantization is carried 
out in Euler's and Lagrange's formalisms, giving the two kinds of pho¬ 
nons. Finally, in Section 5, we sketch the differences in the deriva¬ 
tion of the two-fluid equations and show that they do not affect the 
final result. It is important to remark that the two-fluid equations 
themselves are always written in local coordinates, referring to the 
laboratory frame of reference, whether their derivation is based on 
Eulerian or Lagrangian phonons; otherwise the two cases cannot be 
easily compared. 

2. CLASSICAL SOUND UAUES IN EULERIAN ANO LAGRANGIAN COORDINATES 

A Lagrangian coordinate _a - also called material coordinate - 
labels a given element of fluid (independent of its present position); 
it equals e.g. its equilibrium position when the fluid is at rest. An 
Eulerian coordinate x - also called local coordinate - characterizes 
a given point in space (independent of which element of fluid passes 
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through that point). The connection batween x. and 3 is made by say¬ 
ing that £ is the position at time t of the element of fluid whose 
equilibrium position is a . Therefore the relation between 21 and A 
is 

2! = a + X (a,t) , (2.1) 

where j^(a,t) is the displacement vector at time t of the element 
of fluid labeled by a . In Euler's formulation of hydrodynamics, x_ 
and t are taken as the independent variables; in Lagrange's formu¬ 
lation, the independent variables are _a and t . 

By means of (2.l) any function ip of 21 > can be expressed 
as a function ip* of a , t and vice versa, 

ip(x (a, t), t) =: ip*(a,t) . (2.2) 

The vector field 

2 l(e»t) = ^(a,t) = v (2.3) 

as a function of ji , t is the velocity of the element of fluid labe¬ 
led by a ; expressed as a function of x , t it is ths hydrodynamic 
velocity at point _x . 

Now we look at longitudinal sound waves in the two formulations 
of the hydrodynamics of a nonviscous fluid [ ll. Ue assume periodic 
boundary conditions in order to allow for travelling waves. For small 
amplitudes one can taks the linearized version of the equations of mo¬ 
tion, and a possible solution in Lagrangian coordinates is 

_^= _A sin(ka - m^t + a) . (2.4) 

Such a purely sinusoidal wave will of course not persist for all ti¬ 
mes because of the nonlinear terms in the equations of motion, but we 
can assume it as an exact initial state of the liquid at a certain mo¬ 
ment, and for a little while it will remain a good approximation, if 
ths amplitude A is small. Obviously the momentum of such a wave is 
zero, 

jd 3 a Vo £=0, (2.5) 

and will stay so since it is a constant of the motion. (^gd a is the 
mass contained in the element of volume d 3 a; ^ = const for a homo¬ 
geneous fluid). 

For later comparison with purely sinusoidal waves in Eulerian 
coordinates, we express the velocity field due to (2.4) in Eulerian 

coordinates. Using (2.l), we have 

* 

v^ = ^_ = - Auj^ cos(ka - ui^t + a) 

= “ cos(kx - k ^ - ui^t + a) . 


( 2 . 6 ) 
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Substitution of (2.4) and expansion in powers of the (small) amplitude 
A yields 

v^ = - Auj^ cos(kx - ui^t + a) 

- Auj^kA) sin^(kx - ai^t + a) + 0(A 3 ) , (2.7) 

which is not purely sinusoidal in x . The (Eulerian) density 

<^(.x»t) = ^'Q + <£ , (£.»t) (2. B) 

is calculated by observing that 

d 3 x = ^> Q d 3 a . (2.9) 

In Euler's formulation, plays the role of the average or equili¬ 

brium density, and we have 

Jd 3 x<j'(x,t) = 0 . (2.10) 

Equation (2.9) shows that <? is given by the Jacobian of the trans¬ 

formation (2.1), (2.4), which yields, calculated to first order in A , 

V = ?0 " cos (J<x “ U) k t + “) + °( a2 ) • (2.11) 

The momentum of the sound wave (2.4) must of course also vanish when 
it is calculated in Eulerian coordinates. In fact, it is easily 
checked, at least to second order in £ , that the spatial average 
(average over x , denoted by a bar) of the momentum density v, , 
calculated from (2.11) and (2.7) vanishes, 

tyv) L = 0 . (2.12) 

Later, we shall nesd ths spatial average of the velocity (average a- 
gain over x ) . From (2.7) it is seen to be 

(7^ = - -J Auj^kA) (2.13) 

to second order in A , which is different from zero for a longitudi¬ 
nal wave. 

Next we look at a purely sinusoidal wave in Eulerian coordinates, 
V£ = - Buj^ cos(kx - ui^t + a) . (2.14) 

It is a solution of the linearized Eulerian equations of motion. Oue 
to the nonlinear terms in the fundamental equations, it will not per¬ 
sist for all times, but again we can take it as an exact state of the 
liquid at a given moment, and for a little while it will remain a good 
approximation if B is small. The corresponding density can be calcu¬ 
lated from the equation of continuity. 

Tt^.t) = " div/ x^-E } * 


( 2 . 15 ) 
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Calculating [Eq.(2.6)1 to first order in _B , ue obtain the result 

(2.11) with A replaced by . Ths spatial average of the momen¬ 
tum density is now 

(<j>y) E = £ 9o(Bk)f u) | < (2.16) 

to second order in B . On the other hand, the average velocity vani¬ 
shes , 

= 0 . (2.17) 


Now consider the general irrotational motion of a liquid. Still 
assuming periodic boundary conditions,us can decompose v_ and into 
spatial Fourier series at any instant of time. That means the motion 
can be considered as a superposition of sinusoidal longitudinal sound 
waves (with slowly time-varying amplitudes) plus a uniform translatio¬ 
nal motion, corresponding to the mode k = 0 . No transvsrss modes 
will occur if the motion is irrotational. 

If ue do the Fourier decomposition in Lagrangian coordinates, 
the velocity field uill be a sum of terms of the type (2.6) and (2.7), 
plus a uniform translational velocity , and the density deviation 

y 1 = ^ g uill be a sum of terms corresponding to (2.1l). Forming 

spatial averages as before (averages over x ), the cross terms due to 
different k's cancel, and taking into account (2.10), ue get to se¬ 
cond order in the Fourier amplitudes the following generalizations 

of (2.12) and (2.13): _ 

(<5v) l = ^ 0 U l (2.IB) 

3T l = y L - ^ ) • (2.19) 

k 

Thus, the Lagrangian sound modes (with j< 4 0) do not contribute to 
the momentum of the liquid, but they contribute to the average velocity. 

If ue Fourier decompose the motion in Eulerian coordinates, ue 
obtain the generalizations of (2.16) and (2.17), i.e., 


(?^E = ?o“e + Y- *?oVk ( ^ } ’ 


— E 


= “e 


( 2 . 20 ) 

( 2 . 21 ) 


Thus, the Eulerian sound modes (with k 4 0) give a contribution to 
the momentum of the liquid, but not to the average velocity. 
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3. LIGHT PRESSURE ANO SOUNO PRESSURE 
3.1. LIGHT PRESSURE 


There are two ways of calculating the pressure exerted by an 
electromagnetic wave on an absorbing or reflecting screen. One can 
either integrate the force densities on the charges and currents in 
the screen or use the law of conservation of momentum. The second me¬ 
thod is much simpler and will be illustrated by the following examples. 


Consider a plane electromagnetic wave incident normally on a 
Perfectly absorbing flat screen. In a plane travelling wave the magni¬ 
tudes of the electric field £ and of the magnetic field _B are 
equal, and the energy density, 

u = ^ (E 2 + B 2 ) , (3.1) 

and the momentum density, 

a = 47^ [£. . (3.2) 


are related by 


S = c - 


(3.3) 


(ni is a unit vector in the direction of propagation, c is the speed 
of light.) If A is the area of the screen, then in time dt electro¬ 
magnetic radiation within a volume Ac dt is absorbed and its momen¬ 
tum of magnitude |g| Ac dt = u A dt is transferred to the screen. 
According to Newton's law it equals dt times the force acting on the 
screen, which can be written dt pA , where p is the pressure. This 
shows that p = u . The light pressure is the time average of p , 

P = u . (3.4) 

(Throughout this section we designate by a bar the time average.) 


If, instead of absorption, one has perfect reflection the momen¬ 
tum of the incident wave is reversed, twice as much momentum is trans¬ 
ferred to the screen, and the light pressure is 


P 


2 u in 


(3.5) 


Here U ln is the energy density of the incident wave. It equals the 

energy density I7 r of the reflected wave. Therefore (3.4) is still 

_ n —r 

valid if u means the total energy density, u + u . 

For perfect reflection and incidence at an angle $ one finds 


p = 2 u^ n cos 2 '$' . 


(3.6) 
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(Only the normal component of g , |g| cos U , is reversed, and only 
a light beam of cross section A cos ^ hits the screen.) 


For an isotropic distribution of plane waves one has to average 
cos^$ over all directions. This leads to the formula, valid in parti¬ 
cular for black body radiation, 



(3.7) 


where u" again is the total energy density. 

All these results can of course also be derived from the con¬ 
cept of photons with energy £ = fiu) and momentum p = fik = “ n . 

In view of the above derivation of the light pressure one would 
expect that in hydrodynamics, too, it is the momentum of a wave that 
determines the pressure on an absorbing or reflecting surface and that 
therefore Eulerian and Lagrangian sound waves lead to different results. 
Ue are now going to show that in hydrodynamics the problem is more 
subtle and that Eulerian and Lagrangian sound waves give the same re¬ 
sult. 


3.2 SOUNO PRESSURE 

Let us consider a plane longitudinal sound wave propagating in 
the x-direction and incident normally on a flat wall U (fig. l) lo¬ 
cated at 

x = a + (a,t) . (3.0) 

x coincides with the Eulerian coordinate of an element of fluid right 



at the wall, whose Lagrangian coordinate a gives its equilibrium po¬ 
sition and that of the wall. Special cases are (i) the fixed rigid 
wall, t5 0 , x = a , giving rise to complete reflection, or 
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(ii) corresponding exactly to the motion an element of fluid uould 

carry out in the absence of the wall (this is equivalent to complete 
absorption). The pressure on U is p(x,t) = p*(a,t) . 


Now ue write down the momentum balance for the fluid in a cylin¬ 
der of unit area of cross section, with axis in the x-direction, bet¬ 
ween the wall U and an arbitrary plane x'= const. (Fig.l): 

-a+^(a,t) 


J a + (;va, i, ; 

dx<fV/ x = p(x»,t) - p*(a,t) +<j> V*(x',t) , 


(3.9) 


x 1 

where the last term represents the flux of momentum across the surface 
at x' . Let us assume a stationary (periodic in time) situation. If 
we take the time average of (3.9) the left hand side vanishes, and we 
have _ 


) = p(x') + ^ v* (x») 


(3.10) 


This shows that the quantity determining the pressure is not the momen¬ 
tum, but the flux of momentum . x* is arbitrary and we can take a spa¬ 
tial average over x’ , which we shall indicate by a second bar. p*(a) 
not being affected by this average, we obtain 


P*(a ) 



(3.11) 


If the sound wave is propagating in an arbitrary direction with 
respect to the wall the result (3.1l) is still valid because the con¬ 
tributions from the lateral surfaces S, S' (Fig. l) cancel on the 
average. 

This shows that quite generally the (time average of the) pres¬ 
sure on a wall equals the space-time average in the sound field of the 
pressure plus twice the kinetic energy of the motion perpendicular to 
the wall. In an actual physical situation it is a well-defined quan¬ 
tity that cannot depend on the mathematical description (Lagrangian or 
Fulerian) of the fluid motion. (Different formulae for the sound pres¬ 
sure occurring in the literature stem from the fact that the value of 
p depends on what one might call "lateral boundary conditions". This 
has been pointed out in an elucidating paper by Richter [9). Ue are 
giving a somewhat generalized version of his arguments. 

Suppose that in a liquid between a sound transmitter T and a 
(reflecting or absorbing or partly reflecting) wall U a stationary 
(periodic) sound field has been established ae shown in Fig. 2. For 
sufficiently small wave length the sound field practically fills only 
the region between T and U . In particular at the backside of U 
the liquid is at rest and we have the normal static pressure p Q and 
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Fig. 2: Sound field in 
open connection with 
liquid at rest. 


Fig. 3: Sound field con- 
fined by lateral walls S . 


the equilibrium density 0 • If one has doubts about the sound field 
remaining confined to the region between T and U one can imagine 
that side walls S have been put in (Fig.3). 


Evidently, the sound pressure on the wall 
rage of the difference between the pressures p,, 

W 

and right of the wall. Using formula (3.1l) for 


p w " 


P 



U is the time ave- 

and p„ to the left 
_ o 

p*(a) = p ue have 
(3.12) 


Fig. 2 shows that 

T = P 0 ! (3.13) 

otherwise a flow of liquid would take place through the region separa¬ 
ting the sound field from the liquid at rest. In Fig. 3 we assume the 
lateral walls S to be mobile} then in a stationary situation they 
have taken such positions that p = p Q . Thus in either case the sound 
pressure is 


p w " 



(3.14) 


In general the space-time average of the density p in the 
sound field will differ from . To see this we use the (adiabatic) 

equation of state giving the pressure as a function of ^> . Ue write it 
as a Taylor series in powers of ^> - ^ 0 » 

p = f(?) = p 0 + r^( - ^ 0 > + * f SW" So )2 + ••• < 3 - 15 ) 

From (3.13) it follows that 

1- u = - h [ * ( r?o> 2 + tt f o <?-?o> 3+ •• 


1. (3.16) 



217 


Depending on the sign of f” (f 1 is always positive) liquid will flow 
into or out of the region between T and U (Fig. 2) while the sound 
Field is being set up. In the case of Fig. 3 the lateral walls S will 
shift to appropriate positions. 

On the other hand, if the lateral walls S (Fig. 3) are kept 
fixed while the sound field is set up one has 

?o * (3 * 17) 

In that case 

P " P 0 = i (<? - ^ 0 ) 2 + (3.10) 

and the sound pressure (3.12) becomes 

- P 0 + * f o ( V ?o )2+ TT F o (p -fo )3+ ••• ( 3 - 19 ) 


In the rest of this section we specialize our results to the ca¬ 
se of small sound amplitudes and take only terms up to second order in 


o - ^ o and v/ . Ue introduce the density of the potential energy 
1 / 0 


E = - 
P 


y* 


p„> d ^ . 


which, calculated to second order by means of (3.15),is 
e p = 4; f o po) 2 • 


(3.20) 


(3.21) 


Furthermore, since in the sound fields discussed here v = v is the 

2 x 

full velocity of the liquid,the expression ^v x in our equations 
equals twice the kinetic energy density, which to second order is 


E k = Mo u2 • 

(3.22) 

In this approximation (3.14) gives 

p 1 - p = 2 E, , 

(3.23) 

(3.16) yields 

o - p = -2 r 

3 \ o f^ p 

(3.24) 

with 

f» o 

y - ° ^ 

ir ’ 

(3.25) 

and finally (3.19) takes the form 

p u - p 0 ■ 2 E k + 2 r E P • 

(3.26) 

Since we want to calculate p y - p Q and ^ 

only to second order 


in the amplitudes it suffices to calculate the right hand sides of eqs. 
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(3.23), (3.24) and (3.26) by substituting in E, and E the first 

K P 

order values of v/ and y - , i.e. the solutions of the linearized 

equations of motion. These are the same in Euler's and Lagrange's for¬ 
malism J 

In this approximation 


E k = E p = i E (3.27) 

holds, where E is the total energy density. Using this, we arrive at 
the final result for the sound pressure (3.23), 


P w - P 0 = E , (3.20) 

valid for a sound field in open connection with liquid at rest (Fig.2) 
or with mobile lateral walls (Fig. 3). In the case of fixed lateral 
walls (3.26) can be written 


p w - p o * (1 E • (3,29) 

The second order formulae (3.20), (3.29) have been derived by 
Richter [9) by integrating Euler's equation of an ideal fluid under the 
assumption that everywhere - also in the intermediate region between 
the sound field and the liquid at rest (Fig. 2) - the motion is vortex- 
free. 


4. QUflNTIZEO SOUNO UflUES 
4.1. EULERIAN PHONONS 


Quantization of the irrotational motion of a nonviscous fluid 
was carried through in Eulerian coordinates [10]. Ue summarize the 
main aspects of the theory. 

Consider a fluid in a cube of volume V with periodic boundary 
conditions. The equations of motion can be brought into a canonical 
form with Hamiltonian 

= Jd 3 x (£ vy v + E p (f)) , (4.1) 

V 

where the velocity v is written in the form 


v = U E - V f 


(4.2) 


(U^- = uniform translational velocity, (p = velocity 
potential energy Ep(^) i- s defined by (3.20) with 
of y . <p and ^ are canonically conjugate fields, 
equations, . 


ip = 


6?L 

6<P 


potential) and the 
p a given function 
The canonical field 

(4.3) 
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Qiv/e the Bernoulli equation and the equation of continuity, Ue take 
9£ E exact in U E but only up to second order in <p and ? ” ? 0 
(harmonic approximation). The higher order terms are treated as a per- 
turbation. This yields (compare (3.21) with f' 0 = c Q > where c q is 
the speed of sound at density ^> Q ) 

X E = jd 3 x ( £ y 0 M E - U E - h (<??<P + 2 f ? ) + 

V c 2 

+ £ y o ( Vip) 2 + YT • ( 4 * 4 ) 

Vo 

The total momentum is given by 

T € = § d 3 x i (U E - £ip) + (U E - J1>)^ | . (4.5) 

V 

In the quantized version the field commutators are 

Uj(x), <p(x.')l =“j 6(x-x') . (4.6) 

the other commutators vanishing. The quadratic Hamiltonian (4.4) can 
be diagonalized by standard methods [71, [101 (Fourier transformation 
of <p and^>), yielding 

= ^ f 0 u He + “e I * J< n k + Z £k n k » ( 4 * ? ) 

k — k _ 

where n^ can take the values 0,1,2,... and is the number of phonons 
of wave vector k and 


£ k = ^“k = ^ c o k 


(4.B) 


their energies. The zero point energy has been omitted in (4.7). The 
momentum (4.5) takes the form 

(P E = u Me + Z ^ n k » (4.9) 


and the spatially averaged velocity, which will be called u^ g from 
now on, is seen from (4.2) to be 

-sE = -E * (4.10) 

For later purposes we replace U E by u gE in (4.7) and obtain 

'K = * Vo U -sE + n k ( £ k + H s e ) • (4.11) 

The terms of third and higher order (anharmonic terms) in the 
Hamiltonian (4.1) are treated by perturbation theory. They lead (i) to 
a modification of the phonon energy spectrum (4.B) (dispersion) and 
(ii) to transitions between different phonon states (scattering, anni¬ 
hilation, and creation of phonons). 
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The expressions for the momentum (4.9) and for the average ve¬ 
locity (4.10) are exact} they are not affected by the anharmonic terms 
in the Hamiltonian. Equations (4.9) and (4.10) mean that Eulerian pho¬ 
nons give a contribution (fik per phonon) to the momentum, but no con¬ 
tribution to the average velocity. Equations (4.9) and (4.10) are the 
quantum analogs of the classical results (2.20) and (2.21). 


4.2 LAGRANGIAN PHONONS 


Ue do now the same thing in Lagrangian coordinates. The veloci¬ 
ty field can be written as . 

First ue assume = 0 . In their linearized forms, the equa¬ 

tions of motion as well as the continuity equation are the same in the 
Euler and Lagrange formalisms. Therefore the harmonic part of the Ha¬ 
miltonian is the same as in (4.4) with x_ replaced by a , and ue have 

r ■ c 2 

= J d a { ^ Vo C?a 4* ) 2 + 2T" ( V “ ?q) 2+ * * * 1 ’ ( 4 * 12 ) 


M 


<^> and p being canonically conjugate. The anharmonic terms in the Ha¬ 
miltonian will of course look different in the Lagrange and Euler des¬ 
criptions. The total momentum is 

Tl = “ d3fl Vo % <|> = 0 ( 4 * 13 > 

for periodic boundary conditions, and the spatially averaged velocity 
(spatial average again in Eulerian coordinates ) is 

2°.l - - ¥ j/* 2. t ■ - ¥ • 2. 4} 


- - ¥ J v d3 ‘ - -^f). Jet}* ••• - 


(4.14) 


where higher-order powers in ( (^ - Vo^Vo have been neglected. 

{a,b|:= £(ab+ba) is the symmetrized product, introduced in order to 
obtain self-adjoint operators. The commutation relations are 

[^>(a) ) 1 = j &ta-s.') • (4.15) 

The quadratic Hamiltonian (4.12) can be diagonalized as before (Fourier 
transformation of and y this time in Lagrangian variables), yiel¬ 

ding 

^° L = l£ k n k (4.16) 

k 

apart from the zero point energy. Here n^ is the number of Lagrangian 
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phonons of wave number k , their energies £ ^ being again given by 
(4.B). The average velocity (4,14) takes the value 


□ 

J±sL 


= ■ snr ZI % n k + ••• 

\ o k — 


(4.17) 


Now a translational motion at uniform velocity is super¬ 

imposed. Each atom that before had a velocity j/ now has a velocity 
— + Hl_ • From (4.13) and (4.17) the momentum and the average velocity 
nou become 


? 
- L 


> VU. 
o -L 


(4.IB) 


which 
gy is 



can be treated as a c-number in this approximation, 
= ^ L + Ml T l + ^ = + ^ ?o U -L » 


(4.19) 

and the ener- 


since p° = 0 , or 

= Z e k n k + * <?„• (4 * 20) 

k 

Equations (4.18)and (4.19)show that Lagrangian phonons have ze¬ 
ro momentum, but give a contribution (-(l/^> o V)fik per phonon) to the 
average velocity. These results are the quantum analogs of the classi¬ 
cal equations (2.IB) and (2.19). 


5. TUO-FLUIO EQUATIONS 

Ue consider liquid He II at temperatures below 0.6°K , where the 
thermal excitations consist entirely of phonons. Since their wavelength 
is considerably larger than the interatomic distance they can be ob¬ 
tained in a good approximation from a continuum theory, and our results 
of Section 4 can be applied. 

Ue start with some kinematic considerations. If the background 
medium carrying a phonon is at rest, isotropic conditions prevail and 
the energy £^ depends only on the magnitude k of the vector k 
(compare (4.67). If, however, the background is moving with a velocity 
ij with respect to the laboratory frame of reference, the wave vector 

k (whose magnitude is 2t divided by the wavelength and whose direction 
is perpendicular to the wave fronts) stays the same, 

k' = k , (5.1) 

whereas the energy of the phonon in the laboratory frame will be 
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f i = 

c k 


Us 


(5.2) 


This is just the formula for the Ooppler shift, 

■k = "k + t H s . 


(5.3) 


multiplied by "H , and is independent of whether a momentum is associ¬ 
ated with a phonon or not. 

The crucial point now is that ij , the velocity of the back¬ 
ground, in (5.2) and (5.3) is not only due to a uniform translational 
motion of the background medium, but there may be additional contribu¬ 
tions from all the small ripples of the other phonons present, leading 
to average velocities (average in the laboratory frame, i.e. in local 
coordinates) as we have calculated them in Sections 2 and 4. Therefore 
ij in (5.2) and (5.3) has to be identified with (4.10) for Eulerian 
or with (4.19) for Lagrangian phonons, the n£ s being the occupation 
numbers of the other phonons. — 


Since the total energy, E 1 = n |j( f: | < + ^Jik s )» and the sum of 

the wave vectors, K = n. k , are conserved in collisions between 

& a. 

phonons in a liquid, the general canonical distribution is 


- ( E 1 -u •1‘iK) /k pT 

9 = Ce > 

where ju^ is an arbitrary vector. By the general methods of statisti¬ 
cal mechanics, one concludes that in thermodynamic equilibrium the 
mean phonon number is given by 


< n k> 


[e 


(e, +u )/k d T 

v k -s-n —' B 


n - 1 


(5.4) 


The physical meaning of is that of the drift velocity of the pho¬ 

non gas. The mean wave vector density of the phonons in thermal equi¬ 
librium is 


1 

T7 


z 

is 


^< n k> 



I 


d 3 kk <n k > 



(5.5) 


The last equation defines , the so-called density of the 

component in the two-fluid model. 

In order to deal with transport phenomena the phonons 
taken as wave packets with a distribution function f(x.,k,t) 
the Boltzmann equation [4],[5], 

2 f ? f • 2f‘ ,9f, 


TT 


f • or ; / d fv 

j * - i)k— et' 


c>t'coll 


normal 

are to be 
obeying 

(5.6) 


where (compare (5.3)) 



(5.7) 


2u)' 

k 

Ti T~ 
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'K 

7T + —s 


is the group velocity at which the wave packet travels in the labora¬ 
tory frame, and k can be found on purely kinematic grounds by using 
the geometric meaning of the wave vector (without any reference to fik 
being a momentum), yielding [3),[7) 

. b w,. 


k = 


>Y 


v p - 2 (-s' 


(5.B) 


Expression (5.4), divided by the volume, may still be a good approxi¬ 
mation for f(x_,k,t) if u s , u n , T (and also ^> o ) are functions of 
21 and t , corresponding to local thermal equilibrium. 


The two-fluid equations are just the balance equations (always 
written in local coordinates) for the following conserved quantities: 


(i) energy of the phonons, 

(ii) wave vector of the phonons, 

(iii) momentum of the liquid as a whole, 

(iv) mass. 


In order to obtain the balance equations for (i) and (ii), one 
multiplies the Boltzmann equation (5.6) by the collisional invariants 
£ and k , respectively, and integrates over k [4],[5l. The right 
hand sides vanish. No difference arises between Eulerian and Lagrangian 
phonons, and the resulting two-fluid equations are the same. If irre¬ 
versible effects and nonlinear terms in the velocities are neglected 
they read [4] 


and 


TT = - dlV/(S -n* 


2 ? n (a n -Hs) 

-3"E- = " 3 2 . T • 


(5.9) 


(5.10) 


where S is the entropy density. These results can also be obtained 
without reference to the Boltzmann equation (3],[7], 

In order to deal with (iii) the expression for the momentum den¬ 
sity of the whole liquid (phonons + background medium) is needed. In 
the presence of Eulerian phonons it is according to (4.9) and (5.5) 
(assuming local equilibrium) 

f o —E + ?n i±s> * 


Since 


Uj- = u g by (4.10), the momentum density is 

a u + p (u-u ) = p_u_+o„ u_ , 

\ o —s i n v —n —s' in-n is- a ’ 


(5.11) 
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where the usual definition := of the so-called density 

of the superfluid component has been employed. 

In the presence of Lagrangian phonons the momentum density of 
the whole liquid is, according to (4.IB), y Q . However, by using 
(4.19) and (5.5), we obtain 

V o Ml = S 5 o Ms ♦ V n ( !V -s) = ^ n -n + ?s -s ’ 

i.e. again expression (5.11), So in both cases one obtains the momen¬ 
tum balance equation [5] 

7t ( ?nHn + ? S M S ) =0 , (5.12) 


where 77 is the momentum flux tensor. If irreversible effects are neg¬ 
lected (5.12) reduces to [3],[4] 


“St ( S'n !±n + ?s H s ) ♦ Z P = 0 (5 * 13) 

with p being the pressure. 

Finally, we have to consider the conservation of mass (iv). It 
is described by the equation of continuity 


UI 2 = _div/ i 


(5.14) 


where j is the mass current density. Thus one has to find j_ in the 
two cases. However, for a system of massive particles, mess current 
density and momentum density are the same thing. Therefore, is gi¬ 

ven by Eq.(S.ll) in both cases, and (5.14) can be written in the form 





(5.15) 


Ue can conclude that the whole set of two-fluid equations is 
identical for Eulerian and Lagrangian phonons. For the reversible equa¬ 
tions (5.9), (5.10), (5.13) and (5.15) this has already been shown in 
[7] and [Bl . 
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SQUEEZED STATES OF LIGHT AND SOUND 


Iwo Bialynicki-Birula 

Institute for Theoretical Physics> Polish Academy of Sciences 
Lotnikow 3S/46, 0S-66B Warsaw, Poland ' 


I. INTRODUCTION 

The description of light and sound in quantum theory is very simi¬ 
lar. Both these phenomena may be viewed as resulting from the motions 
and transmutations of the corresponding quanta: photons and phonons. 
Alternatively, both can be described in terms of coupled harmonic oscil¬ 
lators. After the decomposition into the normal modes, these oscillators 
become decoupled. In the language of the normal modes the description of 
photons, phonons and also other elementary excitations is mathematically 
identical as long as we can neglect the interaction of these excitations 
leading to their transmutations via various nonlinear processes. The big 
physical difference, of course, is that for the photons in the vacuum, 
the nonlinear effects (due to the phenomena of the vacuum polarization) 
are negligible even for the highest available beam intensities whereas 
for the phonons their free propagation (ballistic phonons) is achieved 
only under exceptional conditions (low temperatures, perfect crystals 
etc.). In these lectures I shall only deal with the description in the 
harmonic approximation, when the harmonic oscillator serves as a univer¬ 
sal model of every (bosonic) elementary excitation. Using this very mod¬ 
el, I would like to discuss the squeezed states of the quantized harmon¬ 
ic oscillator, which have recently come into prominence in quantum op¬ 
tics. In view of the universality of the harmonic oscillator model, the 
squeezed states of the phonons and other ”-ons" are easily envisaged. 

The general definition of a squeezed state of a harmonic oscillator 
or of a harmonic mode of any vibrating system is based on the values of 
the dispersions of the two canonically conjugate variables: x and p for 
the harmonic oscillator or their counterparts for the harmonic modes. If 
either of these values is lower than the ground state value (or the vac¬ 
uum value), we call the state for which it happens: the squeezed state. 
The name squeezed state can be understood with the help of the distribu¬ 
tion function representing the state in question in the phase space. 
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I shall discuss it later in terms of the Wigner distribution function. 
The definition of the squeezed state given above is very broad. Almost 
in any family of quantum states that is characterized by a set of 
parameters we will find some squeezed states for certain values of these 
parameters. For example, Wodkiewicz, Knight, Buckle, and Barnett (1987) 
found squeezed states among the states that are formed by superposing 
several photon number states. I will go in a different direction and 
look at squeezed states as natural generalizations of the coherent 
states. This will lead us to the states described by Gaussian wave func¬ 
tions. Ordinary coherent states belong, clearly, to this category but 
they do not exhaust all such states. 

II. GAUSSONS OF THE HARMONIC OSCILLATOR 

The states described by Gaussian wave functions are exceptional in 
several ways. They saturate the Heisenberg uncertainty relations and the 
entropic uncertainty relations (Bialynicki-Biru1 a and Mycielski 1975). 
They are the only states for which the Wiqner distribution function is 
positive everywhere (Hudson 1974), i.e. they are as classical as possi¬ 
ble. This last property makes them also very useful for the discussion 
of the classical limit of the quantum theory (Bialynicki—Birula 1971, 
Hepp 1974). 

What makes the Gaussian states a natural generalization of the co¬ 
herent states is the mechanism of their formation. The coherent states 
are produced by applying an external, time—dependent force to the oscil¬ 
lator in its ground state or the field in its vacuum state. The states 
of the harmonic oscillator described by Gaussian wave functions, on the 
other hand, are produced when the freguency of the applied harmonic 
force is time dependent. The transition from the regime producing the 
coherent states to the regime producing the Gaussian states of the os¬ 
cillator corresponds, therefore, to the transition from ordinary reso¬ 
nance to parametric resonance. When we pass from the quantum mechanical 
oscillator to the oscillator-like harmonic modes of a quantum field - 
electromagnetic or acoustic - the quantum states of the field corre¬ 
sponding to the states of the oscillator described by the Gaussian wave 
functions give us an interesting class of squeezed states with unique 
mathematical and physical properties. They certainly deserve the name of 
ideal squeezed states, but some authors .just restrict the name squeezed 
states to these exceptional states. In my lecture, I shall also discuss 
only the Gaussian states. I will call these states Gaussons of the elec¬ 
tromagnetic field, partly to avoid the term Gaussian which is used in 
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optics in a different context (Gaussian beams) and partly for historical 
reasons, because that was the name we introduced for the Gaussian solu¬ 
tions of the Schrodinger equation with the logarithmic nonlinearity 
(Bialynicki-Birula and Mycielski 1976). 

Gaussons of the electromagnetic field were more and more frequently 
discussed in the literature over last twenty years in the simplest con¬ 
text of one or two relevant modes of the radiation. For a detailed anal¬ 
ysis of the mathematical properties of one and two mode squeezed states 
I refer the reader to a paper by Schumaker (1986), whereas the applica¬ 
tions to optics are discussed in a review paper by Yamamoto and Haus 
(1986). 

In my lecture I would restrict myself to a general discussion of ge¬ 
neric squeezed states (Gaussons) first for multidimensional harmonic os¬ 
cillators and then briefly for the full electromagnetic field. I shall 
follow here to some extent my earlier contribution on that subject 
(Bialynicki-Birula 1986). 

Already in the very early days of quantum mechanics it was found 
(Kennard 19S7) that oscillating Gaussian wave packets become exact solu¬ 
tions of the Schrodinger equation when the real and the imaginary parts 
of the quadratic form in the exponent are given a proper time depen¬ 
dence. Kennard’s solution was the first example of a squeezed state. I 
will generalize here this result to the n-dimensiona1 harmonic oscilla¬ 
tor, where some new phenomena will appear. 

Let us consider the Schrodinger equation for such an oscillator 


i 3 t 'l'(r ,t) = Jj(-A + r*£2 2 *r) iMr.t), 


(1) 


where A is the n-dimensional Laplacian and the n x n frequency matrix jj 
is positive but otherwise quite arbitrary; it may even be time depen¬ 
dent. The most general Gaussian wave function can be described in terms 
of a complex symmetric matrix and a complex vector. From the 
norma 1izabi1ity of this wave function it follows that the real part of 
this matrix is positive definite. After some simple rearrangements, this 
wave function can be written in the form 


i|)(r) = N exp[-Js(? - f).(A + i B) - (r - f) + iir-r], (2) 

where the two symmetric matrices A and B and the two vectors J and it are 
all real. The new parameters \ and it have now a simple physical inter¬ 
pretation of the mean position and the mean momentum vectors, respec¬ 
tively. This is seen, for example, from the form of the Wigner function 
corresponding to the wave function (S), 
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W(r,p) = ir' 2 exp[-{r - f) (A + BA _1 B) (r - f) 

-(p - S)*A' J <P - it) - 2 (r - f) *BA~ 1 •( p - it)] . (3) 


This distribution in the phase space is, in general, not only shifted 
and squeezed as compared to its form corresponding to the ground state, 
but also rotated with respect to the r and p axes. 

All the properties of state described by the Gaussian wave function 
can be expressed in terms of its parameters. For the average values of 
some of the important physical variables we obtain 


= it 2 + J*Tr(A + BA _1 B), 

(4a) 

= |-R 2 -t + hTr{M~ *£2) , 

(4b) 


<r . p, - 

l r k 


r vP 


• > = £■", - £,*, + SitB.A' 1 ]. 


ik ' 


(4c) 


In all the quadratic variables, in addition to the classical part built 
from the average positions and momenta, we also have quantum correction 
built from the matrices A and B. 

The time evolution of the wave function can also be expressed as a 
set of equations for its parameters 


I 




t? = -£2 2 -f 


(5a) 


A = AB + BA, 


B = B 2 - A 2 + £2 2 . (5b) 


These equations are equivalent to the original Schrodinger equation for 
the wave functions of the Gaussian form. The solutions of these equa¬ 
tions describe the Gaussonss oscillating and moving around, but 
non-spreadinq Gaussian wave functions. The equations of motion for the 
center of mass variables f and tt are completely decoupled from the equa¬ 
tions for the matrices A and B describing the internal degrees of free¬ 
dom . 

It may be interesting to observe that not only the equations for the 
center of mass motion can be viewed as canonical equations of a 
Hamiltonian system - a well known fact from classical mechanics - but 
that the same is true for the equations describing the internal motion. 
This is achieved by choosing the average quantum energy of the system as 
the Hamiltonian of the system. 
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H = <E> = %{tt 2 + f*fi 2 -f) + %Tr (A + BA' l B + RA‘ *«) , (6) 

and by identifying the independent elements of the symmetric matrices A" 1 
and B as canonical coordinates and momenta, respectively. 

The general solution of the equations of motion for the center of 
mass variables are well known from classical mechanics. In the simplest 
case> when the freguency matrix R is time independent) the general solu¬ 
tion of the set of two coupled nonlinear equations for the matrices A 
and B can also be written in a closed form. To this end I shall rewrite 
the equations of motion in terms of the original complex matrix 
K = A + iB, 

K = -IK 2 + in 2 , (7) 

This equation can be linearized by the following Ansatz 

K (t) = nD- 1 (t)N(t), (8) 

where N and D are two complex matrices satisfying the equations 

N = iD n , D = iN n . (9) 

From the general solution of these linear equations we can immediately 
construct the general solution of the equation for K* 

K(t) = (cosRt + i K q R" i rf2t) " 1 ( KqCO £2t + iRsinRt), (10) 

where K is the initial condition. 

0 

In one dimension this is just the solution obtained by Kennard, but 
in more dimensions, if only the matrices A and B do not commute, their 
time dependence may be quite intricate. This means that the shape of the 
Gausson will be changing in time in a complicated manner as its center 
follows a trajectory of a classical harmonic oscillator. All this 
"breathing and tumbling" of the Gausson may be viewed as a generaliza¬ 
tion of simple squeezing for a single mode of radiation i.e. for a one 
dimensional oscillator. 

There is only one static solution of the evolution equation for K, 
namely K = R . Ordinary coherent states are obtained when this solution 
is combined with any choice of the center of mass variables: the compo¬ 
nents of the complex vector j? + i t r are to be identified with the 
eigenvalues of the annihilation operators in the standard definition of 
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the coherent states. As seen from the formulas (3b-3d>, all the quadrat¬ 
ic physical variables for the coherent state have their average values 
given by the corresponding classical expressions (up to additive con¬ 
stants). This ceases to be true for general Gausson states for which the 
fluctuations in the r and p variables are time dependent and not just 
equal to their ground state or the vacuum values. 

The production of general Gausson states from the initial ground 
state requires a time dependent parametric coupling or, in other words, 
a time dependent frequency. A time dependent external force will only 
produce ordinary coherent states of the harmonic oscillator. 

III. GAUSSONS OF THE ELECTROMAGNETIC AND THE ACOUSTIC FIELD 

All that I said about the Gaussons of the harmonic oscillator in n 
dimensions applies without modifications to the Gausson states of vari¬ 
ous bosonic excitations treated in the harmonic approximation. The quan¬ 
tum theory of such excitations is in its mathematical form equivalent to 
the quantum mechanics of the harmonic oscillator. We usually write down 
the Hamiltonian as a sum of the contributions representing different 
normal modes of the system, 

H = kl(P 2 a + Q*). (11) 

In order to make the correspondence with the previous analysis as close 
as possible I shall use the wave functions in the Schrodinqer represen¬ 
tation instead of a more commonly used Fock representation (photon or 
phonon number states) to describe the states of the system. In the Fock 
representation the connection with the Gaussian wave packets is not 
transparent and some nice features, in my opinion, are not clearly seen. 
In the Schrodinqer representation the quantum state of the system is 
described by a wave function depending on all the coordinate—1ike vari¬ 
ables Q . Should I have named these coordinates r-, this theory would be 
a 1 

indistinguishable from the theory of the harmonic oscillator in quantum 

mechanics. I will keep this notational distinction, however, to remind 
us of a different physical content in the two cases. 

The general description of the Gaussons of the electromagnetic field 
has been given in my previous publication (Bialynicki—Birula 1986) and 
their production by space- and time-dependent material coefficients is 
discussed elsewhere (Bialynicka-Birula and Bialynicki-Birula 1987). Here 
I shall restrict myself to the simplest case when the matrices A and B 
are present and owing to their noncommutativity we may encounter some 
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new and interesting phenomena. I will consider a two-mode state of ei¬ 
ther the photon or the phonon field with the two modes having the same 
wave vector and differing only in their polarization. Such states can be 
studied with the use of only two terms in the Hamiltonian (10) repre¬ 
senting the energy of the two relevant modes! the system is effectively 
a two-dimensional harmonic oscillator. The general Gausson state of such 
a system is characterized by the two amplitudes constructed from the 
average values of the position and momentum variables - the same as for 
coherent states - and by two two-dimensional real matrices A and B. They 
are egual to the real and the imaginary part of the complex matrix K 
obtained by specializing the general solution (9) to the present situa¬ 
tion (k is now a S x S matrix and u) is the wave frequency) , 

K(t) = (cosuit + i K 0 u>” 1 s i nuit) “ 1 ( K Q cosu)t + iuisinuit), (12) 

This solution describes a sgueezed state whose sgueezings in the direc¬ 
tion of each polarization oscillate with the freguency of the wave. One 
special case is particularly interesting since it describes a pure rota¬ 
tion of the ellipse representing the sgueezed state in the plane perpen¬ 
dicular to the wave vector. Such a solution has the form 

K = u) + Kae - ^ 1a) *, k<ui, (13) 

where O is the following linear combination of the Pauli matrices 

a = a 3 + loi, a 2 = 0. (14) 

When this form of the matrix K is combined with the circularly polarized 
wave describing the average field (the center of mass motion in the lan¬ 
guage of the harmonic oscillator), we obtain a state which will have 
an exceptional property: in the frame of reference co—rotating with the 
average field it will be permanently squeezed in one direction. For ex¬ 
ample, we can produce in this manner a wave whose electric field will 
have at all times a smaller spread than in the vacuum. In order to see 
this I write down below the probability density for the wave function 
(2) of the two-dimensional oscillator in which the matrix K is of the 
form (12) and the average trajectory describes a rotating motion 

p(x,y,t) = exp[-(co + k) (x coscot + y sinwt - a) 2 

- (u) - K)(y coscot - x si nut.) 2 ], a = |f| . (15) 

When expressed in terms of the rotating variables x(t) and y(t)> the 
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probability density becomes 

p (x (t) ,y( t)) = ex p [ - (to + <)(x(t) - a) 2 - (w - K)y 2 (t)]. (16) 

Using the methods developed in a related context (Bia1ynicki-Birula and 
Mycielski 1979), one can prove that the solutions (13) are the only ones 
which represent a Gausson that is undergoing a steady rigid rotation. 
Thus, we can permanently reduce the spread in one of the guadrature com¬ 
ponents, but at most by a factor of /?, regardless of the value a of the 
amplitude of the average oscillations. For the circularly polarized 
electromagnetic waves we can achieve in this way a permanent reduction 
below the vacuum value of the guantum fluctuations, say, of the electric 
field. For the acoustic waves the circular polarization is not usually 
considered, but for uniaxial crystals it should in principle be possi¬ 
ble. The permanently sgueezed state with lower than the ground state 
value of the guantum fluctuations of the displacement can in that manner 
be constructed. 

I have shown in this lecture that there is an advantage in using the 
coordinate representation of the wave function in the description of the 
sgueezed states. The sgueezed states of photons, phonons and othere har¬ 
monic excitations can be related to Gaussian wave functions of the har¬ 
monic oscillator in one or more dimensions. This simple mode of descrip¬ 
tion of the sgueezed states does not by itself solve any important phys¬ 
ical problems concerning the production and the applications of these 
states, but helps to understand the basic physical principles involved. 
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ULTRASHORT TRANSIENT DYNAMICS OF PHONONS AND ELECTRONS IN 
SEMICONDUCTORS 


W.E. Bron 

Department of Physics 
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Irvine, CA 92717, USA 

1. Introduction 

The field of phonon and electron dynamics in solids, and in semi¬ 
conductors in particular, has rapidly expanded in recent years. 
Progress has been spurred through the advent of pulsed laser light 
with time duration from microseconds all the way to the femtosecond 
(10 -15 s) regime. These ultrashort duration laser pulses have been 
used to generate nonequi1ibrum primary excitations of the electronic 
and vibrational states of the solid, and, moreover, to study, directly 
in time domain, the decay of the primary excitations into secondary 
excitations and eventually the return of the solid to thermal equil¬ 
ibrium. 

This field of research is barely one decade old but has already 
blossomed into a literature much too extensive to be covered in detail 
here. I have chosen instead to cover the subject in terms of a series 
of illustrative examples. 

2. Theoretical Background 

2.1 Phonons 

It is important from the start to be aware of the natural time- 
scale associated with phonon dynamics; namely, the "lifetime" over 
which the excitations exist. It is now known that the lifetime of 
optical phonons in a simple solid is of the order of picoseconds, 
whereas those of acoustic phonons varies strongly with phonon 
frequency (v) and phonon branch. Typically, the lifetimes (t) of 1 
THz longitudinal acoustic (LA) phonons is of the order of microseconds 
and varies with the inverse fifth power of the frequency [1], such 
that t(v) ~ 10 54 v -5 . On the other hand, in the absence of any 
impurity scattering it has been postulated that some transverse 
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acoustic (TA) phonons in the dispersive regime may have lifetimes of 
the order of seconds [2]. 

The above noted "lifetimes" arise primarily from anharmonic pro¬ 
cesses involving three-phonon interactions provided that the phonon 
energy Mu << kgT^ (k B is the Boltzmann constant, and T A is the 
ambient temperature and ft refers to h-bar. 

The rate, r, at which a given nonequilibrium phonon (with wave- 
vector a and energy u q ) decays into secondary excitations is governed 
by the strength of the three particle interaction; namely. 


r(q,u q ) = 2 it 


l 4 3 ^^T 6( “a-“o'-“a"H 1+n T ( “a' )+n T ( “q" ) l * 


q'q" 


u„u. 

q q q 


(i) 


In Eq. (1) u q ,w q ,,u q „, refer to energies of, and q,q',q'' refer to the 
wavevectors of, the three phonons involved, Vqqiqii is the appropriate 
matrix element for the third order anharmonic process, and at thermal 
equilibrium n T (u ql ) = (exp (ftu q ,/kgT)-1) 1 . 

Several attempts [2-6] have been made to reduce Eq. (1) to analyti¬ 
cal expressions which can be compared to experimental results. It 
will be of interest for later discussions to note some of the simplest 
of these analytical expressions. A case in point is a phonon of given 
frequency u and belonging to the longitudinal acoustic, LA, dispersion 
branch decaying into two phonons of lower frequency, one belonging to 
the LA, and the other to the transverse acoustic branch, TA. For this 
case an analytic expression has been formulated by Orbach and Vredevoe 
[2] from a perturbative treatment of the anharmonic lattice. In this 
formulation the anharmonic interaction is described in terms of linear 
combinations of second- and higher-order elastic constants, C^, and in 
terms of the density of states available to the decay phonons which is 
taken to be that of an isotropic dispersionless Debye solid. It is 
found that 


. K[ (C.+C + | (C,+C )] 2 2 2 3 5 

t _ 1 (u) =- r ' s - h -— (1 -p » <p -p + 

16x p v^ v fc 


( 2 ) 


In equation (2), T A is assumed to be 0°K, p is the mass density of the 
crystal in which the phonons propagate, v^ and v^ are, respectively, 
the propagation velocity of phonons belonging to the LA and TA bran¬ 
ches, and p = v t /v Jl . It is important to note at this point that the 
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LA phonon lifetime varies with frequency as u i.e., high-frequency 
LA phonons are predicted to decay much more rapidly than low-frequency 
phonons. The frequency dependence indicated in equation (2) has re¬ 
cently been partially verified by Baumgartner et al. [2] for CaF 2 for 
phonons with v < 3.5 THz. 

A related expression has been formulated by Klemens [6] for the 
spontaneous decay of a LA phonon into two TA phonons. In this case it 
is found, again for T ft -» 0, that 

-1, . _ 3it 2.Hu . ,u .3„ ( 3 % 

t (u) = - y co (—*) (—) p 

4/1 Mv^ “o 

in which M is the atomic mass, and y is the Grueneisen constant. 

The above expressions describe the decay of nonequilibrium LA pho¬ 
nons in an ambient environment in which the temperature T^ >» OK. In 
an experimental technique, to be described later, it is possible to 
lift this constraint on T A which can then take on any value. 

Moreover, in this case it is the spontaneous decay of optical phonons 
into pairs of lower energy acoustic phonons which is probed. An 
approximate analytic expression for the decay time of optical phonons 
in a crystal held at any temperature has been obtained by Klemens [5], 
and is 


-1 
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o 



fttl) 

a 3 u 
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Mv 15 

v 3 
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x [ (n Q + l) (n'n’’)-n o (n'+l) (n" + l)] 


(4) 


in which the subscript o stands for the optical phonon which decays 
into two acoustic phonons denoted by superscript prime and double 
prime, Vg is the group velocity of the acoustic phonons, a 3 is the 
volume per atom, the n is the phonon occupation number, and J is a 
number between 1 and 6. One word of caution. Expression (4) was 
derived for a monoatomic lattice, such as crystalline silicon. The 
expression cannot be expected to be directly applicable for diatomic 
lattices as, for example, GaAs, etc. 

Phonons also scatter elastically from crystal imperfections such as 
isotopic and foreign-ion impurities. Theoretical expressions for the 
scattering rates at point imperfections are in general quite compli- 
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cated. a qualitative insight into the scattering probability can, 
however, be gained through the assumption that the scattering is of 
Rayleigh type [4], that the crystal is an isotropic dispersionless 
Debye solid, and that the disturbance is limited to the local change 

in mass, AM. Under these assumptions the elastic scattering rate, 

*-l 

t , becomes 

t* - 1 = (N/n) (AM/M) 2 co 4 (4itv 3 ) -1 (5) 

in which N is the defect concentration, t) is the number of atoms per 
unit volume, and v is the average group velocity of the acoustic pho¬ 
nons, Note should be taken that high-frequency phonons are predicted 
to be also elastically scattered more strongly than low-frequency 
phonons. 

It is worth noting further that, according to equation (5), elastic 
impurity scattering of acoustic phonons can be approximated by 
x* » a*co - 4 , whereas equations (2) and (3) predict that spontaneous 
anharmonic scattering of LA phonons can be approximated by x » Au 
Average values of A*, obtainable from the literature for crystals con¬ 
taining « 100 ppm imperfections, are of the order of 10^^ s As has 

already been noted above, A is found in insulators to be typically of 
the order of 10 -54 s -4 . On the assumption that the phonon propagation 

O _ I 

velocity is approximately constant and equal to 5 x 10 ms , one 
concludes that the mean free path against impurity and anharmonic 
scattering is much less than the dimensions of typically sized samples 
only if the phonon frequency v > 1 THz. 

Optical phonon lifetimes against anharmonic decay typically lie in 
the picosecond regime, and thereby dominate the observable transport 
properties of these phonons. 


B.2 Electronic Carriers 

The primary electronic excitation to be considered here is that 
produced in a semiconductor by photoexcitation of an electron from the 
valence band to the conduction band as is illustrated by the dark 
vertical arrow in Fig. 1. A "hole" is simultaneously produced in the 
valence band. This nonequilibrium excitation then decays into 
secondary excitation, and eventually returns to the ground state 
through electron-hole recombination. 

A number of sign-posts exist in our knowledge of these dynamics. 

For example, it has been known for some time that highly excited free 
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Excitation and decay 
processes for a hypo¬ 
thetical semiconductor 
with a simple band 
structure. 


carriers, i.e., electron-hole pairs, in polar semiconductors decay 
into lower energy states via the emission of low wavevector, longi¬ 
tudinal optical (LO) phonons primarily through the so-called "Frohlich 
Interaction" [7]. The decay proceeds through a cascade of carrier- 
phonon interactions eventually producing an electron-hole plasma (gas 
or liquid) at some minimum of the conduction band [8], followed by 
electron-hole recombination. Figure 1 is an illustration of the 
excitation and decay in a hypothetical direct gap semiconductor with 
simple parabolic bands. 

There are a number of auxiliary features to note in connection with 
the dynamics of the decay process. For typical polar semiconductors 
the electron effective mass is approximately m* ~ 0.25 m g [9], This 
means that the curvature of a simple parabolic conduction band is such 
that the LO phonon which can interact with an electron in the cascade 
must possess a wave vector, q, of the order of 10^ cm - *- and that this 
value needs to change as the cascade proceeds. This conclusion holds 
true for electrons with energies of up to 20 LO phonon energies above 
the band minimum. As will be discussed later, measurements of the 
decay by time resolved, incoherent Raman scattering, or by multiple- 
wave mixing experiments, such as the CARS method, all need to be per¬ 
formed in the backward scattering geometry if phonons with such rela¬ 
tively high wavevectors are to be detected. The effects of more com¬ 
plicated band structures has also been considered [6]. 

It has also been predicted [7] that the average time interval be¬ 
tween successive steps in the cascade is of the order of 100 to 200 
femtoseconds which is shorter than the carrier-carrier scattering time 
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in semiconductors with carrier concentrations of less than 10*-^ cm - "* 

m. 

The interaction of phonons with the electron-hole plasma, on the 
other hand, is not well understood. It has been found [10] experi¬ 
mentally in GaP that the LO phonon frequency increases as the plasma 
concentration exceeds about 0.5 x 10*-® cm'*, but that little effect is 
observed below that concentration and that, curiously, no change in 
the phonon lifetime is observed up to concentrations of about 5 x 10*"® 
cm - ®. The observed frequency shifts have been attributed to coupled 
plasmon-phonon modes. 

We have already noted that in polar semiconductors, such as GaP, 
that the LO phonons themselves decay into acoustic phonons in times of 



The variation of the ob¬ 
served phonon distribu¬ 
tion, n(w,R,T), with 
phonon frequency. Cir¬ 
cles are data points. 

The solid line is a best 
fit Planck distribution 
to the data. 
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the order of picosecond and that the dominant decay mechanism, at 
least at low temperatures, are three-phonon anharmonic processes. 
Finally, a recent investigation [11] on systems which contain an 
electron-hole plasma with concentration less than 0.5 x lO - ^- 8 cm -3 , 
indicates an additional effect is present, namely, that the strength 
of nonlinear phonon generation, such as coherent Raman excitation 
(CRE), is effected by the presence of the plasma. 

It should already be apparent to the reader that the dynamics of 
electrons and phonons in these materials exhibits many interesting and 
multifaceted properties. 


3. Experimental Results and Discussion 

3.1 Acoustic Phonon Transient Dynamics 

A general review of the experimental methods to be illustrated here 
may be found in reference [12] and [13]. 

Research in the field of transient phonon dynamics arises from the 

early experiments on nonequilibrium phonon transport by the heat pulse 

method. This important step was taken by von Gutfeld and Nethercot 

[14]. The heat pulse technique differs from thermal conductivity 

measurements in that a nonequilibrium short-duration pulse of phonons 

is transported across the solid rather than a steady-state thermalized 

phonon distribution. The technique's primary advantage is that the 

"time of flight" for phonons to traverse a solid sample can be 

directly measured and which, since the length of a given sample is 

constant, translates into a measurement of the effective phonon group 

velocity, v_. Moreover, since v is normally different from longi- 
y y 

tudinally and transversely polarized phonons, the technique permits a 
separation of the phonon distribution into polarization (dispersion) 
branches. 

The "heat pulse" technique has a number of drawbacks. First, the 
method does not resolve the spectral content of the heat pulse; in 
fact, the very words "heat pulse" involves an assumption that the 
phonons in the pulse possess a Planck frequency distribution even 
though the pulse itself is not in thermal equilibrium with the host 
crystal. Moreover, the technique possesses no spatial resolution 
since the heater film and phonon detector are fixed to opposing faces 
of the sample. 

These constraints were removed by the introduction of the vibronic 
sideband phonon spectroscopy (VSPS) [15] . The basis for the technique 
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Figure 4 


Variation of the mode 
temperature as a 
function of phonon 
frequency, detector dis¬ 
placement, z, and 
elapsed time, t. The 
inserts contain the 
values of P, t, and z. 
Note that the elapsed 
time increases in the 
series 4a to 4d. 


has been reviewed elsewhere [12] and will not be discussed further 
here. Let it suffice to point out that this technique permits reso¬ 
lution of the spectral, spatial and temporal distribution of the heat 
pulse in any nonequilibrium phonon distribution. The technique which 
uses optical sources as phonon generators and/or detectors has been 
applied to a number of problems [13]. I will here illustrate the 
application of VSPS to the case of phonon dynamics in dispersive 
media, specifically, to the case of quasidiffusion. 

The term "quasidiffusive" phonon dynamics was coined by Kasakovtsev 
and Levinson [16-18] to describe a new transport mode which nonequili¬ 
brium phonons undergo in a dispersive medium in the presence of 
anharmonic phonon-phonon interactions. The special requirement of 
"quasidiffusive" vs. "quasibal1istic" transport is that in the former 
the rate of elastic scattering t* -1 is faster than that for anharmonic 
scattering and vice versa. 

Unfortunately , space does not permit a discussion of our first 
experiment on "quasidiffusion" [19] in which monochromatic phonons 
were injected into a sample of sapphire containing V 4 + ions which acts 
as phonon scattering sites. 

We turn, instead, to quasidiffusive transport of a broadband phonon 
distribution [20]. In fact, we return to the case, discussed earlier, 
of phonons generated by the "heat pulse" method and propagating in a 
sample of SrF 2 :Eu 2+ . Moreover, we again apply the vibronic sideband 
spectrometer to obtain a more quantitative evaluation of the phonon 
transport than was available to Bron and Grill [15] . 

Before proceeding we briefly review the characteristics of quasi¬ 
diffusive transport extracted from the experiment using monochromatic 
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phonons. Among these characteristics are: (1) as a result of the 
strong elastic scattering, the high frequency component of the phonon 
distribution undergoes random deflections and, accordingly, propagates 
diffusively, hence (ii) the high frequency component propagates only 
slowly away from the phonon source, and (iii) since anharmonic pro¬ 
cesses are present, the spectral composition of the phonon distri¬ 
bution changes with time, and consequently since r* is a strong func¬ 
tion of v, the effective diffusion rate changes with time and dis¬ 
placement from the phonon source. 

The experimental arrangement employed is similar to the one used by 
Grill and Bron [15]. Major refinements were achieved, however, in the 
signal to noise recovery. This procedure (see equation (2) of refer¬ 
ence [15]) makes it possible to report the absolute (rather than rela¬ 
tive) values of the phonon distribution function n(u,R,t), for phonons 
of a given frequency co, at various positions R relative to z=0 and at 
any time t after t=0. Alternatively, we may transform to the "mode 
temperature" T(io,R,t) since 

T(w,R,t) = 5^ Un(n(w,R,t) -1 + l)] -1 . (6) 

As in the previous work, the actual signal recovered is the vibronic 
sideband intensity when the broadband phonon distribution is present 
less that when only ambient phonons are present. Thus to within 
linear effects, only the signal due to the nonequilibrium phonon 
distribution is observed here. 

Figure 2 is an example of the observed vibronic sideband signal 
intensity plotted as a function of the elapsed time after the heater 
pulse has been injected at t=0, z=0. This "time of flight" spectrum 
was measured for v = 1 THz, at a detector column located at z=0.3 mm, 
after a voltage pulse of 40 ns duration, such that a peak power, P, of 
1.8 KW, was passed through the heater film. The lack of sharp struc¬ 
ture plus the broad temporal distribution of this signal is usually 
assigned to "diffusive" phonon propagation brought on by elastic scat¬ 
tering at lattice imperfections. We now show, however, that other 
experimental evidence requires that anharmonic scattering processes 
are also present. Figure 3 is an example of the observed phonon dis¬ 
tribution function, n(co,R,t), here presented as a function of v, as 
observed immediately behind the heater after 80 ns have elapsed after 
a 4.3 KW (40 ns duration) pulse was passed through the heater film. 

The solid line is a best fit to a Planck distribution (T=22.2 K). 

Note n(w) for small phonon frequencies reaches values greater than 
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0.3. Also note that the overall agreement with a black body distri¬ 
bution is good, but that definite deviations from that distribution 
exist. These deviations can be more readily observed in figure 4 
which is a plot of T(co,R,t) as a function of v for t=80 ns and various 
values of z. In this representation a true Planck distribution would 
be a straight horizontal line. 

Deviations from the Planck distribution are easily recognized. 
Particularly when z=0.1 mm. These deviations are always observed 
under our experimental conditions and are fully repeatable in every 
detail. After increasing periods of time (figures 4a to 4d) the 
deviations are seen to disappear. Another observation is that at any 
fixed time, for z < 0.01 the low frequency component of the distri¬ 
bution tends to be at a slightly higher mode temperature than the high 
frequency component. Moreover, the high frequency component is almost 
at a constant mode temperature; i.e., phonons of v ) 1.6 THz tend to 
form a local quasiequilibrium among themselves. Finally, at early 
times the highest mode temperatures occur near z = 0, but as time 
Progresses this difference disappears such that at t = 4.5 ns a more 
complete spatial quasiequilibrium is forming albeit at a mode temper¬ 
ature of nearly 3 times the ambient temperature of 5 K. A true ther¬ 
mal equilibrium at the ambient temperature of 5 K is reached at a much 
slower rate and is completed only in times of the order of milli¬ 
seconds [21]. This result reflects the slow heat conduction from the 
sample to the cold finger to which it is attached. It is for this and 
other reasons that the heater pulse repetition rate is kept to less 
than 50 Hz. 

To summarize the observed experimental features of the transport of 
the broadband phonon distribution we note; (i) the "time of flight" 
spectrum follows that usually assigned to purely diffusive phonon 
transport, (ii) at the time of injection immediately behind the injec¬ 
tion surface, the phonon distribution is almost a black body source 
but with marked deviations, (iii) the deviations from the Planck dis¬ 
tribution disappear as the elapsed time after injection increases, 

(iv) in the interior of the sample and for t ~ 2.25 (is the mode tem¬ 
perature of the low frequency component of the phonon distribution is 
slightly higher than the high frequency component, with the latter 
component tending to form a local quasiequilibrium, and (v) as time 
Progresses a more complete spatial quasiequilibrium begins to form. 

In order to make headway in interpreting these experimental results 
it is necessary to return to a discussion of the underlining theoret¬ 
ical formalism. It has already been pointed out that the theory of 
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transport of nonequilibrium phonons in dispersive media under the 
presence of anharmonic processes has been discussed by Kazakovtsev and 
Levinson [16-18] and by Schaich [22], [23]. 

The basic starting point in the theoretical formulations is the 
diffusion equation modified by anharmonic collision terms. At low 

Kio < kT, we expect three- 
the anharmonic interactions, 
quasidiffusive phonon 

Sio"p"A (w ;oi 1 ,w") 

) 

a ' ;w' ,w) (7) 

X 6 (ftio" - Kw 1 - fiw) [nn' (1 + n") 

- (1+n)(1+n 1 )n"] 

In expression (7), the coefficients A describe the strengths of the 
three-phonon creation and annihilation processes. Recombination 
processes involving n', n" may not be neglected as is clear from the 
high values of n indicated in figure 3 for low frequency phonons. 

Two attempts have been made to solve equation (7) in analytical 
form. The first by Levinson [24] considers an instantaneous temper¬ 
ature increment located somewhere inside an infinite medium. The 
second approach by Wilson and Schaich [23], which is closer to our 
experimental conditions, considers an arbitrary time-dependent tem¬ 
perature perturbation at the boundary of a semi-infinite medium. 
However, in order to obtain an analytical solution in either approach, 
it is necessary to further restrict the temperature increment of the 
source to a small fraction of the ambient temperature. This restric¬ 
tion is not obeyed in the present experiment since it is clear from 
the results displayed in figure 4, that the mode temperature excursion 
is of the order of 20 K compared to an ambient temperature of about 
5 K. 

A similar, albeit numerical, approach to the solution of equation 
(7) has been taken by Schaich [22]. Here the integral equation (7) is 
’supplanted by a series of equations which describe the response of a 

a 

small set of Einstein modes, X = 0,1,2,3,4, with frequencies = 2 v Q 


ambient- and mode-temperatures such that 
phonon interaction processes to dominate 
Hence, for this regime, an expression for 
transport is 

~ D(tj) ^“7 ‘ ~ 7 S / 

5z 

X 6 (Kio - fiio' - Kio") [n(l+n') (1+n" 
- (l + n)n'n"] - / dio'p’ / dw'p"A( 
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Figure 5. Comparison between the 
theoretically predicted 
mode temperature as a 
function of phonon fre¬ 
quency with only elastic 
scattering (dashed line) 
and with quasidiffusive 
transport (solid line). 


with v = 1/4 THz. These modes are weighted by a factor p. which is 

measure of the integrated number of states for the complete set of 

2 3 

lattice modes assuming that p(v) K v hence . A further 

restriction to processes such that * 2v^_^» ■'• ea< ^ s to 



^ ^ n 

+ D * = - R I [ V 1 +n A-i )2 - ( 1 +r V n Ll ] 

+ bR ^ [n x+i cl+n x > 2 - ( 1 +n A+i ,n Ji I • 


( 8 ) 


a 


where R + and R - are now the relevant rate constants. The factor b=16 
ensures that anharmonic scattering conserves total energy. A numer¬ 
ical solution of expression [8], with boundary conditions which re¬ 
flect our experiment, has been shown by Schaich to predict a temporal 
variation of the heater film which is similar to that previously 
observed experimentally [21]. A number of other properties of the 
transport which are predicted in this way are discussed by Schaich. 
Those which bear most directly on the results of the present experi¬ 
ment are (i) components of the phonon distribution, which can interact 
anharmonically with each other during the experimental time span, 
r each a common mode temperature, (ii) only the lowest frequency com¬ 
ponent of the phonon distribution (which elastically scatters the 
least) can penetrate rapidly into the sample, but since low frequency 
phonons interact anharmonically only infrequently during the time span 
of the experiment their mode temperatures remain high compared to that 
°f the quasiequilibrium, (iii) the high frequency component, because 
of strong elastic scattering, penetrates into the sample rather slowly 
a t a rate determined by the diffusion constant, D^, of essentially the 
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Figure 6. Normalized distribution 

function as a function of 
the detector displacement 
distance, z, and phonon 
frequency v = 1/4, 1/2, 

1, and 2 THz. The sym¬ 
bols represent experimen¬ 
tal data, the dashed 
lines are theoretically 
predicted values for 
elastic scattering only. 
The solid lines are theo¬ 
retically predicted 
values for quasidiffusive 
transport. 


lowest frequency component of the quasiequilibrium. The existence of 
(i) and (ii) is illustrated in figure 5 which displays the predicted 
mode temperature as a function of phonon frequency as calculated at 
z = 0.5 mm, t = 0.12 after a pulse of 0.5 KW has passed through the 
heater film. In the absence of anharmonic processes (dashed line) no 
quasiequilibrium forms (for all t and z) whereas in the presence of 
anharmonic processes (solid line) a quasiequilibrium forms among 
phonons with v > 1 THz. In contrast, the low frequency component 
remains "hot" and does not form a quasiequilibrium. This situation 
corresponds qualitatively to the experimental results indicated in 
figures 4a and 4b for z > 0.2 mm. 

A further comparison between data and the predicted properties (i) 
to (iii) above is illustrated in figure 6. The symbols represent the 
observed values of the normalized phonon distribution function 
n° = n(w,z,t = 4.5 |is) / n (io,z=0,t = 4.5 |as) as a function of z for v = 1/2, 
1 and 2 THz with P = 1 KW. For comparison, figure 6 contains the 
theoretically predicted values obtained via equation (8) for quasi- 
diffusive transport (solid lines) and those obtained for transport 
under elastic scattering only (dashed lines). 

The agreement, illustrated by figure 6, between experiment and 
theory when both elastic and anharmonic processes are taken into 
account, and the lack of agreement when anharmonic processes are 
neglected, together with the qualitative agreement between the 
observed and predicted properties of the transport, yield strong 
evidence that the quasidiffusive process is present in the transport 
of the broadband phonon distribution reported here. 

Since even most "pure" crystals contain elastic scattering centers 
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in the form of isotopic impurities we suspect that some level of quas¬ 
idiffusion occurs in most systems. If this is the case, then much of 
the earlier work on "heat-pulse" propagation may need to be reexam¬ 
ined. A case in point is our earlier work [15, 21) on the SrF 2 :Eu 2+ 
system. Here we were led by the observed temporal evolution of the 
high-frequency component of a heat pulse distribution to conclude that 
the lifetimes of high-frequency acoustic phonons are anomalously long 
[25). However, it is now clear that the temporal evolution of the 
high-frequency phonon component does not reflect pure anharmonic 
decay, but rather the rate at which energy is extracted from the 
quasiequilibrium. The extraction is controlled by the low frequency 
Phonon component, which alone can readily leave the area adjacent to 
the phonon source. However, since the density of states of these 
Phonons is low, the amount of energy they can carry away is small, and 
hence the apparent slow decay of the high-frequency component. 


3.2 Optical Phonon Transient Dynamics 

The standard technique to determine the "lifetime" of optical 
phonons is to determine the spectral width of the incoherent Raman 
scattering cross section. Since spectral width and temporal duration 
ace related by a Fourier transformation, information on the temporal 
duration of the optical phonon excitation can, in principle, be ob¬ 
tained in this way. More recently it has become apparent that we may 
circumvent the transformation by simply making measurements of the 
optical phonon dynamics directly in the time domain. Since, however, 
optical phonon "lifetimes" are of the order of picoseconds, experi¬ 
mental techniques capable of resolution within that very short tem¬ 
poral domain have had to be developed. Modern synchronously pumped 
mode-locked dye laser systems have proven to be the answer. (For a 
general review of the subject, see, for example, Demdroter [26)). 

I shall again illustrate the results obtainable in terms of a small 
number of examples. Since phonon energies correspond to the far 
infrared (FIR) region of the electromagnetic spectrum, it would be 
necessary to construct a picosecond source in this spectral range. 
Unfortunately, to date no such source has been demonstrated. On the 
other hand, many pico- and even femto-second lasers with energies in 
the visible spectrum have been demonstrated. It is, therefore, pos¬ 
sible to use nonlinear difference mixing of two visible laser fre¬ 
quencies to form a FIR excitation source of phonons providing the 
Phonons involved are Raman active [26]. The apparatus involves dual 
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synchronously pumped dye lasers which produce synchronized trains of 
pulses with picosecond (and subpicosecond) duration at two different 
wavelengths. We have used such laser systems to generate near-zone- 
center coherent optical phonons in GaP and ZnSe through coherent Raman 
excitation (CRE), and to study the subsequent dynamics of the coherent 
longitudinal optical (LO) phonon state, plus the response of the elec¬ 
tronic system to nonlinear excitation. These investigations were 
carried out directly in the time domain through time resolved coherent 
anti-Stokes Raman scattering (TRCARS) [27-30]. Only the results on 
GaP will be discussed here. 

Coherent Raman excitation (CRE) and coherent anti-Stokes Raman 

scattering (CARS) are particular forms of nonlinear mixing of laser 

fields [26], Two electromagnetic fields 8. and £ , with photon 

X. s 

energies Kio^ and fico g and wavevectors k^, k g , can in general give rise 
to a series of nonlinear interactions in a solid. One interaction 
leads to a virtual excitation of the electronic system at a frequency 
(o. — to . Of particular interest here is the case in which co.-co 

X S X o 

corresponds to a Raman active vibrational excitation. In the 
resultant CRE, the energy K (w^-w s ) and wavevector q=l? A -^ s of the 
active mode are in the ideal case exactly specified, and the phase 
space available to the excited vibrations is severely limited. In 
this sense it differs markedly from stimulated and spontaneous Raman 
scattering for which the available phase space is much larger. Thus, 
the occupation probabilities of the components of the coherent state 
produced through CRE may be very high as compared to those of incoher¬ 
ent Raman excitation. Generation of intense coherent oscillations by 
CRE was first described for molecular systems by Garmire, et al. [31]. 
Large amplitude coherent excitation of lattice vibrations was soon 
thereafter described by Giordmaine and Kaiser [32]. 

The coherent excitation may be probed by a third laser field, 8 , 

r 

whose energy Kw is taken for convenience to be hio,. The nonlinear 
interaction of this field, with the coherent lattice vibrations 
results in yet another nonlinear polarization [33] which drives an 
electromagnetic field with energy Kio =K (2w .-io ) . It is further 
required through wavevector conservation (the phase-matching 
condition) that where it p and i? c are the wavevectors 

associated with the probe pulse and the anti-Stokes pulse, respec¬ 
tively. The probe technique clearly involves coherent anti-Stokes 
Raman scattering, giving rise to the CARS designation for the entire 
nonlinear process. 

The coherent phonon state mentioned above is defined by a super- 
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position of states of different occupation probabilities, but whose 
component states have, at least initially, a fixed relative phase 
relationship among each other. The resultant excitation of the solid 
resembles most closely a classical harmonic oscillator [34], 

We first concentrate here on the coherent LO phonon state. A 
discussion of TO phonons appears elsehwere [35]. We describe the 
coherent LO phonon state in terms of the following classical equation 
of motion for the coherent amplitude <Q>: 


(6 + + r 6 + + 
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In Eq. (9), (i is the reduced lattice mass, r a phenomenological 
damping rate, w r the LO phonon frequency, q the unit polarization 
vector of LO phonon, the high frequency dielectric constant, R the 
appropriate Raman tensor, e* the effective lattice charge, the 

nonlinear polarization due to the interaction of the two electro¬ 
magnetic fields and the superscript ,, +” refers to the Fourier 
component exp [ i (it* r—tot) ] and n — n refers to its complex conjugate. 
Equation (9) implies that the amplitude <Q> of the coherent state is 
driven by a force involving a Raman interaction and by a force assoc¬ 
iated with the longitudinal component of a nonlinear polarization 
which acts as a depolarization field. If only the lowest order of P NL 
(i.e. of second order in the fields) is considered, the driving force, 
F{j), in Eq. (9) is reduced to 


F{j} = R A (j} E + E^. , (10) 

where Rij} = (S .q)Is and R, = R - ^£*1 X (2) . Here, {j} is an index 
A A A t £ , 

for the geometrical configuration of tne polariztion of the two X — and 

s-laser beams with respect to the crystal axes, x the second order 

nonlinear susceptibility tensor, and X and s are the unit polarization 

vectors of the fields E^, E s . 

The experimentally observable parameter in the CARS experiment is 
the intensity of the TRCARS signal at the energy Kw c =ft (210^-Wg) . This 
intensity is proportional to the absolute square of the nonliner pol¬ 
arization induced in the vibrational and electronic systems due to the 

three laser fields , £_ and £ . Thus an expression for this 

X s p 

quantity can be written as [29] , 

I_Ut) = AS J dt |E*(t+At)*0(R •q)Q + (t)+Xgf^(t)g"(t)] | 2 , 


(ii) 
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where 

A=2Ttio 2 L 2 /ce . S=sin 2 (A)c-L/2)/(A£*£/2) 2 and £=£ - (it,+ic -£) . 

In Eq. (11), the factor S goes to unity as the phase mismatch Alt goes 

to zero, L is the length of the spatial overlap within the sample of 

all three laser fields, c is the speed of light, e c the dielectric 

constant of the medium at u , At is the temporal difference between 

the probe pulse and that of £. and £ (which are set as close as pos- 

X s 

sible to the exact time overlap 6t=0), N is the number of primitive 
cells per unit volume, Xgfj is the effective third-order nonlinear 
electronic susceptibility. 

It is clear from Eq. (11) that there are two contributions to 
I c (At), i.e., one due to the response of the lattice and one to the 
response of the electronic system and that the relative contributions 
of the phonon part to the electronic part depend on the geometrical 
configuration {j} of the polarization direction of the three laser 
beams and that of an analyser (placed in the CARS field) with respect 
to the crystal axes. The explicit expressions for the response of the 
vibrational and electronic systems, for the seven possible configu¬ 
rations for the present case, can be found in reference [30] . The 
parameter may be complex, and the lattice term is purely imag¬ 

inary at resonance, i.e., at io. „=io.-io . Thus, interference between 

J LO x s 

these contributions are expected. 

The components of the coherent phonon state described above are 
expected to dephase relative to each other after the excitation fields 

and £ g cease. In general, phonon dephasing in solids results from 
scattering at boundaries, lattice imperfections, carriers, or through 
population decay brought about by anharmonic interactions. Near-zone- 
center LO phonons possess, however, nearly zero group velocities so 
that their generation in the bulk of the solid (as is done here) 
eliminates boundary scattering as an active dephasing mode. Impurity 
scattering may also be neglected in high quality crystals. We demon¬ 
strate below that the experimental results support this supposition. 
Carrier scattering may also be neglected for observations in excess of 
a few picoseconds after carrier generation. This conclusion stems 
from the recently obtained knowledge [36] , [37] that hot carriers 
decay in this time scale to an electron-hole plasma at a conduction 
band minimum. As already discussed above, the LO phonon off which the 
electron-hole plasma can scatter (and conserve energy and crystal 
momentum) must possess a wavevector of the order of 10^ cm - ^, which is 
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two orders of magnitude greater than the wavevector of the LO phonons 
under investigation here. Thus, contrary to the assumptions we made 
in Ref. [28], we now assume that, under our experimental conditions, 
only anharmonic phonon decay can be expected to contribute to the 
dephasing time. 

It has been generally accepted that the phonon dephasing time, 

T 2 / 2 , obtained from TRCARS measurements, is related to the spectral 
linewidth 6v(in cm - ^) of the incoherent spontaneous Raman scattering 
cross-section. The relation is ^^/2- (2n6v) - provided that the Raman 
scattering lineshape is homogeneously broadened [38], i.e., it pos¬ 
sesses a Lorentzian profile. Moreover, if the lineshape is Lorentzian 
one would predict that in the temporal domain the amplitude of the 
coherent phonon state decays exponentially. Thus, one would predict 
that the phonon contribution of I c (At) (which is proportional to <Q> 2 ) 
decays as exp(-2t/T 2 ). 

The experimental apparatus has been discussed in reference [35]. 
Samples of GaP of dimension a few millimeters on each edge were held 
over a range of temperatures from 5-300K to within an accuracy of 

1 fi *5 

about ±0.5K. The GaP sample contains about 4x10 cm“ J isoelectronic 
nitrogen impurities. Standard measurements were also performed on the 
linewidth of the incoherent spontaneous Raman scattering intensity. 

For this purpose the cw Argon ion laser line at 514 nm and backward 
scattering geometries are used. In the TRCARS measurements, a part 
of the A-laser beam was split off to produce a probe pulse train whose 
total optical path length to the crystal could be varied through an 
optical delay such that its arrival at the sample preceded or lagged 

behind the arrival time of pulses from the Jl- and s-lasers. 

Figure 7 illustrates typical normalized TRCARS intensities as a 

function of the time delay At between the two pump beams (E^, E s ) 
relative to the probe beam (Ep) for the case of GaP held at 4.2K and 
300 k, and with co.-co =co r n so that the coherent LO phonon state is 
excited. The two components of I c (At) are clearly visible. The first 
component near At=0, which can be independently observed when 

is a slightly asymmetric "bell-shaped" curve displayed as 
the dash-dotted curve in Fig. 10. This component of l c (At) is 
attributed to the nonlinear, electronic response of the crystal, 
l^(At). The remaining part of I (At) decreases exponentially with 
delay time for At>>o and can be observed to do so over several orders 
of magnitude. Thus for these experimental conditions the time inter¬ 
val over which the coherent phonon state is observed to decay is long 
compared to the time interval over which the purely electronic signal 
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TIME DELAY (ps) 

Figure 7. Temporal evolution of the CARS intensity at the LO phonon 
resonance of GaP for sample temperatures of 4.2 and 300 K. 

is observed. The slope of the "phonon" part of I c (At) is then equal 
to the dephasing time T 2 /2. The experimental results on the temper¬ 
ature dependences of T 2 /2 for coherent LO phonon dephasing in Gap are 
indicated as solid circles in Fig. 9. 

Similar measurements for the dephasing time of coherent TO phonons 
were also attempted by setting a)^-io s =w T Q. For all temperatures in 
both GaP and ZnSe we find only the "bell shaped" electronic response. 
We conclude that the dephasing time for coherent TO phonons is less 
than the lower limit of our temporal resolution (1-2 ps) , i.e., it 
corresponds to a steeper (negative) slope than that of the positive at 
component of the purely electronic response and is, therefore, hidden. 

The temperature dependence of T 2 /2 has also been determined through 
linewidth measurements of the spontaneous Raman scattering intensity. 
The results are displayed in Fig. 9 as crosses for LO phonons and as 
solid triangles for TO phonones in GaP. For completeness we also 
include similar data for a different crystal of Gap as reported by 
Bairamov, et al . [39], [40]. 

Note should be taken of the following additional results depicted 
in Fig. 9. Namely, (i) the temperature dependence of TO phonon 
dephasing is less than that of LO dephasing, (ii) the results of the 
linewidth studies agree among the two experimental groups, and (iii) 
agreement also exists between the results obtained from the linewidth 
and from the temporal measurements. It should be further noted that 
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F igure 8. Temporal evolution of the intensity of the autocorrelation 
signal (dashed line); of the cross-correlation signal 
(solid line); and the three-wave mixing signal (dotted 
line). 

the temporal measurements show quite clearly that the coherent LO pho¬ 
non state is not destroyed as a result of the dephasing process, 
rather <Q>^ presists through many orders of I c (&t) and simply de¬ 
creases its magnitude exponentially. 

The dephasing time T 2/2 may include contributions from all 
dephasing phenomena such as elastic scattering from free electronic 
carriers and from phonon-phonon scattering. 

Whatever the effect of elastic impurity scattering is on the 
dephasing rate, to a good approximation, we can assume it to be 
temperature independent in comparison to that Of anharmonic phonon- 
Phonon scattering, since the former is proportional n^co^) [41) as 
compared to the latter which is proportional to 2n T (io Lft ) (see Eq. 1). 

In the low temperature regime, for which Hu >> k g T, three phonon 
interactions should dominate [42] anharmonic interactions. Of the 
Possible interactions only LO phonon decay into acoustic phonons (and 
their recombination) needs to be considered. Combination of a longi¬ 
tudinal optical phonon at the zone center with an acoustic phonon can¬ 
not occur since this would produce a phonon with o> > io LO (q«0) which 
cannot exist in GaP. Moreover, the phonon dispersion relations of 
Gap, [43] plus energy and crystal momentum conservation, rule out all 
interactions except 
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Figure 9. Temperature dependence of T 2/2 and of the Raman bandwidth 

of LO and TO phonons in GaP. The solid circles and crosses 
refer to data taken from different sources. 


LO(w lo , 0) <-> LA(w L0 /2,q’) + LA (i» l0 /2 , -q ’ ) 


Here, q' is the wavevector of the LA phonon at half the LO phonon 
energy. We shall refer to this interaction as the "Klemens 1 channel" 
[5] . 

If only the Klemens channel is considered the expression, Eq. (4), 
for the population decay time (t) can be further simplified to 


t(T) 


1 

r 


T+2rT 



7T> 


( 12 ) 


where t 0 is the population decay time at zero temperature. Hence, the 
general dephasing time becomes 


2 _ 

T 


2 



l+2n T ( w l0 /2) 


(13) 


where T^ m is dephasing time due to elastic scattering from 
imperfections. 

The solid curve given in Fig. 9 indicates the temperature variation 
of the dephasing time for GaP as obtained from Eq. (13) with the best 
fit values for ® and for t q = 24.6 ps. Thus impurity scattering 

does not play an important role even in the presence of nitrogen 
impurities of the order of lO^/cm^ in our crystal of gaP. 

The experimental observation of a more rapid decay with increasing 
temperature than that predicted by Klemens implies that higher order 
phonon-phonon interactions are beginning to play a role. Since it is 
impossible at this time to enumerate all the possible decay channels 
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and the corresponding strengths accurately due to insufficient knowl¬ 
edge of the anharmonic potential [44] , [45], a complete analysis of 

the dephasing time including its absolute value cannot yet be done. 

Particular note should be taken that a comparison of the dephasing 
time obtained from the Raman linewidth measurements to that from the 
CARS measurements, indicates that the two different methods yield 
identical results within experimental error. This observation has 
been foreshadowed by previously derived theoretical expressions for 
T 2 /2 for each case which are also found to be identical in every way 
[41]. These predictions assume, as is the case here, that the acous¬ 
tic phonons produced in the decay of the LO phonons do not appreciably 
increase n(w LA ) beyond its value at thermal equilibrium n T (io Lft ) . It 
remains to be seen what happens when n (io LA ) >>n T (w LA ) for which phonon 
breakdown [46] and phonon renormalization [47] effects have been 
Predicted to be of importance. 


3.3 Electron-Phonon Dynamics 

In this final section, I want to briefly introduce experimentation 
which has recently been conducted on the interaction of (mostly) 
optical phonons with electronic carriers. I had already mentioned in 
the introduction that strong electron-phonon interaction in polar 
semicondcutors can only occur for optical phonons with wavevectors 
> 10 5 cm -1 . 

The first experiment along these lines which I wish to cite was 
performed in GaAs by von Der Linde, et al. [36] who used time-resolved 
Raman scattering to study the dynamics of nonequilibrium incoherent 
optical phonons and their interaction with photoexcited hot electrons 
and holes. 

In the experiment photoexcited electron-hole pairs (e-h pairs) were 
generated with light from pulses from dye-lasers with autocorrelation 
duration of 2.5 ps. The electron-hole pair excess energy was 17 times 
the LO-phonon energy of 36.5 meV. Subsequent dynamics of the e-h 
Pairs and of the LO phonons produced by the pair cascade, as illus¬ 
trated in Fig. 1, was monitored by a probe pulse (of the same laser 
frequency) which preceded or followed in time the pump pulse. The 
Raman (backward) scattering off the LO phonon distribution as measured 

by time delayed probe pulse is accordingly a function of the temporal 

5-1 

evolution of the LO phonons (with q > 10 cm ). 

The experiment was repeated by Kash, et al. [37] through incoherent 
Raman scattering measurements in the spectral domain, but carried out 
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RAMAN SHIFT (cm"!) 


Figure 10. Time resolved anti-Stokes 

Raman difference signal for 
at = 1, 2 and 5 ps. 


with a probe pulse after various delays relative to the pump pulse. 

In this experiment the laser pulse duration was only 0.6 ps (600 fs). 
The pump and probe pulses were polarized perpendicularly to each other 
as was the LO phonon Raman (backward) scattering excited by the pump 
and the probe pulses. However, the pump pulse was observed to also 
produce a spectrally broad but unpolarized emission band. This 
emission, plus the signal from stray laser light and detector dark 
current, were compensated for by taking difference measurements 
between spectra taken with the probe delay time. At, fixed at various 
values less than obtained when At << 0 ps. 

The results are illustrated in Fig. 10 which shows the intensity of 
the anti-Stokes Raman signal as a function of Raman shift for various 
values of At for a molecular-beam epitaxially grown GaAs sample held 
at room temperature. In Fig. 10a the solid line is observed for 
At = 1 ps, whereas the dashed line is observed for At ■ -20 ps. 

Similar differences for At = 1, 2 and 5 ps as indicated in Fig. 

10b,c,d. It is found that the total cascade consists of 12 cascade 
steps each of approximately 165 fs long; in very good agreement with 
predictions [7], The phonon decay time near 80 k was found to be 7.5 
ps, in good agreement with the earlier results of von der Linde, et 
al. [36). 
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LASER PEAK POWER (MW/cm 2 ) 

The observed decay time, t, is 
lifetime only in a remote way. As 


Figure 11. Anti-Stokes vibronic 

intensity as a function 
of the s-laser peak 
power for (a) the LO 
peak, and (b) the LA 
peak frequency. (The 
data marked c is not 
discussed in this 
paper.) Symbols are 
experimental points, 
solid and dotted lines 
are theoretical fits to 
the data. The peak 
power of the A-laser 
is fixed at 135 MW/cm 3 . 


to the fundamental phonon 
be apparent from Fig. 1, the 
ical phonons with a spread 
well differ from the decay of 
recently reported by Kuhl and 


related 
should 

e-h pair decay produces an ensemble of opt 
of q. The decay of such an ensemble may 
a well-defined coherent phonon state as 
Bron [13,28]. 


3.4 Effects of Electron-Hole Plasma 

We now turn our attention to the interaction of phonons with an 
electron-hole plasma, i.e., to the situation which prevails once the 
"hot" electrons have decayed to some minimum of the conduction band. 
The lifetime of e-h pairs against recombination varies from many 
nanoseconds to microseconds, thus the dynamics of the interaction 
should easily be observable with modern picosecond laser spectroscopy. 

We have reported above detailed CARS measurements of the dephasing 
time of coherent optical phonons in GaP containing very low carrier 
concentrations. The observed phonon dephasing time is attributable 
solely to anharmonic phonon-phonon interactions. The interaction, at 
least in Gap, results only in the creation of longitudinal acoustic 
(LA) phonons of half the energy of the LO phonons. These experiments 
have been repeated with the addition of an electron—hole plasma 
Produced by absorption of additional laser light in a manner similar 
to that illustrated in Fig. 1. Since the effective wavevector of the 
LO phonon produced by our CARS technique is ~ 3 x 10 cm” » and since 
the temporal resolution of the CARS measurements were limited to ~ 1.3 
Ps, no observation could be made on the interaction during the free 
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carrier cascade. Similarly, since the concentration of the e-h plasma 

17 -3 

produced by the cascade was less than ~ 10 cm - , no shift in the LO 
phonon frequency or change in dephasing time could be expected. None 
was in fact observed. However, we were surprised to find that a 
strong (approximately 10-20%) decrease was observed in the magnitude 
of the CARS signal associated with the coherent phonon state. Al¬ 
though the plasma does not in this limit form a coupled state with the 
phonons, the results imply that it does apparently interfere with the 
production of the coherent phonons. 

The last mentioned phenomenon has been recently investigated in 
more detail by Rhee and Bron 128] . In this experiment coherent phonon 
generation proceeds through nonlinear interaction in GaP of pulse 
trains emitted from two dye lasers driven simultaneously by 5 ns 
duration pulses from a N 2 -laser. One dye laser is operated at a 
frequency w. = 18,275 cm - ^, which together with another laser at 

* i 

tOg = 18,322 cm -1 , makes up the difference frequency 

w = w, - w = 403 cm - ^- required to excite coherent LO phonons. The 

LO X S 

maximum energy per laser pulse is ~ 60 |j,J resulting in an initial LO 

16 o 

phonon concentration n LQ » 5 x 10 cm" , located within the overlap 
volume of the two laser beams. 

The laser operating at io, also serves to excite the luminescence 

* 1 
from the bound exciton in GaP (zero phonon line at 18,688 cm ) with 

which the vibronic sidebands are associated. In figure 11 we present 
the observed dependence of the anti-Stokes vibronic sideband intens¬ 
ity, as measured at the LO and the LA peak frequencies, as a function 
of the power in the s-laser when the power of the A-laser is fixed at 
135 MW/cm^. 

It can be shown [35] that the intensity of the anti-Stokes vibronic 
sideband should be proportional to the product of the power of the two 
lasers (X and s lasers) which drive the coherent phonon generation. 

The results shown in Fig. 11 obviously disagree with this prediction. 
The origin of the discrepancy arises from the presence of competing 
forces within the driving force, F^q, through which the coherent LO 
phonons are generated. The pertinent expression for the driving force 
is 


LO 


[R 


8se* 


( 2 ) 


h 24s x (3) 

t 1 " -flTBTT" 


(|£»| 2 + !> U 2 )}] M s , < 14 > 


where we have made the simplification = x llll = x 1122 = *1221 ^ or 

the elements of the third order nonlinear electronic susceptibility, 
(c/io) 2 [ (21?^ - £g) 2 - e (io) ] » - 0.017 with i? i being the corresponding 
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wavevector of the laser light, e ( 10 ) is the dielectric constant at the 
frequency 10 , c is the speed of light, and R is the effective Raman 
tensor element, and and E s are the fi- eld intensities of the X- 

and s-lasers. In the event of high enough values of the laser power 
it becomes possible for the higher order terms to lead to a net 
decrease in F L0' which in turn results in a decrease in the 
Production of coherent LO phonons, and hence to a decrease in the 
anti-Stokes intensity. 

The most significant contribution comes from which contains 

the response of bound electrons, x^ 3 ^ • and that from the carriers in 
the plasma Xf 3 ^ • The major contribution comes from terms in Xf 3 *f 

^ • © • f 

X' 3) “ NMOJEJ 2 + Og | E g | 2 ) , (15) 

in which N* is the concentration of bound excitons which is itself 
Proportional to the laser power, and and o s are, respectively, the 
cross section for the excitation of a bound exciton to form a carrier 
through a further absorption of X- or s-laser light. Thus, the non¬ 
linearity in the last term of Eq. 14 (produced by the nonlinearity as 
expressed in Eq. 15) can account for the observed variation in the 
anti-Stokes sideband intensity, as is shown by the calculated depen¬ 
dence on the s-laser power indicated by the solid and dotted lines of 
Fig. 13. 

Thus, although the effect of an electron-hole plasma on phonon 
lifetimes and frequency can be observed only at high plasma densities, 
the interference of lower density plasma with the formation of optical 
phonons can be readily observed and explained. 


4. Conclusions 

I have reviewed a small number of experiments in order to 
illustrate recent progress in the field of transient dynamics of 
Phonons and electrons in semiconductors. 

The field has in the past few years experienced a rebirth spurred 
on by ever more sophisticated experimental techniques which have made 
it possible to delve deeper into the complex interactions which con¬ 
trol nonequilibrium dynamics in real systems. In this lecture I have 
used as examples the interplay of impurity based scattering and anhar- 
monic interactions to demonstrate quasidiffusive transport dynamics. 

1 have also emphasized phonon dephasing effects and the interaction of 
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electrons and optical phonons and the "screening" of coherent phonon 
excitations by an electron-hole plasma. The depth of the knowledge so 
gained cannot be obtained by the more traditional experimental methods 
of electron and phonon transport. 

I trust that I have demonstrated both the vitality and the 
complexity of this field of research. 

I wish to make a final point. The material which I presented 
involves some experimental results which have outpaced their 
theoretical basis, not in the sense that a theoretical basis does not 
exist, but rather that its application to the experimental situation 
is either too cumbersome to carry out or some components of the 
analysis, such as crystal potential or electronic polarizabilities, 
are not sufficiently known. Thus, I further trust that this lecture 
will stimulate new attacks on the theoretical basis of transient 
dynamics. 
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CROSSING EFFECTS IN PHONON SCATTERING 


L.J. Challis 

Department of Physics, University of Nottingham, Nottingham, NG7 2RD, 
England. 

1. Introduction 

Phonons have been used very effectively by many groups for the 
spectroscopic study of impurities and defects in solids [1]. The 
impurity can give rise to resonant scattering through transitions 
between its electronic states and the resonant frequency and 
scattering strength provide information about the eigenvalues and 
eigenstates of the system. In general, the resonant scattering from a 
phonon beam or current will occur at more than one frequency either 
because an impurity has more than one transition within the spectral 
range of the beam or because more than one type of impurity is 
present. If all these frequencies are well separated, the scattering 
from the beam is merely the sum of the scattering due to each process, 
but if this is not the case, various forms of "interference" can occur 
which are called crossing effects. This lecture is intended to provide 
a qualitative introduction to these effects and is illustrated by our 
own data. A more complete discussion giving proper acknowledgement to 
other work in the field can be found elsewhere [2]. 

2. Frequency Crossing 

If a heat current passes through a pure crystal, the phonon spectrum 
of the current has the form shown in fig 1(a). The phonon mean free 
path equals the diameter of the crystal and is independent of 
frequency. If the crystal contains magnetic ions producing resonant 
scattering at a frequency = gBB/h, the spectrum has the form shown 
in fig 1(b). A "hole" appears at a frequency which can be moved by 
changing the field. 

Suppose now there is also a second type of ion present which gives 
rise to resonant scattering at a frequency which is independent of 
magnetic field. The spectrum now contains two holes (fig 1(c)) which 
can be made to coincide by adjusting the field until . This 

is called a frequency crossing and it gives rise to a minimum in the 
thermal resistance, W, and so in the temperature gradient along the 
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’Fig 1 : The spectral distribution of a heat current (a) a pure crystal, 
(b) a crystal containing magnetic ions resonant at v (c) with ions 
resonant at v and \>^. 



i,=+7/2 


-7/2 

-7/2 

+7/2 


'Fig 2 : Energy level diagram for V 3+ in A1 2 0 3 (a) splitting due to a 
field B j |c (b) hype'rfine splittings (not to scale); also shown are the 
phonon transitions allowed by the selection rule AI Z = 0. [3]. 


crystal because the effect of the two holes on the total heat current 
is less when they are merged than when they act independently. 

We illustrate this by looking at a frequency crossing signal caused by 
V 3+ ions in A1 2 0 3 . Their energy levels for fields parallel to the 
c-axis are shown in fig 2(a). If hyperfine splitting is neglected, we 
can see that a frequency crossing occurs when v 1 = (D-gSB = 2gSB) 

and the resulting signal is shown in fig 3 [3], The structure arises 

because the levels are actually split by hyperfine interaction as shown 

_3 

in fig 2(b). The hyperfine splitting constant A^IO D ( D = 249GHz) 
and as a result the "holes" at v 1 and v 2 are each split into 8. Since 

AI Z = 0 for phonon scattering, the 8, AM = 1 holes are split by A^ 
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while the AM = 2 holes are split by 2 Ah> this is shown schematically 
in fig A. [A], Structure in frequency crossing signals can 
conveniently be enhanced by differentiation and fig 5 shows the 
differential of the signal in fig 3 obtained by modulating the 
magnetic field using two small superconducting coils on either side of 
the sample [5]. 


frequency (GHz) 

-3-2-1 0 12 3 



-30 -20 -10 0 10 20 30 W 

field B (mT) 


_Fig 3 : Frequency crossing signal due to 70ppm of V 3+ in A1 2 0,. The 
structure is due to hyperfine interaction. [3]. 



B—*- 

Fig A : The hyperfine structure of frequency crossing signals from V^ + 
in A1 ? 0 using a "rectangular hole" model, (a) and (b) show the holes 
in t(v) (the relaxation time) caused by the AM=1 and 2 transitions 
respectively and (c) shows the 22 lines of the crossing. The different 
sizes are caused by differences in the number of overlapping holes. 

[A] and the maxima in AK correspond to minima in AW. 




Fig 5 : (a) The differential of the frequency crossing signal in fig 3 

obtained by field modulation (b) computed curve. [5]. 

These experiments show that frequency crossing can be quite a high 
resolution technique. Its sensitivity is demonstrated by experiments 
on v J+ /V J+ pairs in AljO^. If the concentration of V is c, then 
that of a particular pair is c 2 if the ions are randomly distributed. 
The energy levels are easily calculated if we assume isotropic exchange 
coupling JS^Sj and the lower levels of the pair are shown in fig 6. 

The resulting transition frequencies are shown in fig 7 for J=8.7 GHz 
[6], The most noticeable feature is the septet of frequency crossings 
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centered on the single ion crossing. A doped crystal will contain a 
whole set of pairs each with a different value of J corresponding to 
various possible Al-Al neighbours in the lattice. So the pair spectrum 
is quite complicated. Fig 8 shows the thermal magnetoresistance of an 
sample containing 1170ppm of V 3 + [6]. The septet around 3.IT is 
very apparent and from the splitting we deduce a value of J = 8.7 GHz. 
Further work showed that the spectrum was dominated by crossings from A 
Pair systems (J = 9.0 ±1.5, AA ±1.5, 37 ±1.5 and 50 ±1.2 GHz) [7] and 
could be rather well explained using an isotropic interaction. As the 
concentration is decreased, the pair lines (concentration fall 

more rapidly in size than the single ion line as expected, (fig 9), 

_3 

and at 70ppm where c 1 n,5x10 ppm, it was necessary to use signal 
averaging to see the pair line shown. V 3 + is fairly weakly coupled to 
the lattice and pairs of more strongly coupled ions should be readily 
seen at this concentration if they are not inhomogeneously broadened 
by random strain. 



Fig 8 0 : The frequency crossing pair spectrum in A1 2 ° 3 -?° nainin g 1170 
ppm V 3+ showing assignments for two pairs (J=0.29 c# = 8.7GHz and 
d=1.5cm _ = A5GHz). [6]. 


Further information can be obtained by investigating the angular 
dependence of the signals. Fig 10 shows values of the crossing fields 
for Fe 2+ in Al^O which were used to obtain the first accurate value of 
the ground state splitting [S] and the solid line shows that the 
angular dependence was in agreement with previous values of g for this 



E 


1170ppm 


640ppm 



200ppm 


~ V *'OV Si ’“- 


267ppm 



12-7 3-1 3-5 2-7 3-1 3-5 2-8 3-0 3-2 3-4 


= 0 - 1 % 


74 ppm 

(Background 

subtracted) 


3 0 3-2 3-4 3 0 3-2 3-4 

Magnetic field (Tesla! _ 


Fig 9 : The.septet of crossing signals due to V pairs in A1 2 0 3 f ' or> 
different V J+ concentrations. [6]. 


• expt 
— theory 


T~t5K 


180 270 0 90 

Angle 0 


Fig 10 : The angular dependence of a frequency crossing signal for Fe 
in A1„0 3 compared with calculation (solid line). [8]. (The energy 
levels are shown in fig 13). 
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scattering. We have seen that when a heat current passes along a doped 
crystal, holes are burned at the resonant frequencies of the dopant 
ions. If now the current leaves the doped part of the crystal and 
enters an undoped region (or a differently doped region! the spectrum 
of the phonon current will gradually change towards the new equilibrium 
form. This means in particular that the holes at will decay to zero 
or in practice to a smaller size set by the trace impurity level. The 
distance over which this change take place is determined by the mean 
free path for inelastic phonon scattering. It can be measured by using 
a probe ion in the second half of the crystal. The size of the 
decaying hole due to ions in the first half is measured by crossing it 
with the hole of constant size due to ions in the second. An example 
is shown in fig 12. The solid circles show the size of the signal as 
a function of the distance from the interface between the two halves of 
the crystal. The open circles show the limiting value set by traces of 
the first dopant present in the second half. This was measured by 
injecting heat into the second half only. [10]. 

3. Level Crossing and Anticrossing 

Undoubtedly the most interesting crossing effects occur when two 
levels either cross or anticross (repel). Anticrossing requires that 
there should be an off-diagonal matrix element between the states so 
that crossings may turn into anticrossings if the magnetic field is 
moved away from a symmetry axis. Fig 13 shows this effect for Fe 2+ in 
Al^O^ and fig 14 shows the signal that results. [8], Phonon scattering 
is occurring between the two anticrossing levels and a third level, and 
the mixing of states gives rise to the beautiful Lorentzian maximum in 
the thermal resistance seen in the plot at 4=2°. At this angle the 
minimum separation of the two states is larger than the combined width 
of the two holes but this is no longer the case at A=0°. So now the 
two holes partially overlap and a small frequency crossing signal can 
be seen rather like a volcanic crater on top of the anticrossing 
maximum! Level crossing effects have still to be seen. These are 
genuine interference effects arising from the coherent excitation of 
two states by a single phonon (or photon) when they are separated by 
less than their natural widths. The process is analogous to a two 
slit experiment and as in that case, interference does not cause a 
change in the total scattering (or transmission) but does change its 
angular distribution. Level crossing was seen in light scattering by 
Hanle as long ago as 1924 and more recently has been used very effect¬ 
ively for high resolution spectroscopy. However, it has still to be 
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seen in phonon scattering. It will be a difficult experiment but a 
possible technique is suggested in Fig. 15. A heat pulse is fired at 
magnetic ions restricted to a small region of the crystal as shown. 
(It should be possible to do this by using a pencil of y-rays to 
convert ions in a weakly coupled valence state into "active" ions). 




Fig 14 s The magnetothermal resistivity of Fe 2+ in A1 ? 0, showing (a) 
the anticrossing at 2.4 T for 0°. (The minimum at 0.8T is a 
frequency crossing signal whose angular dependence is shown in fig 101 
(b) the angular dependence of the anticrossing signal showing the 
development of the frequency crossing minimum at the peak $—>0. [8]. 



Fig 15 : Proposed arrangement for observing level crossing signals. 
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Phonon imaging could then be used to study the change in the angular 
distribution of the scattered phonons when a magnetic field takes the 
system through the level crossing. 

4. CONCLUSION 

Frequency crossing effects in phonon scattering can be used to provide 
spectroscopic information on ions or defects and to study inelastic 
scattering at surfaces. Particularly interesting effects occur when 
levels cross or anticross. 
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1.Introduction, 

This lecture presents some theoretical models of high energy pho¬ 
non propagation at low, say, helium bath temperatures in semiconduc¬ 
tor or dielectric pure crystals. Phonon relaxation in these crystals 
is determined by two scattering mechanisms: impurity or isotope 
scattering, and enharmonic phonon-phonon interactions. 

For a long time heat pulse experiments dealt with "weak" exoita- 
tion, i.e., the frequencies of generated nonequilibrium phonons were 
the same as those of thermal bath phonons, , and the energy 

density of nonequilibrium phonons, 6 , was small, compared to the 

bath energy density, £ T& . The experiments [l-3] on electron-hole 
drop propagation in crystals due to phonon wind and [ 4 ] were likely 
to be among the first ones with "strong" excitation of phonon system, 
i.e., with Cl)»61 7 - b and £ »^t 6 • A most pronounced feature of these 
experiments was formation of some highly excited region near the ir¬ 
radiated surface of the crystal, called "hot spot" by Hensel and 
Dynes [4} . At the same time the rest of the crystal seemed to remain 
almost at the bath temperature. 

Speaking of a hot spot one usually has in mind some nonequilib¬ 
rium temperature T of excited region of the crystal, with T>Tg. 

This temperature, however, can be established only as a result of 
phonon-phonon collisions. The process of temperature T formation 
needs some time 'C T , that is the scale time of the enharmonic proces¬ 
ses at CO=CJ • During this time the phonons with CuL propagate in a 
T 1 n 

diffusive or ballistic manner, and are displaced for the distance 

in space. That is, only in the case, when the size of heated region 
/_ satisfies the condition 

L»? r 


( 1 ) 
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the nonequilibrium temperature is a well defined quantity. We shall 
use the term "hot spot" only for such situation. As we shall see 
below, this is not always the oase at liquid helium temperatures. 
Thus, one of the questions we are going to analyse is that of tempe¬ 
rature existence in the excited region, i.e., hot spot existence, 
and its possible destruction due to temperature space gradients, 
violating the condition (1). 

But space inhomogeneity is not the only reason for temperature 
not to be a well-defined notion. One can generate phonons with 
(0 »(*>[• , as in the case of optical excitation, when predominantly 
phonons with CO® , the Debye frequency, are produced via therma- 
lization of hot electrons exited high into the band. Then even for 
a spatially homogeneous source at least the initial phonon distribu¬ 
tion can drastically differ from a Planckian one with any possible 
temperature T. We are going to follow this distribution time evolu¬ 
tion to see when and how it ohanges into a Planokian one, if at all. 
This question acquires new aspects in a spatially inhomogeneous 
case. 


2. Phonon source. 

We shall deal, as we have already mentioned, with nonequilibrium 
phonons generated by light excited electron system of the crystal, 
as, e.g., in experiments [2,3,5]. The interband light produces hot 
electrons high in the band in a thin /-~1-10jum layer near the sur¬ 
face of the crystal. In the process of cooling these electrons emit 
optical or intervalley phonons and diffuse for a distance of the 
order of l^tm. Due to the Klemens (sometimes it is called Orbach) 
mechanism optical phonons decay very fast into /2 acoustic 

ones. So, a layer of thickness dr^l-IO^im serves as a source of 
high energy acoustic phonons. Strictly speaking, this source power 
depends on the distance z from the surface, and has no abrupt edge 
at z=d. But for our purpose we can use a model of phonon source, 
producing phonons uniformly in a surface layer 0<z<d of the 
crystal. The lateral dimensions of the source are those of light 
focusing.usually its area A is (30jum) 2 -(lmm) 2 . As for the time du¬ 
ration 0, its lower limit is the sum of the thermalization time of 
hot carriers and the lifetime of optical phonons, that is, ^10-50ps, 
and the upper limit, determined by the light pulse duration, can be 
''✓100ns or even more. The typical energy imparted per pulse is 
EglOjuJ. 
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$ 

The acoustic phonons 6J of the source can propagate in the crys¬ 
tal, this propagation being governed mainly by two scattering mecha¬ 
nisms, mentioned above. Now we put aside all the fast processes, 
resulting in Cl) phonon emission, and focus ourselves on proceeding 
evolution of the acoustic phonon frequency and space distribution. 

We consider this evolution in a semiinfinite crystal, filling the 
halfspace z>0. 


3, Acoustic phonon soattering mechanisms. 

In order to understand, what mode of acoustic phonon propagation 
is realized in the crystal, we have to estimate the phonon relaxa¬ 
tion times due to the two above-mentioned scattering mechanisms. For 
the first one, the elastic phonon scattering leading to momentum 
relaxation only, it is 'V'iU)). In the case of pure crystals it is 
determined by isotope scattering, 'IT^CCJ) follows the well-known 
Rayleigh law, written conveniently in the form 

1 /T'COJ) = TJCJq (CJ/CJ ffl ) 4 (2) 

The values of numerical parameter vary from 4»2*10 - ^ for SrFg to 
27*10”^ for Ge, those for Si, GaAs and CaFg lie inside this range, 
according to [6,7] . This gives for 'T , (Ct 3 *)' VJ 0 . 1 - 0.8 ns. 

The second scattering mechanism we take into aocount is that of 
three-phonon enharmonic processes, i.e., the splitting of a phonon 
into two ones, the total energy and momentum being conserved, and 
the inverse process of two phonon coalesoenee into one, obeing the 
same conservation laws. For instance, splitting can be schematically 
depicted as 


U>, q 


C0 V % 


U) = Cl)^ + CJg 

q = q-, + q 2 


For the Debye model spectrum the corresponding relaxation time can 
be presented in the form 

1 / t(w) = jrcj a cw/0) a ) 5 (3) 

The relevant values of numerical parameter J' are of the same order 
of magnitude for all the above-mentioned crystals and lie in the 
range 3.6*10”'’ (Ge) - 7.1*10""'’ (CaFg), according to [6,8]. 

The relative importance of splitting and coalescence depends on 
phonon occupation numbers in the frequency domain, where the main 
part of the whole energy is contained. If these are n^CI, then 
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splitting,proportional to n dominates over coalescence proportional 

Q 

to n , the whole distribution being shifted to lower frequencies. 

This regime was analysed in [ 9 ] • If it is accompanied by phonon cloud 
spreading in space, it is called quasidiffusion. When the dominant 
phonon oocupation numbers are n<N/| , then splitting and coalescence 
are equally important, and they compensate one another. This means 
now T^ = T(bOj) is the time characteristic not of decays only, but 
of coalescence of thermal phonons, too. On the other hand, such com¬ 
pensation of splitting and coalescence is a typical feature of local 
equilibrium, i.e., a local temperature existence. One can see it 
from somewhat different viewpoint. The phonons of a Planck distribu¬ 
tion with temperature T have typical energy /fCd^ = aT, where CL= 2.82 
if we identify CO^ with the maximum of spectral energy density. Then 
we obtain directly from the Planck formula n^s n(U) T )^1. So the con¬ 
dition nr^l for dominant phonon frequencies means, on the one hand, 
a local temperature formation, and on the other hand - the end of 
quasidiffusion or any other regime with dominant phonon frequency 
decrease. 


4 . Hot spot formation. 

Using (2) and (3) with 77 and y from Section 3, we obtain that 
T'( CJ*)«T( to*) or a- t least TT ( cj*)<T( (j*). With CO decreasing 
the inequality becomes more and more strict,because T(CJ) grows 
faster then X'(lO) while CO decreases. This means elastic phonon 
scattering dominates for initial acoustic phonons and all the 

more does for phonons with lower frequencies. So all of them propa¬ 
gate in a diffusive manner with frequency-dependent diffusion coef¬ 
ficient 2)(CJ) = s 2 T (CO)/3. As phonons with frequency CO have a 
finite lifetime T(CO) due to enharmonic processes, their diffusion 
length by this time is £(C0) = [2X CO)T(CO)] 1 =]/s 2 T( CO )T ( CO )/3. 

]?or kj* phonons in the crystals considered it gives £( CJ*)~3-7^un. 

As it is approximately the same, as the source layer depth, we can 
say, that the initial acoustic phonons do not leave the source layer 
during their lifetime. 

Let the light pulse be very short, so that after the fast re¬ 
laxation processes described in Section 2 all the imparted energy 
P per surface unit of the crystal is contained in co* phonons. It 
means their number per 1 cm^ of the excited layer is P/dftco*. To 
find nCtj*), we divide this number by the phase volume occupied by 
phonons, bjD(oo*)oo*. Such an expression comes from the energy den¬ 
sity of phonons with n/v/1, average frequency CO and distributed over 
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frequency interval AGlWaJ: 

£CO)) = b Ktdp(L0){J, b = Jt 4 /15a 4 = 0.10 , (4) 

where p(C0) is the state density, and the numerical factor b is 
chosen the expression (4) to give for CO= the energy density 

of the three-mode Planck distribution for the Debye linear spectrum. 
So we obtain n( CJ* )^P/ dHofhpicS ) CJ* = P/d£(Cd*). Taking d = 5^m 
we obtain, e.g., for Ge at a very high pump level P= 200juJ/mm 2 
occupation numbers n( CO )~0.1 . Nevertheless, at the lowest pump 
level, P= 2*10“^|U.J/mm 2 we still have n( ixf , while at Tg=4.2K 

the equilibrium values are n^gCC0*)~10 -21 <S.n( CO*). It means, that 
in a wide range of energies imparted the excitation is strong in 
the sence determined in Introduction, and at the same time the ini¬ 
tial occupation numbers of phonons are n(C0*)«1, and these initial 
phonons propagate in a quasidiffusive manner, if at all. Because the 
excitation is strong we can neglect the bath phonons njg and assume 
initial bath temperature Tg= 0, considering the nonequilibrium pho¬ 
non evolution itself. The situation is essentially the same for all 
crystals mentioned in Section 3. 

In the process of quasidiffusion phonon frequency distribution 
shifts to lower frequencies, so the phase space, occupied by pho¬ 
nons, diminishes, and their occupation numbers increase. At the 
same time phonon cloud can spread in real space, this resulting in 
decrease of phonon occupation numbers. A simple pattern of phonon 
generations [ 9 ] goes as follows. Initial phonons uf split into 
approximately half frequency U)*/2, these again split into CJ*/4, 
and so on. Every generation spreads in space over additional 
length. As £(CJ)C/DCJ - ^ 2 , the total spreading is always determined 
by that of the last generation involved. So a generation with frequ¬ 
ency L J occupies a layer of CD) thickness. 

It is natural to determine a boundary frequency CO^ such that 
dC&cl) = d. As phonon generations with can spread only over 

a distance £(0J)« d, they occupy just the initially excited layer of 
thickness d. Those with C04CCi) d easily escape from this layer and 
occupy the depth d. Until (GUKGA 1 / 2 the phonon propagation 

is one-dimensional, going only in z direction. While the distribution 
dominant frequency is we can neglect the spatial propagation 

and write 

n(u>) = P / d£(C0). (5) 

If the energy P satisfies the condition 
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p>p 0 , p 0 = dec cj d ), (6) 

then before the decreasing phonon frequency reaches the boundary 
"escape frequency" ocoupation numbers reach unity. The regime 

with dominant splitting terminates, and a nonequilibrium temperature 
T of the hot spot is established. It can be obtained from 

P = d£(GJ f ). (7) 

The time needed for this process can be obtained from the analysis 
similar to that of phonon spreading in space. The time for CO gene¬ 
ration to dominate is 'T(u)*) +'CXlJV?) + ... + T'(2co)~T(2co) is also 
determined by the last term of the sum. This gives for the frequency 
dominant at the t time moment 

TTC^) - t, W t Mt' 1/5 (8) 

So the temperature T needs the time T'CO^) to be established, and 
if (6) is valid, this happens before phonon distribution reaches 
i.e., before phonons begin to escape from the initial excited layer 
d at the time 

0 o -T(O) d ). (9) 

Using (8), (9), and P Q definition from (6), one can rewrite (5) in 
the form 

n(t)~(P/P o )(t/0 o ) 4/5 , (10) 

directly demonstrating the occupation number increase with time 
before these numbers reach unity at timeT( CO^). Introducing T d by 
the condition T^ = ?bU) d > we can obtain from (7) the temperature 
of the hot spot formation 

T = T d (P/P 0 ) 1/4 . (11) 

If,on the contrary to (6), P<P Q , then even at the time t = 0 O the 
inequality n«1 holds, splitting goes on, now accompanied by phonon 
spreading in space. This is quasidiffusion, analysed in [ 9 ]> and 
here 

n(tJ) = P/£(C0)£(G0) = (P/Po)(0o/t) 1/10 . (12) 

We see that now the occupation numbers decrease with time t, and as 
at t = 0 O they were n«j0^«1, they will never reach unity, while 
quasidiffusion goes on, and no phonon temperature in the excited 
region can be established. 

Analysing in a similar way different possible cases of the pulse 
duration 0 and the total energy input P per 1 cm 2 of the crystal sur- 
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face, one oan obtain instead of (10) and (12) two more time dependen¬ 
ces for phonon occupation numbers. The results of such analysis are 
concisely presented in @, P plane, see Pig.1. The equations of the 
boundaries between the different regions of this plane are 


(13) 


> 1/10 


1/2 P/P„ = 1 

2/3 P/P„ = (0/0 o )" 4/5 

3/4 P/Po = 0/0o 

4/1 P/P 0 = (8/00)' 

According to[lo], P„ equals 45JU-J/mm 2 for Ge, and respectively 77 
and 130 juJ/mm 2 for GaAs and Si. The 0 O values for these orystals are 
correspondingly 31 , 12 and 10 ns. 

In the hatched region 1 (weak pumping, arbitrary pulse length) 
a hot spot does not form. The above analysed case P<P„ with the ex- 

pression(12) for n(CO) falls 
into this domain of 0, P 
plane. In the region 2 (in¬ 
termediate values of P, 
brief pumping) n(CO) reach 
unity, and a temperature is 
formed after the end of pum¬ 
ping but before the phonons 
have escaped from layer d. 
Here the occupation numbers 
(10), and the tempera- 


p. 



0 . 


9 


Pig. 1. Conditions for the forma¬ 
tion of a hot spot. Heavy solid lines 
are boundaries (13) between different 
regime domains. One of the dashed ones 
is the plane geometry limit P/P Q = 

(d/A 1 / 2 )(0/0 o ). 


are 

ture established at the end 
of the regime with dominant 
splitting is (11). Regions 
3 and 4 have been analysed 
elsewhere [lO] . In region 3 
(high pump, intermediate 
pulse duration) the tempe¬ 
rature 

>1/9 


T = T^(W/W „) ,/y , (14) 

with W = p/0, W 0 = P o /0^ is 


JO 

for 


established in layer d 
the time 

t = 0 O (W/W o r 5/9 (15) 

before the end of the pump 
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pulse and before a significant part of energy have left layer d. In 

region 4 (intermediate values of P, prolonged pumping) the tempera- 

•—1 

ture is formed in the layer of thickness z = d(W/W Q ) »d before 
the end of the pumping. 

When becomes larger than lateral dimensions of light focu¬ 

sing A 1 / 2 , the above considered plane geometry regime changes into 
3-dimensional spherical one. Now the space volume of the phonon 
cloud grows as Ui). That's why even if the heating pulse is on, 
n(CO) decreases in time as t“^°, and even as t^^/IO after the 
end of the pulse [lo]. As in 3-dimensional case n can only decre¬ 
ase with time, no hot spot with a local temperature can form itself 
in this regime. 


5. Nonlocal heat transfer (NLHT). 

Up to now we dealt with quasidiffusion which could under certain 
conditions result in a hot spot formation. Now we assume it is for¬ 
med, and so there is some nonequilibrium temperature in the excited 
part of the crystal, T(z,t), or, more generally, T(r,t). Let the 
dominant mechanisms of phonon scattering be those described in Sec¬ 
tion 3 . As we saw there, in the case of temperature existence the 
phonon coalescence processes are of the same magnitude as decays, 

being the characteristic for all anharmonic prooesses with domi¬ 
nant, i.e., now thermal phonons. 

Following Levinson [l l] , one can show that in the case of domi¬ 
nant Rayleigh scattering the heat transfer is nonlocal. Some experi¬ 
mental hints for such regime can be found in this volume in the lec¬ 
ture by W.E.Bron. These are relatively high occupation numbers of 
low energy phonons in the bulk of the crystal with respect to those 
corresponding to the high energy phonon temperature. Here we give an 
idea of nonlocal heat transfer, because under conditions considered 
the evolution of the hot spot, once it has been formed, goes in this 
regime. 

It must be mentioned that the problem itself is a classical one, 
being mentioned by Peierls in 1929 [ 12 ]. It arises from the follo¬ 
wing mathematical fact. If one writes energy balance equation in the 
form 

+ div W = 0, (16) 

with oo 

JdC0p(C0)Cdn T (O) = ^p(CO T )T^T 4 , 

0 


£(t) = 
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and then tries to obtain energy flux W in a straight manner 

CO 

?= VT S dwp(cj)u2)(t0) ['0n T (CJ)/3 !r ] , (17) 

the integral appears to diverge at the lower limit. It means, on 
the one hand, that although almost all phonon energy is contained in 
the spectral region of the energy flux is transfered not by 

these thermal phonons, but by subthermal phonons with Cl)<SC.(a) t due to 
their relatively large diffusion coefficient. On the other hand, it 
means that real phonon distribution at is not a Planckian one. 

In Jl l] Levinson has stated and solved the problem of calcula¬ 
ting the real phonon distribution at Cd<£*Aj, us i n g the following pho¬ 
non propagation equation 

[O/Ot- 2 Ku»V 2 + 1/ T'( T,CJ)jn(CO, ?,t) = w(T). (18) 

Assuming phonons with have a temperature distribution we can 

obtain for subthermal ones equation (18) with 

w(T) = 1 /T(CO t )COT 5 , 

t( T,CO) = r(W T )(T/U))»T(GJ T ). 

The terms w(T) and n(CO ,r, t)/ tT(T, U)) in (18) result from subther¬ 
mal phonon scattering by thermal phonon bath, that is 

and vice versa. 

Now if (18) is solved, and n(CO,r,t) thus obtained for GJ<5 >Cl> t are 
substituted into the energy balance equation (16), where instead 
of (17) the energy flux is 

-2)(U)) Vn(CO, r f t ) , 
u 

the NLHT equation for temperature can be obtained and solved. The 

—♦ 

process appears to be quasistationary, i.e., the flux W is estab¬ 
lished rapidly in comparison with the overall process duration, so 
one can neglect the term 3/0t in (18), as we do below. 

6. Hot spot dynamics and explosion. 

Here we will use the NLHT equations to follow the hot spot tem¬ 
poral evolution, first in the one-dimensional case, when the depth 

1 /2 

of the spot L is small as compared to its lateral dimension A ' . 
Then, following Esipov&Levinson [l 3] , we find a self-similar solu- 


oo 

W = ^dUip(Ul)U) 
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tion describing the hot spot one-dimensional expansion in z coordi¬ 
nate. It is a solution of the equation (18) without 0/Qt in the 
right hand. One can present it in the form 

n (OJ, z , t ) = ( t') - *g(t;, Tj), 

t c z, t) = t + ( t'r-P f to, (19) 

with dimensionless self-similar cordinates 
■q= LOit'h C= z'(t')~P, 

oS = Ku)/T + , z'= z/^(CO T+ ), t'= t/r(oa T+ ). 

Here T + is a characteristic temperature depending on the total hot 
spot energy. It has a physical sence of the lowest possible tempe¬ 
rature for the notion of temperature in the hot spot to be well de¬ 
fined. Equations for unknown functions g and f (O, not given 

here (see [lo]), contain no physical parameters. So the relevant 
values of C,7^, and f,g are of the order of unity. Then the front of 
the hot spot moves according to 

L~f T+ (t/r(U) T+ )) (1 , (20) 

and its typical temperature changes as 

T~'T + ( t/TT(U> T+ ) )-/* . (21) 

The state of the hot spot can be represented by an image point in 
T,L plane, see Pig.2 with a numerical example. Corresponding to 
(20) and (21), this point moves along the curve 

L/0 t+ = (T/T+) _ i J/ J a . (22) 

Prom the energy conservation law one can obtain two sets of parame¬ 
ters ot,^3,A,JU. The first one corresponds to constant heating of the 
crystal surface by light of power W per 1 cm^. This is W-trajjectory 

o C = 2/7, fi= 3/7, A = - 3/7 , - 1/7 • (23) 

After light excitation terminates, the hot spot moves along another, 
so called P-trajectory with 

cl= 4/21, J3 =20/21, A= 1/21 , JU.= 5/21 . ( 24 ) 

Sooner or later the hot spot thickness L exceeds the lateral di- 
1 /2 

mensions A ' of light focusing. Then the propagation geometry 
changes into spherical symmetry 3-dimensional case. This alter, of 
course, the set of parameters; now for P-trajectory 

6 L = Ar 3 p= - 20, X= -19 , jtl= -15 , 
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and. solution (19) becomes physically meaningless, for it corresponds 
to a time decrease of the hot spot radius with increase of tempera¬ 
ture. So (19) must be changed by replacing t' by (t Q - t)/T T+ , 
where t 0 is a time parameter of the order of time the plane geometry 
propagation regime needs to change into spherical one. It means that 
L(t 0 ) = A^ 2 , and t 0 can be found as a function of A and the total 
energy input E. Now instead of (20) and (21) we have for the hot 
spot radius 

r~ t T+ ((to-tJ/T^r 20 , (25) 

and for typical temperature 

T~T+( (t„- t) /r T+ ) 15 . (26) 

Solution (25)-(26) shows explosive behaviour at finite time t =t 0 . 
It means that at t -*-t 0 the hot spot in a spherical regime of expan¬ 
sion is abruptly destructed. In Section 4 we saw the hot spot cannot 
form itself in a 3-dimensional case. Now we see that even if it has 
been formed before, in a 3-dimensional case it destructs rapidly. 
These two facts seems to be in agreement one with another. 


7. Numerical example. 

Consider the formation and dynamics of a hot spot in Ge pumped 
with the light pulse of energy E = 1^tJ , duration 0 = 75 ns, fo¬ 
cused in the area A = (0.1mm) 2 . These values approximately corres¬ 
pond to those from experiment [ 5 ]. The depth of CJ* phonon source, 

u J p 

described in Section 2, is d = 5jUm . Since P = 150juJ/mm and 

W = 2 kW/mm 2 , the pulse with such parameters falls into region 3 in 
Fig. 1. Then, according to (14) and (15), the hot spot with initial 
temperature T 0 = 62 K is formed in the layer d at t = 25 ns. So the 
point T=T 0 , L = d is a starting one for the trajectory of image 
point, representing the hot spot evolution in T, L plane (see Fig,3. 
After being created, the hot spot moves without considerable expan¬ 
sion along L = d trajectory, with T(t) given by the condition 
d<£qi/dt = W/d. At t^ = 46 ns with T^ = 73 K the energy flux from 
the layer d becomes of the order of W, the spot moves to W-trajec- 
tory (22) with the set of parameters ( 23 ) and follows it until the 
pumping pulse ends at tg= 0 = 75 ns with corresponding depth Lg= 1 4^m 
and T 2 = 103 K, according to (20) and (21). At point 2 the spot 
changes W-trajectory for the P-one, (22) with parameters ( 24 ) and 
follows this one up to t^ = 1.4JUa with T^= 38 K. Here its depth 
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Pig. 2. Dynamics of a hot spot in 
Ge. The temperature does not exist to 
the left of the line L =with slope 
-9/2. The line with slope —16/3 rest¬ 
ricts the right part of the plane with 
more complicated NLHT regime [l 4 ] • The 
lines with slopes + 3 , - 4 , and -4/3 are 
trajectories ( 23 ), ( 24 ) and (25-26), 
respectively. 


L = L_ attains its late- 
-5 1/2 

ral size A ' , the expan¬ 
sion becomes 3-dimensi¬ 
onal, and the spot moves 
along P-trajectory (25- 
26 ), reaches by the ti¬ 
me ''■'"t’j point 4 , where 
it is destroyed at T^ = 

= T + = 28 K and radius 

r 4~^T + = 1 40jwm. 

One should not take 
too literally the obta¬ 
ined values characteri¬ 
zing different points of 
the hot spot trajectory. 
First, all the equations 
used here are estimates 
with numerical factors 
of the order of unity 
remaining unknown. Next 
point is that simplifi¬ 
ed power laws (2-4) are 
valid at co~U)g) only as 
order of magnitude esti¬ 
mates. Finally, scatte¬ 
ring mechanisms other 
than isotope scattering 
may become of importance^ 
as is really the case in 
Ge at T5S70 K. 
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Introduction 

Spectroscopy of solids is usually done by sending a beam of particles, e.g. pho¬ 
tons, neutrons, or electrons, into the sample and analyzing the scattered particles 
for energy and momentum. Similar experiments can also be made with phonons in the 
sample itself, because they propagate ballisticly at low temperatures. 

Several techniques for the generation and detection of phonons are available. 
Ultrasound with frequencies up to ct30 GHz can be generated and detected by the piezo¬ 
electric effect. Higher frequencies are most simply obtained by pulse heating of a 
metal film evaporated onto the sample surface. The heat pulses propagate with sound 
velocity across the sample and are detected by a superconducting bolometer at the far 
crystal surface. While their power and frequency can be quite high, the heat pulses 
have a broad thermal distributon. Spectroscopy with narrow band tunable phonons is 
achieved with superconducting tunnel junctions.[l] Among other existing techniques 
for monochromatic phonons,[2j superconducting junctions have proven to be extremely 
versatile, and they have been applied to a great number of different problems.[3] 

There are two different ways to generate monochromatic tunable phonons by super¬ 
conducting tunnel junctions, namely the "bremsstrahlung" and the "Josephson" tech¬ 
nique. The latter is experimentally more difficult, but allows for extremely high 
frequency resolution. Both techniques will be presented, together with some selected 
applications in Part I of this lecture. As a major application then, I shall concen¬ 
trate in Part II on surface scattering of phonons which is related to the Kapitza 
resistance, i.e. the heat transport through surfaces into liquid helium. 

Part I. Monochromatic Phonons 


Generation of Phonon Bremsstrahlung 

A superconducting junction is fabricated by evaporating a metal film, say Sn, 
oxidizing, and depositing a second metal film on top. At low temperature, the I-V- 
characteristic develops a sharp gap, see Fig. 1. 




Fig. 1. Superconducting tunnel junction and I-V-Characteristic. 

At voltages below 2A/e, almost no current can flow, because most of the elec¬ 
trons are in the Cooper pair condensate. Only if the battery supplies the minimum 
energy 2A required to "break" pairs, single electrons can tunnel while their partners 
are left behind. This leads to the steep current rise. 
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At voltages above 2A, the electrons attain additional kinetic energy, eV-2A, 
which is randomly distributed among both partners so that a continuous distribution 
of electrons (quasiparticles) is excited in both films. These fast quasiparticles 
slow down, i.e. relax, by phonon emission ("bremsstrahlung") to the gap edge. 



PHONON ENERGY Tlw 

Fig. 2. Phonon spectrum (schematic) emitted by the junction. 

The resulting spectrum (Fig. 2) has a sharp upper edge at the maximum kinetic 
energy, eV-2A. Also shown in Fig. 2 is the spectrum due to the eventual recombination 
of the quasiparticles, into the pair condensate.[4] 



Fig. 3. Circuit diagram of the modulation technique. 

Because the "bremsstrahlung" edge is tunable, a modulation technique can be used 
to isolate a narrow band of quasi monochromatic phonons. Fig. 3 shows the circuit 
diagram. The generator junction has a dc bias V to determine the position of the edge 
which is then modulated by small superposed pulses, SV. Thus, the junction emits a dc 
shower of phonons whose spectrum is given by V. and small superposed phonon pulses 
whose spectrum is the difference between those for V and for V+SV. This differential 
spectrum is hatched in Fig. 4. It has a tunable monochromatic part due to the brems¬ 
strahlung edge and a fixed background of recombination phonons whose number is modu¬ 
lated by 51. 



Fig. 4. The modulated spectrum is quasi monochromatic and tunable. 

The phonons propagate ballisticly to the far crystal face where they are detec¬ 
ted by a second tunnel junction (see below). Then, the pulse and dc signals are sim¬ 
ply separated by ac coupling (Fig. 3). A typical pulse signal is shown in Fig 5. Lon¬ 
gitudinal (L) and transverse (T) phonon pulses are easily distinguished by their 
times of flight. 
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Fig. 5. Phonon pulse pattern reveals polarizations and transits. 

The frequency resolution corresponds to the sharpness of the energy gap of the 
superconductors used, typically 1 to 5 %. The frequency range is limited by reabsorp¬ 
tion of phonons at energies above 2A. This limit is 300 GHz for Sn and 870 GHz for 
PbBi. Only in Al, the reabsorption is weak enough so that frequencies as high as 
2.8 THz have been observed.[5] A lower frequency limit is imposed by the detector, if 
a tunnel junction is used. 

Tunnel function detector 

If a junction is biased to voltages below 2A, no quasiparticles will be excited 
from the pair condensate, but existing quasiparticles can tunnel with no energy 
threshold. So, the current is a measure of quasiparticle density in the junction. 
Incident phonons with energy h(j>2A^ are absorbed by pair breaking and so increase the 

quasiparticle density. This leads to an enhancement of the current or, for finite 
load resistor, to a decrease in voltage, as indicated in Fig 6.[4] 



VOLTAGE 


Fig. 6. The junction at small bias voltage as a phonon detector. 

The sensitivity of junctions is roughly 10 times higher than that of bolometers. 
Since phonons with hw <, 2A^ are not absorbed at sufficiently low temperature, the 

junction detector (with both gaps equal) has a threshold of 2A^. Therefore, a super¬ 
conductor with small gap (Al) is most oftenly used. The frequency range for spectros¬ 
copy then extends from 2Ap to 2A ( _,, i.e. from the detector to the generator gap. 

Spectroscopy of impurities 

Only a few applications will be presented in this lecture. A more elaborate ver- 

3+ 

sion is given in Ref. 2. The very first application was the study of V ions in AlgO.^ 

(sapphire). [l] The two electrons of V^ + form an S = 1 state with quenched orbital 
momentum. This state is split by spin-orbit coupling into a lower singlet and an 
upper Kramers doublet, asl meV apart. The doublet has a small hyperfine splitting 
which is presently neglected. Phonons can couple to the system via the Van Vleck 
mechanism and cause transitions, if their energy is at resonance. Thus, ballistic 
phonons travelling from the generator to the detector junction will be resonantly 
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scattered. The resulting absorption lines for various phonon directions and polariza¬ 
tions are shown in Fig. 7. 

The step at 150 GHz demonstrates the frequency threshold, 2A^/h, of the detector 

junction. Below this frequency, only recombination phonons with the fixed frequency 
2Ag/h are detected. By extrapolation, this background can be subtracted everywhere. 


0 SO WO ISO 200 250 280 
FREQUENCY t (GHz) 

Fig 7. Resonance scattering at 248 Ghz by V^ + ions in sapphire 



A second example is OH in NaCl. The OH dipole has 6 equivalent orientations 
along the cubic axes, and the potential barrier for reorientation is small. Tunneling 
between the 6 directions then leads to new, delocalized eigenstates whose energy 
levels are shown in the inset of Fig. 8 for cubic symmetry, and for tetragonal dis¬ 
tortion by uniaxial stress. 



Fig. 8. Spectroscopy of OH in NaCl with uniaxial stress. 

The result of phonon spectroscopy is shown in Fig. 8.[6] Although the concentra¬ 
tion of OH was less than 0.1 ppm, a strong line is seen due to the allowed A^ -E 
transition which splits into two by uniaxial stress. 


Many more impurities in a variety of crystals have been studied by this tech¬ 
nique. Here I mention only one further system, boron acceptors in silicon, because it 
is used as a phonon spectrometer. 
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Spectrometer for phonons 

Boron in silicon is a shallow acceptor. At low temperatures the hole forms a 

hydrogen like bound state at the B ion. The hole can be light or heavy, and have spin 
up or down, so that its ground state is fourfold degenerate in cubic symmetry. By 
uniaxial stress, the quartet splits into two Kramers doublets. This tunable two-level 
system can be used as a phonon spectrometer.[7] 

Consider any phonon source emitting an unknown spectrum into the Si crystal con- 
13 -3 

taining 5*10 cm boron. At zero stress, the bound hole states are degenerate, the 
phonons are not scattered, and can reach the detector where they produce a 100% sig¬ 
nal. At a finite stress, the splitting is finite, too, and the phonons with corres¬ 
ponding frequency are partially blocked. The signal is thus reduced by an amount 
which depends on the contribution of these phonons to the total spectrum. The diffe¬ 
rence from 100 %, as a function of the stress splitting, is thus a replica of the 
unknown phonon spectrum. There were many applications of this spectrometer yet, but 
here I present only the most spectacular one, to Josephson junctions. 

Josephson phonons 

So far, we have discussed only tunneling of single electrons. Josephson has 
shown that pairs can tunnel with a comparable probability. These effects are usually 
suppressed by a magnetic field of z2 mT. In weaker magnetic fields, 0.1 to 0.5 mT, 
the junction exhibits the ac Josephson effect at finite voltage, i.e. electromagnetic 
waves with frequency f = 2 eV/h are generated inside the junction. Only a minute 

_4 

fraction (10 ) of the electromagnetic power is radiated into free space. All the 

rest is dissipated. The resulting phonons were investigated with the Si:B spectrome¬ 
ter. Fig. 9 shows the results.[8j 



Fig, 9 : Phonon spectra emitted by a Josephson junction at various bias voltages. 

The salient feature is a peak in each trace, whose position coincides exactly 
with the Josephson frequency. This corresponds to a 1:1 conversion of the photons 
into phonons. The mechanism is dielectric loss in the glassy oxide of the junction, 
which is equivalent to disorder induced infrared activity. 
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The Josephson frequency can easiliy be tuned by the magnitude of the weak magne¬ 
tic field. Since the frequency is controlled by the voltage, a stable voltage leads 
to a very high frequency resolution. This was experimentally tested by investigating 

V^ + in AlgO^ once again. While the "bremsstrahlung" technique could only resolve a 

single line, the Josephson technique now allows to observe the hyperfine splitting. 

see Fig. 10.[9] The frequency resolution is Af/f = 2*10 ^ in this experiment, two 
orders of magnitude better than with "bremsstrahlung" phonons. 



Fig. 10. Hyperfine spectrum of V^ + in AlgOg. resolved by Josephson phonons 


Part II. Surface Scattering and Kapitza Resistance 


So far, all experiments described were done in the bulk of solids. But phonons 
are also well suited for the study of surfaces. This was found in the course of expe¬ 
riments on the Kapitza resistance. The Kapitza resistance is a thermal boundary re¬ 
sistance between liquid helium and solids. Its magnitude depends on the mechanism of 
heat transfer across the interface. If this mechanism were an acoustic transmission 
of phonons,[lO] the Kapitza resistance would be rather high, and cooling would be 
difficult at helium temperatures. Fortunately, the conduction is two orders of magni¬ 
tude better in practice. But the actual mechanism was not understood for decades, and 
is still under debate. 


Phonon pulse experiments 

To our present knowledge of the mechanism, phonon pulse experiments have largely 
contributed. A typical experiment is shown in Fig. 11. [ 11 ] 





r 


vacuum 


or 


helium 

Xtal 

L_ 


— liquid helium — 



Fig. 11. Typical pulse experiment for Kapitza measurement. 

In this experiment, the reflected phonon pulses are recorded for vacuum in the 
chamber on the back side of the crystal, and then with helium. On a typical surface 
which was held in air and "cleaned" with organic solvents before mounting, the signal 
is 50 % less with helium. In contrast, the coefficient for acoustic transmission 
would be 0.5 %. This is in accordance with the high thermal Kapitza conductance. 
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Such experiments [l2] have shown that transverse phonons are transmitted even 
more them longitudinal ones and that helium films of 3 monolayers already permit the 
full transmission, and no further change of the signal is observed with bulk liquid, 
with helium under pressure, or even with solid helium. Saturation of the Kapitza 
transmission was observed at high phonon intensities.[13] And experiments on trans¬ 
mission of phonon pulses have revealed that the angular distribution in the helium 
obeys a cos6 law.[12] 

Phonon scattering at clean surfaces 

Many of these features suggested that surface impurities are involved in the 
mechanism. Therefore we have made pulse experiments with clean surfaces. Fig. 12 
shows the results for a surface prepared in situ by cleaving at low temperatures, as 
indicated in the inset.[14] Before cleaving, only the pulse in vacuum is shown in the 
figure, but the helium effect was also typically 50 % on these surfaces. After cleav¬ 
ing, the crystal is shorter, and so is the time of flight. The helium effect on this 
fresh surface has vanished for the first (transverse) pulse and is very small for the 
second (oblique) one. Later results on NaF were even better.[15] In some instances, 
however, the cleaving was less successful, with a surface full of little steps and 
flaws. The resulting phonon pulses for such a surface are shown in Fig. 13.[14] 



Fig. 12. Helium effect on freshly cleaved LiF surface 



Fig. 13. Cleaved NaF. Diffusive surface scattering is mostly affected by helium. 

The pulses are due to spectularly reflected longitudinal and transverse phonons 
who travel on the shortest path, while the long tails correspond to diffusely scat¬ 
tered phonons which have longer paths. Clearly, these are mostly affected by the 
helium. Similar phenomena were also observed on polished sapphire surfaces.[16]. 
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As a new technique for cleaning Si crystals at low temperatures, we have used 
laser annealing.[17] Now, the vacuum chamber has an optical window, and the surface 
is melted for 20 ns in a layer of 100 nm by a focused ruby laser pulse while the 
crystal face with the junctions is in liquid helium. A scanning technique is used to 
clean a large surface area. The results are shown in Fig. 14. 



TIME OF FLIGHT I^fI 

Fig. 14. Effect of laser annealing and Au deposition on a Si surface. 

Before annealing (a), the helium effect is typical. After annealing (b), the 
result is similar as in the case of cleaving. 

Clean surfaces with adsorbates 

We were able to "comtaminate" the clean surface of Fig. 14 by evaporating a few 
gold atoms with the help of the same laser. The effect of 0.4 atomic layers (c) and 
of 1 atomic layer (d) is shown. Clearly, there is again a large helium effect due to 
these few atoms. 

Gold on Si may form special surface states. A more general contamination on all 
surfaces is a water film. Therefore, we have next constructed a small effusion cell 
which allows the evaporation of HgO molecules at controlled rates onto the cleaned Si 

surface.[18] Very similar results were obtained, see Fig. 15. 



TIME OF FLIGHT l M s ) 


Fig. 15. Effect of HgO molecules on the annealed surface without He and with He. 
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For a very small amount of water on the surface, the pulses already change from 
specular to somewhat diffuse (longer tails), without any helium on the surface. This 
shows that the impurities alone scatter the phonons, and no peculiar states of the 
helium near the interface need to be assumed. [l£>] We have also observed absorption 
lines at coverages of e;l monolayer.[ 18] This demonstrates that surface spectroscopy 
with phonons is now possible. No other surface spectroscopy extends down to the meV 
region, so that more new phenomena are hoped to be found. 

Theory 

The effect of surface impurities on phonon scattering and Kapitza resistance can 
be quite simply understood without any specific assumptions on their microscopic 
nature. 

In the bulk of solids, the average effect of defects with random positions is 
characterized by a complex elastic constant, if they couple via deformation potential 
to the strain field of the phonons.[20] On the other hand, mass defects which couple 
to the acceleration field, are characterized by a complex mass density. Either the 
elastic or the inertial loss leads to damped plane waves. The energy thus derived 
from a wave emerges as a random field of scattered waves (reemitted phonons). In the 
same way, we now treat the surface impurities as a thin layer of lossy material which 
can have a complex elastic constant or, alternatively, a complex density. If the 
layer is assumed to be homogenous throughout, this is a problem of classical acous¬ 
tics which can be solved exactly for anisotropic solids, for all angles of incidence, 
and for arbitrary attenuation strength.[21] As a result, the absorption coefficients 
of any incident phonons, from the solid or from the helium, are obtained. 

For the numerical results presented here, the solid was taken to be Si with the 
surface normal in [lll]-direction. The absorbing layer had the same elastic constants 

and density, but one of them with a loss angle of 45°. The frequency was f = 200 GHz, 
while the layer thickness, a, was varied. But the results actually depend only on the 
product f*a, as long as the loss angle is constant. In Fig. 16, the energy flux ab¬ 
sorption coefficients for longitudinal (L), fast transverse (FT), and slow transverse 
(ST) phonons incident from the solid are plotted for a layer with a = 0.7 run as a 
function of S|| = the parallel component of the slowness. The latter is a meas¬ 
ure of the angle of incidence. Elastic loss was assumed in this case. 



Fig. 16. Absorption coefficient of a thin lossy surface layer 

Obviously, the absorption coefficients can be quite high, e50 %. For comparison, 
the transmission coefficient into helium is 2 : 0.6 % for longitudinal waves, and even 
smaller for the (oblique) transverse waves. For s^ = 0, i.e. perpendicular incidence, 

the absorption vanishes for all polarizations. This is because a perpendicularly in¬ 
cident wave has the same phase everywhere on the surface so that the layer is not 
strained parallel to the surface and no losses arise. For oblique incidence, the 
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phase does vary along the layer, and so the absorption coefficient increases with 
increasing angle, or S||. There are also some interesting peaks at larger angles due 

to the impedance of the silicon surface. 

While in Fig. 16 the thickness was much smaller them the wavelengths involved, a 
layer of 1.7 nm shows effects of finite thickness already, see Fig. 17. Even at nor¬ 
mal incidence, there is now a substantial absorption because of the finite normal 
strain components below the free surface. The effect is stronger for transverse waves 
because of their shorter wave lengths. 



Fig. 17. Absorption of thicker layer is finite for s.. = 0. 


Since the effects discussed so far are specific to elastic loss, i.e. to com¬ 
plex elastic constants, it is interesting to consider now inertial loss, i.e. complex 
mass density, for comparison. Fig. 18 shows the corresponding results for the layer 
with a = 0.7 nm (cf. Fig. 16). As expected, the absorption does not much depend on 
the angle at all, because the acceleration field of the wave is always finite at the 
free surface. This behavior allows to test experimentally whether the impurities 
couple by deformation potential, or as "mass-spring-systems". 



Fig. 18. Mass-spring-systems have distinctly different angular distribution 

One simple experimental test of the variation of the absorption coefficient 
near to the normal direction (cf. Figs. 16-18) with frequency and/or surface condi¬ 
tion was already made.[22] The results were in qualitative agreement with Figs. 16 
and 17, while Fig. 18 was clearly excluded. This means that the impurities are no 
resonance modes, but rather localized states with deformation potential coupling 
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("two level systems”). Further experiments are planned to measure the full angular 
distribution of phonons transmitted into the solid. 

Phonons incident from the helium side are also absorbed by the layer. For the 
thickness of 0.7 nm, the energy flux absorption coefficient is plotted in Fig. 19. It 

_3 

is rather weak, 2:10 , because the surface impedance is large. The peaks indicate a 

softening of the impedance, e.g. by Rayleigh waves. But all important is the fact 
that the absorption remains finite for all angles of incidence, i.e. for evanescent 
waves with much larger than the "critical cone" set by the slowness of the solid 

at S|| a: 0.2 s/km. 



PARALLEL SLOWNESS s,(s/Km) 


Fig. 19. Absorption of phonons incident from liquid helium. 

The fact that the layer absorbs phonons from both, the helium and the solid 
opens up the new mechanism for Kapitza conduction. In the thermal equilibrium situa¬ 
tion, there is detailed balance between absorption and emission of phonons from each 
side and for any given wave vector and polarization. Thus, the emission distribution 
of the layer is immediately known from the absorption coefficients. For a temperature 
difference, the Kapitza conductance is found by summing over the absorbed and emitted 
distributions on either side of the layer. It turns out that the small absorption 
coefficients for the helium side do not cause a bottleneck, because they are compen¬ 
sated by the large phase space, i.e. the large ^-area on that side. For this reason, 

the large absorption coefficients of the solid side give rise to an equally large 
Kapitza conductance, about 50 times larger that of acoustic transmission, indeed. 

This phenomenological model can in fact explain most of the existing experi¬ 
ments. The transmission has the correct magnitude and tends to be larger for trans¬ 
verse waves. The material properties of the helium (^He, ^He, solid He, films) do not 
enter as long as there is no bottleneck on the helium side. Diffuse reflection of 
phonons is understood as absorption and emission: with the surface in vacuum, the 
reemission is entirely forced back into the solid where it shows up as diffuse re¬ 
flection. With helium in contrast, most of the energy is emitted out, i.e. effective¬ 
ly Kapitza-transmitted. The magnitude of the loss angle can be justified if the sur¬ 
face imperfections are assumed to form a distribution of two-level-systems[23] simi¬ 
lar to those found in glasses, and these do couple to phonons by deformation poten¬ 
tial indeed.[20] Yet, a microscopic picture is still lacking. Probably there will be 
as many microscopic mechanisms as there are defects at surfaces, and the problem of 
Kapitza resistance will eventually merge into general surface physics. 
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PHONON FOCUSSING IN CRYSTALS 
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1. THE HEAT PULSE EXPERIMENTS 

The heat pulse experiments carried out by various workers [1*5] 
during the last two decades demonstrated that phonons show a ten¬ 
dency to propagate ballistically rather than diffusively at very low 
temperatures. In these experiments* a thin metallic film is coated 
on one surface of a crystal and phonons are generated by passing a 
short electrical or laser pulse over the film. The phonons arriving 
at the opposite face of the crystal are detected by a fast super¬ 
conducting bolometer. Pulses of the phonons of different polariza¬ 
tions arrive at the detector at different times and can be studied 
Independently. 

Taylor* Maris and Elbaum [2] studied the characteristics of 
phonon propagation at very low temperatures in the range 2°K < T < 
3.6. They produced pulses of phonons by passing a short duration 
pulse (lO~Vec) of current through a resistive film evaporated on a 
selected area of the crystal. The phonon pulses travelled through 
the crystal ballistically and arrived at the face opposite to the 
source. The arriving phonons were detected by measuring the change 
in the electrical resistance cf a superconducting film kept near its 
transition temperature. This temperature can be varied through the 
use of a magnetic field. These authors observed that pulses due to 
transverse and longitudinal phonons arrived at different times in 
view of the difference in their velocities. 

Northrop and Wolfe [4*5] devised a novel technique of phonon 
imaging to study the focussing of phonons. They produced the heat 
pulse by a pulsed laser beam and the heat pulse was accurately sea- 
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nned in two dimensions across the surface of the crystal. The 
method produced a two dimensional map of phonon intensities emanat¬ 
ing from a point source in the crystal and gave a precise map of the 
phonon flux singularities. A typical two dimensional map of the 
phonon intensities is given in Fig. 1. Bright regions are points of 
high phonon flux arriving at (100) face of the Germanium crystal. 
Here the phonon source is at the centre of this pattern in the oppo¬ 
site face. 

2. ANISOTROPY OF ELASTIC WAVE PROPAGATION 

The phenomenon of ballistic propagation of phonons in crystals 
at very low temperatures can best be understood if we remember that 
elastic wave propagation in a crystal is highly anisotropic [6,7]. 
The dispersion equation for elastic wave propagation has been known 
for over a century. It is sufficient to recall that three types of 
elastic waves propagate in any direction inside a crystal, which we 
call the quasilongitudinal L, the fast shear (FT) and slow shear 
(ST) modes. An important consequence of the elastic anisotropy of 
crystals is that the group velocity is not collinear with the wave 
vector except along a few symmetry directions. The group velocity 
and wave velocity vectors are related by means of the relation [6] 

v.n = s (1) 

This group velocity vector is alternatively called the ray vector 
and signifies the direction of transport of elastic energy in the 
medium. The angle between the group and wave velocity vectors 
though normally small, can assume very high values. 

The elastic waves inside a crystal are not strictly longitudi¬ 
nal or transverse, except in a few directions depending on the 
symmetry of the crystal. Pure modes [8] occur along directions re¬ 
lated to the symmetry axes and symmetry planes or along certain non¬ 
symmetry directions determined by the elastic constants of the cry¬ 
stal. Generally waves propagating along three-fold, four fold or 
six-fold axes are pure, and besides there exists one pure shear mode 
normal to a plane of symmetry. 

The anisotropy of elastic wave propagation in crystals can be 
best understood by studying either the sections or a three dimen¬ 
sional computer graphics of the inverse velocity surface [7,9]. 

This is defined as the locus of all radius vectors given by r = n|v, 
where n is a unit vector in the direction of wave propagation and 
v is the velocity of propagation in that direction. Corresponding 
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to the three different modes of propagation, the inverse velocity sur- 
fece exhibits three sheets. Another surface known as the energy surface 
or group velocity surface represents the envelope of all points 
reached by the energy flux of a disturbance starting at the origin 
after unit time. The radius vector from the source to any point on 
this surface represents the distance travelled by the energy in unit 
time in that direction or the group velocity of the waves. By the 
method of phonon imaging, Northrop and Wolfe [45] have plotted a 
three dimensional representation of the energy surface* Their experi¬ 
ments show that the energy surface exhibits ramps and ridges. A 
typical view of the energy surface given by them is reproduced in 
Fig. 2. 



Fig. 1. 

Ballistic phonon image 
for Germanium (after 
Northrop and Wolfe) 



Fig. 2 

Three dimensional representa¬ 
tion of the ramp and ridge 
structures exhibited by the 
energy surface (After Northrop 
and W 0 lfe). 


3. CUSPIDAL EDGES FOR ENERGY SURFACES 


Sections of the energy surface for the slow shear mode for cubic 
crystals by a principal plane invariably exhibits cusps along one of 
the symmetry axes. Since the group velocity is not a single valued 
but a many valued function of the wave vector, there could exist 
several wave vectors corresponding to a single group velocity vector. 
In figure 3 we reproduce some typical sections [9] of the inverse 
velocity as well as the energy surface by the principal (001) plane 
for Lithium. The cuspidal edges are present for the two quasi shear 
modes only', the quasi longitudinal wave sheet does not exhibit a cusp. 
In Fig.4 we give a three dimensional view of the inverse velocity 

O 

surface for the slow transverse mode for He , which is a quantum 
crystal. The cusps arise from the convoluted form of the quasishear 
inverse velocity surface-in the vicinity of the cubic axes of the 
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Fig.3 

Section of (a) the ray velocity surface and 
(b) the inverse velocity surface for Lithium 
by the (0 0 1) plane. 

crystal. The semi angle, width and other parameters related to a 

cusp have been calculated and tabulated for over sixty crystals by 

Jacob Philip and Viswanathan [9], For sections by the principal 

plane for a cubic crystal, the existence of a cusp along the cubic 

axes or face diagonal direction depends on the anisotropy factor 
2C 

A = 44 If A > 1, a cusp occurs along the cubic axes; other- 

tC ll“ C 12) 

wise it occurs along the face diagonal. 



Fig.4 

Three dimensional view 
of the inverse velocity 
surface for the ST 
mode for solid Helium 
3 viewed about the 
(1 1 1) direction 
(After Narasimha Iyer) 


The elastic wave surfaces are interesting for the A-15 compounds 
which undergo a phase transition [lOl at low temperatures above the 
superconducting critical temperatures. These substances are noted 
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generally for their high superconducting critical temperatures and 
other anomalous properties. For all these crystals C^^-* near 

this critical temperature so that the pure shear mode propagating 
along the (llO) direction with (l 1 0) polarization becomes soft. In 
Fig.5, we have reproduced the sections by the (1 0 0) plane for 
V^Si, which is one of the A-15 compounds. 




Fig.5(a) 

Inverse velocity surface of V^Si at 4.2 K in the 
(0 0 l) plane (b) Ray velocity surface of V^Si 
at 4.2° K in the (0 0 l) plane. 

The presence of cuspidal edges give rise to a large phonon 
amplification factor. Me Curdy [ill has found that the amount of 
enhancement is related to the width of the cusp - the narrower the 
cusp, the higher the phonon intensity. 

4. THE PHONON MAGNIFICATION FACTOR 

We have mentioned earlier the results of the heat pulse experi¬ 
ments which demonstrated that at low temperatures, phonons propagate 
ballistically rather than diffusively. Even though the hot region 
in the experiments was generated as an incoherent source of phonons 
with isotropic angular distribution of wave vectors, the group velo¬ 
city vectors emerged with high anisotropy. Phonons are focussed in 
certain directions, and some regions in the crystal are bereft of 
phonons at all. 

The ballistic propagation of phonons at temperatures below the 
superconducting critical temperature for metals can be understood if 
we remember that at these low temperatures thermal transport is 
carried by phonons only as there are negligible normal state elec¬ 
trons to carry heat. By choosing a pure specimen free from defects, 
impurity scattering can also be reduced to the minimum. The mean 
freepath will then be limited by the linear dimensions of the sample 
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and phonons, will propagate ballistically. 

Maris et al [2,3,12] pointed out that a phonon magnification 
factor A can be defined by taking the ratio of the solid angles in 
the wave vector space to the solid angle in the group velocity 
space [101 

1 d-9-s Sin e s de s d <* s (2) 

J ~ d-n.q “ Sin'6 d© 'd'0 ’ 

where (0 , 0 ) denote the polar angles of the group velocity vector, 
s s 

Phonon magnification factor PMF is proportional to the phonon 
energy flux. Phonon energy emanating from a heated point source in 
the crystal is concentrated along directions for which A is large. 

The phonon magnification factor was computed for a large number of 
crystals by Me Curdy [ill and others [2l by evaluating the above 
ratio numerically. Maris et al [2] calculated the directions of the 
group velocity vector associated with a large number of wave vectors, 
which were taken in intervals of 1.25° for -0 and $ . The number of 
group velocity vectors for each of the three modes lying within a 
solid angle was enumerated and from this, the PMF was determined as 
the ratio of the phonon intensity to the intensity expected in an 
isotropic solid. 

If the dispersion relation for elastic wave propagation is 
written in the form [8l 

.ft (k x , k y , k z , to) = 0 (3) 

an expression for the group velocity of the waves is given by 

S = - grad^ . (4) 

Fr 0 m this the components of the group velocity vector can be written 

and one finds that the polar angles (0 , 0 ) signifying the direc- 

s s 

tion of propagation of the group velocity are given by the equations 


and 


tan 9 = 
s 


- (S x * S ^> 


1/2 


= (D X + Dj ) 1/2 



(5) 


The expressions for D x , D y , D z are [131 


( 6 ) 



307 


= 2Aq Sin 3 0 cos 2 0 sin 2 0 cos 0 
+ B (2 sin 5 0 sin* 1 * 0 cos 0 + 4 sin 5 6 cos 3 0 

sin 2 0 + 2 sin © cos** © cos 0 + 4 cos 2 0 sin 3 © cos 3 0) 

- 2(Pv 2 ) [c(sin 3 © cos 0 sin 2 0 + sin © cos 2 0 cos$f2Dsin 3 © cos 3 0] 
+ 2E(fv 2 ) 2 sin 0 cos 0+6F sin 5 ©cos 5 0 (7) 

D B 2 A sin 3 © cos 2 0 sin c os 2 0 
V 0 

+ 2B(sin 0 cos 4 & s in 0+2sin 3 © cos 2 © sin 3 0 
+ sin 5 0 sin 0 cos 4 0+2sin 5 ©-sin 3 0 cos 2 0) 

- 2(fv 2 ) [C(sin9 cos 2 0 sin 0 +sin 3 © sin 0 cos 2 0) 

+2D sin 3 9 sin 3 0] 

+ 2E(Pv 2 ) 2 sin 0 sin 0 +6F s i n 5 6 sin 5 0 (8) 

and 

D z = 2A Q sin 4 0 cos © sin 2 0 cos 2 0 

+ pB(sin 4 ©cos 0 c os 4 0 +2 sin 2 © cos 3 © cos 2 0 
+ sin 4 © cos © sin 4 0+2 sin 2 © cos 3 © sin^ 0) 

-2(pv 2 ) [c(cos © sin 2 0 cos 2 C^+cos 0 sin 2 0 sin 2 0) 

+ 2D cos 3 0] +2E(Pv 2 ) 2 cos © + 6F cos 5 0 (9) 

where 

A « ' °?1 + 2C t2 * 4C ^4 * 6C 12 ^ 

+6C 12 c 44 -3 C U C l2 -6C 11 C 12 C 44 
B - l ' c2 ).l C 44 +C ll C 44 -C 12 C 44~ 2C 12 C 44 J 


C - ^ °11 ~ °12 + 2c 44 +2 C 11 C 44 _2C 12 C 44* 


D . C 44 (2C u+ C 44 >, E . (Ch + 2 C44 ) 
F ‘ 'll <=44 


From these expressions it follows that © g and 0 g are functions of 

the polar angles (9,0) of the wave vector. It was pointed out by the 

d© d0 

present author and Jacob Philip f13] that the ratio -rg— 3 *- is 


none other than the Jacobian of the transformation 
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Now J = 


d(e ,1) 

HOT 

de s d( E S 
d0 d4> 


between the variables (© s » 

_ 56 S _ b Js i.4. 

d& d<p d I 6 0 


$ s ) and (0, <t>) 


(U) 


To evaluate the Jacobian, it is necessary to obtain the four partial 
d0 s d0 s and d K 

derivatives ——» ——=■ , - — , and these can be obtained 

66 60 6 0 6 $ 

by direct partial differentiation of (5) and (6) with respect to 
0 and <f>. Thus the PMF can be evaluated analytically and is given 
by 

1 T sln 6 s (12) 

* 7ITS ‘ 

A programme can be written to evaluate the Jacobian J, and even 
with the aid of a small computer, the magnification A(0,(J>) can be 
evaluated for different directions for any crystal. A geometrical 
interpretation of the [14] Jacobian J is that J = K k^cos or, where 
K is the Gaussian curvature of the slowness surface and a is the 
angle between the wave and group velocity vectors. The Jacobian is 
dimensionless and is inversely proportional to the PMF. Regions of 
small curvature in the inverse surface correspond to directions 
ha v inq hiqh values for the PMF. 

Numerical calculations show that the phonon magnification can 
be as very high for certain directions in crystals. The magnifica¬ 
tion has been found to be hiqh for symmetry directions, though it is 
not restricted to them; large values have been noticed for other 
nonsymmetry directions too. To compare the calculated values with 
the experimental results, it may be often convenient to study 

A(9 ,i) ) rather than A(©,cj»). This could be achieved by sorting 
s s . 

the computer output for A(0,(p) in ascending values for the parameters 
0 „ and <J) . 

S 5 

Computer calculations indicate that the PMF can assume very 
high values normally for the slow shear mode. Though the PMF does 
not assume high values for the longitudinal mode generally, an 
exception is the case of Xenon f171 for which A= 139903 for propaga¬ 
tion along the direction 0 g = 81.89° and Q $ = 136.41°. High values 
of the PMF are related to the shape of the energy surface or the 
curvature of the slowness surface. The curvature tends to be very 
small along directions showing large values for the PMF. For propaga¬ 
tion along the principal planes, the group velocity vector also lies 
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in the same plane and one can study the variation of the PMF either 

with respect to <() or <1 in these planes. In Fig.7, we give the 

j s 

variation of A with 9 S for the (OOl) plane for the FTA mode in 
diamond. As can be seen from the figure# the PMF shows maximum 
values along the directions 0=0 or n/2. Similarly in Fig. 8, 
we plot the relation between A and 0 S the (0 0 1) plane for the 
slow shear mode for Nb-Sn at 40°K. 


<•5 

30 


15 


06 

0 3 0 60 90 

i IN DEGREES 


Fig. 7 

Relation between A and 
<$ s in the (001) plane 

for the STA mode for 
NbgSn at 40K. 

Secondly the distribution of the polar variables of the group 
velocity vector (0 g <f s ) may be densely populated around certain 
directions. This feature can be brought out best by plotting the 
distribution of the angles 0 g and (f> s in the polar Schmidt net with 
pole at (it/2, it/2) meant for studying the distribution of directions 
on a unit sphere. In Fig. 8, we show the polar Schmidt net for the 
STA mode for diamond. The figure shows that the density of group 
velocity vectors is not uniform in space, being high along the dia¬ 
gonal directions and edges of the square, and it is low elsewhere. 
However the intensity of the focussing is high along the (0 0 1) or 
equivalent directions. The figure also exhibits the cubic symmetry 
of the density of the phonons. In Fig. 9 we show the polar Schmidt 
net for the FTA mode for Nb 3 Sn at 40°K before the phase transition. 
This figure shows islands that are empty of phonons. The defocussing 




Fig. 6 

Relation between A and 
9 S in the (OOl) plane 

for the FTA mode in 
diamond. 
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is in fact as much important as the focussing phenomenon itself. 



^ 180 ° 


8s-180° 



e s =i80° 


Fig. 8 

Polar Schmidtnet with Pole 
at (u/2, u/2) for the STA 
phonons in diamond. 


Fig. 9 

Polar Schmidtnet with pole 
at (%/2, n/2) for the FTA 
phonons in nontransforming 
Nb Sn 3 at 40K 


5. PHONON WIND INTERACTION WITH 
ELECTRONHOLE DROPLETS. 


Non equilibrium phonons which are produced in the phonon 
focussing experiments have been used to propel electron-hole 
droplets, that are formed at low temperatures in semiconductors. In 
analogy with the solar wind in space physics, this flux of phonons 
is called the phonon wind. Experiments on the phonon wind have 
helped to understand several phenomena such as the absorption of 
non equilibrium phonons by the e-h liquid in the metal, the charac¬ 
teristics of phonon focussing and the scattering of phonons. 

Hensel et al [16] studied the motion of electron-hole droplets using 
phonons generated through the heat pulse technique. If F is the 

force on a droplet due to the phonon wind and 7l is the scattering 

—9 “ 

time, which is of the order of 10 sec, the velocity of the 
droplet is given by 

V d = (F%/M) (13) 

where M is the inertial effective mass of the droplet. The force 
exerted on the electron-hole drop by the phonon results when the 
drop absorbs a phonon of momentum q and gets scattered across the 
Fermi surface. The force has been found to be a maximum when is 
oriented along the major axis of the Fermi surface. Hensel showed 
that LA phonons were attenuated by 35 •/. by the droplets whereas the 
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TA phonons were not absorbed at all. They obtained a value of the 
drift velocity V d of the droplet as 

= 1.0 x 10 5 cm/sec (14 a) 

which is to be compared with the velocity V L of the longitudinal 
phonons along the face diagonal, 

= 5.62 x 10^ cm/sec. (14 b) 

Modern developments in electronics and measuring instruments, 
cryogenics, lasers and computers have all contributed much to the 
progress in the physics of phonons and especially on nonequiliibrium 
phenomena. On the applied side, there are rays of hopes for success 
in the invention of phonon spectrometers or phonon masers. F a r from 
being a century old or closed subject, the physics of phonons has 
retained its vitality, and promises still new developments, 
discoveries or inventions. 
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PHONON SCATTERING AT PLANE INTERFACES AND SURFACES 
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Abstract 

Phonon pulses propagate with group velocity. Therefore, the concept of group velocity 
is discussed in the range of continuum acoustics and in the general frame of lattice 
dynamics, too. The rather complicated problem of phonon reflection and refraction at 
a plane boundary is presented v/ith the help of frequency surfaces in q-space. This 
treatment emphasizes the underlying geometrical properties and gives an understanding 
of the excited wavemodes. The explicit determination of the phonon-scatterinq proba¬ 
bilities requires extensive numerical computation. 

Content 

1. Introduction 

2. Mechanical Poynting vector and group velocity 

3. Coherent and incoherent phonon radiators 

4. Phonon scattering at plane interfaces and surfaces within continuum acoustics 

5. Phonon scattering at plane interfaces and surfaces within lattice dynamics. 

1. Introduction 

Phonons are quanta of mechanical vibrations. In the special case of plane mechanical 
waves, they are characterized by the wave vector q and by the polarization index a. 
Standard treatments can be found in references [1-5]. The dependence of phonon fre¬ 
quency w a (q) on wave vector q or the same dependence on phonon energy, respectively, 

e a (q) = R*w a (q) (1.1) 

is called dispersion relation. For high symmetry directions, this relation has been 
measured by means of inelastic neutron scattering for the most important crystals du¬ 
ring the last thirty years. As an example, Fig. 1 and Fig. 2 show the lowest polari¬ 
zation branches of quartz (a-Si0 2 ), sapphire (A1 2 0 3 ) and diamond together with all 
six existing branches of silicon, germanium and gallium arsenide in directions of 
highest symmetry. 

Plane lattice waves are Bloch waves and have therefore all properties which can be 
derived for Bloch waves. In particular, the phase velocity c (k) of a Bloch wave 
|k,a> is given by 

c (t) = e *e (l<)/hk with e^ e t/k and k = |l< 


(1.2a) 
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PHONON-WAVE VECTOR 


Fig, 1. Phonon dispersion in technical important insulators measured by inelastic 
neutron scattering 

where e n denotes the wave normal. On the other hand, the group velocity w a (i<) of a 
wave packet ( 1 1 okal ized 1 particle) is determined by the gradient at the energy sur¬ 
face in f-space: 

= • 

Replacing k by q and using (1.1) we get for phonons the phase velocity 
c 0 (q) = e n *e 0 (q)/hq = e n *w a (q)/q with e n e q/q , q = |q| 
and the group velocity 

According to (1.3a) the phase velocity can be taken directly from dispersion plots 
like those of Fig. 1 and Fig. 2 by determining the slope of the straight line bet¬ 
ween origo and point w (q). In the three acoustic branches LA, T1A and T2A, at suffi¬ 
cient low frequencies, this slope and hence the phase velocity are independent on 
frequency. This 'dispersionless' region is well described by continuum acoustics 
which uses only the measured elastic constants instead of fitted atomic force con¬ 
stants as is done in lattice dynamics. 

The frequency range in which continuum acoustics is applicable is quite different 
for the crystals considered in Fig. 1. Dispersion starts in a remarkable extent in 
quartz already below 1 THz (= 10 Hz) whereas for diamond continuum acoustics may 
be valid up to 10 THz. In any case, the frequency range of continuum acoustics measu¬ 
red in frequency decades is far larger than the actual region for lattice dynamics. 
This is an important point: 

- As a consequence of Bose-Einstein-distribution function, low-frequency phonons are 


(1.3a) 

(1.2b) 

(1.3b) 
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Fig. 2 . Phonon dispersion in some semiconductors measured by inelastic neutron scat¬ 
tering. For better comparison, the units are the same as in the diagrams 
of Fig. 1 

more excited in thermal equilibrium than high-frequency phonons. Therefore, inter 
actions with thermal phonons, as appear for example in transport phenomena like 
thermal and electrical conductivity, are mainly governed by acoustic phonons 
which are usually described by simplified isotropic models of continuum acoustics 

- In the past, almost all phonon-pulse experiments have been performed with phonon 
frequencies in the range of continuum acoustics and need therefore no interpreta¬ 
tion by lattice dynamics. 

- The progress in experimental methods [6] make it now indispensable to study also 
phonon propagation in the typical lattice-dynamics region. 

The principle arrangements of phonon-pulse experiments is sketched in Fig. 3. Such 
experiments are performed either in a transmission or in a reflection configuration. 
They demand a transmission material allowing a macroscopic free path for the phonon 
beam. Therefore, strong interactions with electrons, thermal phonons and static de¬ 
fects must be avoided carefully. Usually, only insulating monocrystals of high qual i 
ty are used. The measured thermal conductivity is a good guide for choosing suitable 
crystals with large free phonon path. 

If metal films are used as phonon generators (for instance: thermal phonon radiators 
superconducting tunneling junctions) or are used as phonon detectors (superconduc¬ 
ting bolometers and tunneling junctions), we have inevitable interfaces between two 


RADIATOR DETECTOR 


Jl, 


\A 


OETECTGR PHONON- 

TRANSMISSION MEDIUM 


Fig. 3. Principal arrangement of 
radiator and detector in phonon- 
pulse experiments 
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dissimilar media which must be crossed by the detected phonons. Moreover, i.n the re¬ 
flection experiments the scattering occurs also'at the free crystal surface. 

It is the main purpose of my contribution to discuss what we know theoretically 
about the scattering of phonons at such interfaces and surfaces. This is done first 
within continuum acoustics [7] and thereafter from the standpoint of lattice dyna¬ 
mics. Of course, we have to make some restrictions for handling this rather complex 
probl em: 

- Description is done within linear theory 

- Phonon damping is neglected 

- Interfaces and surfaces are assumed to be plane at an atomic scale. In the case of 
continuum acoustics this means an abrupt change in the elastic constants and mass 
densities. In the lattice dynamical treatment we assume a slab containing some ato¬ 
mic layers with properties different from the bulk, but showing lateral periodici¬ 
ty with a two-dimensional supercell commensurable with the unit cells of the bulk. 

The last item is the most important one, since it is hardly be fulfilled in experi¬ 
mental work at present. Commercial carfully lapped and polished crystals show in ge¬ 
neral a damage layer which may extent to depth of some micrometer. Fig. 4 gives an 
impression of such a damage layer in a polished Cu crystal. Analogous damage layers 
can be found in hard crystals like quartz and sap¬ 
phire. The atoms near the surface are in amorphous 
state or form microscopic crystallites. This part 
is called Beilby layer [9], The adjacent region 
contains a lot of crystal defects produced by the 
mechanical treatment like sawing, grinding, lap¬ 
ping and polishing. The damage layer can be remo¬ 
ved only by special methods. Etching is sometimes 
applicable, but often roughens the surface. Sili¬ 
con crystals in air are covered by an oxid layer. 

In addition, the evaporated metal films, serving 
as phonon generator or detector, are at present 
polycrystalline and have to be replaced by hetero- 
epitaxially grown monocrystals in order to get 
clear unequivocal conditions for experimental 
phonon scattering at such interfaces. 



2. Mechanical Poynting vector and group velocity 

The instantaneous local energy-current density in 
an arbitrary electromagnetic field is given by the 
Poynting vector 


Fig. 4. Damage layer in a me¬ 
chanical ly treated Cu crystal 
according to Kranert and 
Raether [8] 


= t(r, t) x it(r,t) 


which depends only on the electric field ? and on the magnetic 


field it. 


( 2 . 1 ) 
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There exists also an expression for the mechanical Poynting vector within continuum 
acousti cs 

?(r,t) = - a(r,t)•v(r,t), (2.2) 

where a denotes the stress tensor and v the particle velocity, 

In a discrete mechanical system like a Born-von Karman lattice, the mechanical ener¬ 
gy-current density can only be given as an average over a unit cell. This may be the 
smallest unit cell, the elementary cell, or a larger conventional unit cell in a 
periodic lattice. But also nonperiodic atomic arrangements have to be taken into 
account. In a recent paper [lO] it could be shown that in the special case of a har¬ 
monic system, the unit-cell averaged Poynting vector can be written 


£ -R 

$(n,t) = C - n - 






v r v 




(2.3) 


V d denotes in this expression the volume of the unit cells and n e (n 1 ,n 2 ,n 3 ) identi¬ 
fies the unit cell n which has the position vector 

= n *a, + n -a. + n -a, with vector basis (a }. (2.4) 

nil2233 l ' ' 


The atoms in each unit cell are identified by the index v. The general force-constant 
( i) needs not to be symmetric nor is the translation invariance required 
for deriving (2.3). The atomic displacement u is taken from the equilibrium position 


which does not appear explicitely in (2.3). 


In the special case of a Bravais-type lattice, we have v = v' =1 and the force-con¬ 
stant tensor f(n,h') becomes symmetric: 


5 4 


= n 7T7C- 5 -' *(u(n) + u(n' ))•!(«,«»') • (u(n)-u(n 1 )) 


(2.5) 


The energy velocity w(r,t) can be introduced by defining 
Poynting vector e energy density • energy velocity. 


( 2 . 6 ) 


It is well known that expression (2.6) yields in the electromagnetic case as well as 
in continuum acoustics for plane waves in the time average 

t 

J(r,t) , = energy density • group velocity, (2.7) 

' ' plane wave 

i.e. the group velocity is identical with the energy velocity for plane wave£. This 
can also be shown for plane lattice waves [10] starting from expression (2.3). 

In continuum acoustics a plane wave |q,a> is described by the displacement field 


s.* (r,t) 

qCT' 

where S-+, is 

qa 


->■ 0 -i*q*r , 

= e • s^. *e ■ e + c 

a qa 

the complex amplitude and e 


c. , 

the polarization vector. 


(2.8) 

If the wave normal 
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= cj/q is prescribed, the possible polarizations {e^} follow from the eigenvalue 
equation 

{^• 4 c-q - p-oj 2 }e o = 0 , (2.9) 

4-> 

where c means the tensor of elastic constants and p the mass density. Dividing 
^2 2 2 

(2.9) by q = oj /c Q (e ) we get the equivalent eigenvalue equation 


{e • c-e - P*c (e )}e^ = 0 

n n O' n' o 


( 2 . 10 ) 


which gives the three phase velocities c a (e ), a = L,T1 and T2, as eigenvalues. The 
three polarizations {e^} are eigenvectors and therefore orthogonal in r-space to each 
other. Now, these results allow us to construct the frequency surfaces in q-space , 
since the radius vector to this surface is given by 

q = e n <oj/c a (e n ) (corresponding to 1.2b) . (2.11) 


From (2.11) follows that all frequency surfaces or energy surfaces of a given polari¬ 
zation are similar within continuum acoustics and blow up in size proportional to 
frequency. As an example, Fig. 5 illustrates these surfaces in normalized form for 
quartz [11]. According to (1.3b) the gradient at these surfaces represents the group 
velocity. It is obvious, that in general the direction of the group velocity deviates 
from the direction of the phase velocity c a (e ) which is always parallel to q. 

An analytic expression for the group velocity can be derived either from equation 
(2.7) combined with (2.8) or from equation (1.3b) combined with (2.9). In both cases, 
one obtaines 


(O = e r 


4-*- 

■ c:e a e r 


/p*c (e ) 


( 2 . 12 ) 


Taking w a (e n ) as a radius vector, one obtains the group-velocity surfaces [11]. 

Fig. 6 shows these surfaces for quartz. They are also called 'wave surfaces' since a 
delta pulse excitation at the origin gives rise to wave fronts in r-space having the 
same shape. 

In the case of lattice dynamics the particle displacement in a plane wave is given 
for an arbitrary atom n by 
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„ d* (v) . ■* 

*■0* ...q?--,/ . e 1 " q * R n • e _1,a V 
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(2.13) 


where M = ^/M 1 *M 2 * *M^ and s is the number of atoms per elementary cell. N is the 
number of elementary cells in the volume chosen for cyclic boundary conditions. The 
set of s polarization vectors {5^(v)} for each solution a represents an eigenvector 
of the eigenvalue equations 

(■> 


LIZ 

a.v 1 




V V 


jm -m ; 

V V 


■jr /i\ i*q*R§ 2 

cL. (v )*e *• - •cu. 

qa v ; qa qa 


: (V) = 0, 


v = 1,2,...s 


(2.14) 




Fig. 6. Group-velocity surfaces of quartz for long-wavelength acoustic phonons 

within the validity of continuum acoustics. Both surfaces of the transverse 
phonons are many-valued surfaces. 
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Fig. 7, Contours of phonon-frequency surfaces in the XZ-cross section through the 
Brillouin zone of the T2A-pol arization band of quartz (after [12]) 


Since these are 3s scalar homogeneous equations, the secular equation of (2.14) gives 
rise to 3s eigenvalues (oc* } for each q vector. 

Calculating these frequencies for all q-vectors within the Brillouin zone, i.e. for 
the fundamental q-range of Bloch waves, we are able to represent this dispersion re¬ 
lation by frequency surfaces. In order to avoid ambiguities, each polarization band 
a is represented in a seperate Brillouin zone. This procedure requires the knowledge 
of all force-constant tensors appearing in (2.14). On the other hand, one can deter¬ 
mine the whole frequency surfaces or parts of them by inelastic neutron scattering. 
Due to the tremendous work involved, only a few investigations of this kind have 
been done in the past. Fig. 7 shows one measured cut through the frequency surfaces 
of the T2A-phonon band in quartz fl2] . The low-frequency surfaces around the T point 
are similar to each other and are identical in shape with the cuts gained by the con¬ 
tinuum model in Fig. 5. 

The group velocity w^ o for a plane wave |q,o> may be pictured again by the gradients 
at the corresponding tf-point a t the frequency surface. An analytic expression can 
also be derived [10] for the group velocity of a general plane lattice wave by com¬ 
bining (2.14), (1.3b) and the orthonormalization of the polarization vectors 
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One obtains the general expression 
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which reduces in the case of a Bravais-type lattice (v = v 1 = 1, = M^, a M) to 
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(2.17) 


where we have replaced d+ a (l) by the unit vector e^. 

Cone!usion : From the considerations of this section we conclude that not only wave 
packets but also the energy density of plane mechanical waves |q,o> travel with 
group velocity. This implies that phonons in the plane wave state also propagate 
with group velocity. Phase velocity and group velocity can be taken from geometric 
properties of the frequency surfaces but analytic expressions are also available. 


3. Coherent and incoherent phonon radiators 

The difference between (spatial) coherent and incoherent phonon radiation from a ge¬ 
nerator can be explained best with the help of Fig. 8. If the transmission medium is 
an isotropic solid like quartz glass, we have pure longitudinal and pure transverse 
plane waves, the group velocity of which is always parallel to the wave normal or 
wave vector, respectively. We consider first a coherent phonon radiator, i.e. a 
sound radiator (for instance an electromechanical transducer) which is characterized 
by a well-defined phase relationship between the field quantities at all elements of 
the radiator area. This coherent phonon radiator emits a pulse, for example, of 
50 ns duration. For convenience, we take an excitation with equal phase over the 
radiator area, and the diameter of the radiating area is assumed to be very large in 


COHERENT RAOIATOR 


COHERENT RAOIATOR 


THICKNESS: 7mm 


u 


D brd 6.4 km/* 


QUARTZ DETECTOR 

GLASS 

INCOHERENT RAOIATOR 





Fig. 8. Momentary phonon positions 1 ps after phonon-pulse emission (pulse duration 

is 50 ns) from coherent and from incoherent phonon radiators. The phonon pro¬ 
pagation in an isotropic solid (quartz glass) is compared with the propaga¬ 
tion in an anisotropic solid (quartz crystal, X-cut). The time dependent de¬ 
tector signals are given for the last case. 
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comparison to the sound wavelengthes. Therefore, the emitted phonon pulses are high¬ 
ly collimated and fall with their whole power onto the detector - as long as no scat¬ 
tering events occur during transmission. 

On the contrary, the power is spread over the whole halfspace by using a totally in¬ 
coherent phonon radiator, i.el a radiator where no phase relation exists between 
emitting elements of the radiator area. This is analogous to photon emission from a 
flash lamp (incoherent photon radiator) and to photon emission from a pulsed laser 
(coherent photon radiator). 

This simplicity in propagation is lost in crystals due to the anisotropy which gives 
rise to the deviation between group and phase velocity. Only along pure mode axes 
like the twofold X-axis in quartz (Fig. 8) the group velocity and the phase velocity 
coincides and all three possible phonon pulses meet the phonon detector after each 
other. Using a general crystal cut, the coherent radiator sets only the wave normal 
e n normal to the radiator area and gives of course the frequency or frequency spec¬ 
trum of excitation. The propagation directions of the collimated beams are then in 
general oblique and fixed by the group velocities associated with e n , the polariza¬ 
tions a and frequencies u. In general, if a detector is brought into the appropriate 
position for the detection of one phonon pulse, the other phonon pulses will be mis¬ 
sed. 

An incoherent phonon radiator in contact with an X-cut quartz (Fig. 8) gives, a cer¬ 
tain time interval after phonon-pulse emission, a superposition of all wavefronts of 
each independently emitting element of the radiator 
area. On the other hand, we know the shapes of each 
wavefront since they are proportional to the group- 
velocity surfaces of Fig. 6. In our case, we have to 
take the XZ-cut for constructing the region in which 
phonons can be found. These regions and also the de¬ 
tector signals given in Fig. 8 show that in addition 
to the three pulses, arriving at the same time as 
the coherent pulses, there exists a forth pulse 
('oblique mode 1 ) in X-direction which is associated 
with q-vectors not parallel to the twofold axis (see 
Fig. 9). Actually, we have prescribed the radiator/ 
detector direction or group-velocity direction e->, 

W 

respectively, by the experiment and have to look for 

the whole set {|q ,a>} of wave vectors which contri- 

+ |V V 

bute in e -direction for each polarization o. This 
inverse problem is rather cumbersome, since, at pre¬ 
sent, no analytic method is known for determining 
this set. But this set can of course be calculated 
by a computer. Using a sufficient large memory, the 



Fig, 9. Direction of group ve¬ 
locities for phonon states 
|^,Tl> in the q x q ? -plane of 
quartz (compare with the cor¬ 
responding cut in Fig. 5). 

This plane is a mirror plane 
for phonons and hence all 
group velocities lie in this 
pi ane 
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group velocities are evaluated for a fine-net of discrete q-vectors in advance. Com¬ 
paring these group-velocity directions with-e^, one gets some solid angles in q-spa- 
ce where the wanted q-vectors may exist. By a systematic reduction of these solid 
angles in a sequence of intervals, the whole set can be determined. 

All the q-vectors contributing to group velocities in a prescribed direction e^ can 
be visualized in a qualitative way by shining from the observer in -e^-direction a 
parallel light beam onto a specularly reflecting model of a frequency surface (like 
those of Fig. 5) and observing the spots at the frequency surface which reflect back 
to the observer. By turning around the model, all (^.-directions can be investigated 
after each other. 

Now, we proceed to the difficult question: how are the emitted phonons distributed 
over the regions marked in Fig. 8? Since all these phonons have crossed the inter¬ 
face between radiator (1) and crystal (0), we first ask for the chance for phonons 
in (1) to cross the interface. The following discussion is done with the help of 
Fig. 10. For this discussion, we assume in the radiator material a certain q-space 
phonon distribution f (w) which depends only on frequency. Therefore, all q-states 
between the frequency surfaces oj and oi + dw are occupied with the same probability. 
From these phonons, only those will meet ballistically the interface radiator/sub¬ 
strate which have a group velocity pointing towards that interface. Phonons which 
have crossed the interface can only be found in q-states having a group velocity 


pointing away from the interface. Hence, we 
have a q-space source distribution in the 
substrate near the interface consisting of 


INCOHERENT PHONON TRANSMISSION 

(jj) ISOTROPIC (b) ANISOTROPIC 


totally unoccupied and somehow occupied 
states. Knowing this source distribution, 
one can calculate the momentary phonon 
distribution in the crystal at each time 
after emission and also the most intere¬ 
sting time-dependent irradiation of the 
detector area [13J. Experiments [14,15] 



are in excellent accordance with these radiator d! 


INTERFACE 


calculations. 

The simple but fundamental case of an in¬ 



coherent point source located in the sub¬ 
strate and having an isotropic source 
distributions, was investigated in great 
detail [ll]. The calculated phonon-inten¬ 
sity characteristics for quartz are shown 

Fig. 10. Phonon emission from a) an isotropic and 
b) an anisotropic incoherent radiator 
into an X-cut quartz substrate where 
only the T2-phonons are shown with 
their frequency surfaces 
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in Fig. 11. These rather anisotropic radiation characteristics were verified experi¬ 
mentally [16], Such an angular dependent enhancement of intensity is called 'phonon 
focusing' and was first explained by Taylor et al. £173 • The physical ground is the 
change of curvature of the frequency surfaces with direction: for example, the fre¬ 
quency surfacesT2 of quartz in Fig. 10 show parts which are nearly flat and hence 
give rise to a phonon enhancement in the corresponding group-velocity direction 
whereas other very convex regions give rise to a strong reduction of phonon flow in 
comparison to the flow in an isotropic solid with its constant curvature. Since pho¬ 
non focusing is associated with the propagation of incoherent phonons in the bulk of 
the crystal but not directly with the phonon transfer across an interface, we will 
not discuss further this very interesting phenomenon. A recent review article on 
phonon focusing was written by Maris [18] . 

We return to the interface problem of Fig. 10 and ask for a quantitative description 
of the q-space source distribution in the crystal near the interface. This problem 
can be solved [19,7], if the two materials and their relative orientation are known 
as well as the phonon distribution in the radiator. Furthermore, one needs an expres¬ 
sion for the phonon-transfer probabilities t^ 0 '(q^for incident phonons |q U) ,a> 
in medium (1) into phonons of polarization t in medium (0). The remaining sections of 
this paper are devoted to this phonon scattering problem. The phonon-transitions pro¬ 
babilities must be calculated for each incident phonon and thereafter all transmit¬ 
ted phonons can be superposed to give the q-space distribution looked for. This pro¬ 
cedure has been done for various material combinations [19] using continuum acoustics. 
Fig. 12 shows the result for X-cut quartz excited by an isotropic constantan radia¬ 
tor. The direction dependent q-space phonon number is given in a normalized form, 


INTENSITY SURFACES 



Fig. 11. Intensity surfaces for an incoherent point source with isotropic q-space 
source distribution in quartz within the validity of continuum acoustics. 
The intensities (= power per solid angle) are normalized to an isotropic 
r-space emitter of the same power (according to [11]). The intensity peaks 
are cut away for clarity. 
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(NORMALIZED) DIFFERENTIAL EMISSIVITIES 



RADIATOR (1): CONSTANTAN (ISOTROPIC) 
SUBSTRATE (0): X-CUT QUARTZ 


Fig. 12. Calculated differential emissivities in X-cut quartz excited by a constan- 
tan radiator (according to [19]). These directional characteristics have a 
radius vector proportional to tne number of phonons in cf-space between two 
frequency surfaces oj^ and dw. 

where 1.0 represents the highest value for each polarization. The deviation from an 
isotropic source distribution or from the cosine law of a Lambert radiator is evi¬ 
dent. 


4. Phonon scattering at plane interfaces and surfaces within continuum acoustics 

We start the discussion of phonon scattering at plane interfaces by considering the 
reflection, refraction and mode conversion of a plane incident sound wave falling 
from medium (1) onto the interface [7] . The ratio of the Poynting-vector component 
normal to the interface of a generated wavemode x to the same component of the inci¬ 
dent wave a is cal 1ed 


power-reflection coefficient 


or 


power-transmission coefficient 



(4.1a) 


(4.2a) 


where e^ denotes the unit vector perpendicular to the interface pointing into me¬ 
dium (1). 

According to conservation of energy, we expect the relation 
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(4.3) 


Since these plane sound waves consist of phonons of the same frequency w and since 
phonons do not split up at the interface, we have to interpret (4.1) and (4.2) as 
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phonon-reflection probability r^* 1 * = and (4.1b) 

phonon-transmission probability t^* 0 * ’ (4.2b) 

where conversion in polarization of phonons is included. This treatment of phonon 
scattering at interfaces within continuum acoustics is called 'acoustic mismatch 
model 1 . It was first used by Khalatnikov [20] for calculating phonon transfer from 
an isotropic solid to superfluid helium and vice versa. Little [21] treated the pho¬ 
non transfer across an interface between two isotropic solids and Weis [22] extended 
to phonon scattering at anisotropic/anisotropic interfaces. 

In order to determine the phonon-transfer probabilities from (4.1) and (4.2) we use 
for the incident plane wave the displacement field (2.8) but add the superscript (1) 
to denote the medium. The wave vector can be split in a component parallel and per¬ 
pendicular to the interface 


q (1) 

M o 


= % 


.(1) 


q H " V e il ’ 


where e„ is the unit vector of the 'trace' which is common to the plane of incidence 
and to the interface. The (real) displacement field of the incident wave is there¬ 
fore 


s (1> (r,t) = e cn -i (1) -e 1 (_q ii‘ r+ “ <t:) ■e" i-q aj. ,r x + c.c. 


(4.4) 


with = ^*e . The associated stress field 


o = 4 c:f = 4 c: [(3 s ; ./3x k + 3s K /3x i )/2] 


(4.5) 


reads by introducing (4.2) 
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(4.6) 


This incident wave causes a field at the plane boundary [r wL = 0) which can be taken 
from (4.4) and (4.6) by setting r x = 0. The remaining twodimensional trace field is 
time- and space-dependent and is the cause for all excited wavemodes which must have 
therefore the same trace field. Hence, the displacement and stress field of the ex¬ 
cited wavemodes of polarization x in medium (K) = (0) or (1) can be written 
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where the polarization vector may be complex in order to allow elliptic polarization 
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? (K) = ? l(K) + i4" (K) . 

T T T 

Inserting (4.7) in the wave equation of continuum acoustics yields the 
vector equation 


(4.9) 

homogeneous 
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(4.10) 


( 4 . 11 ) 


g e q^/u = 1/c , h‘ K) = q^/w (4.12) 

and c denotes the 'trace velocity 1 . 

Nontrivial solution of (4.11) exist only if the coefficient determinant is zero 
which leads to a secular equation of sixth degrees in h^ K) with real coefficients. 
Therefore, the six roots x = 1,2,..,6 may be real or may appear as conjugate complex 
pairs. According to (4.12) and (4.7) we get a plane wave for a real Iv and exponen¬ 
tially decaying or rising fields for a complex root. But only three of these six so¬ 
lutions can be excited in each halfspace by the incident wave since the excited wa¬ 
ves must have a group velocity pointing away from the interface and the excited ex¬ 
ponential waves must decay, i.e. represent nearfields. The excited plane waves can 
easily be visualized in q-space using a cut parallel to the plane of incidence. 
Examples are given for the reflected waves in an isotropic medium in Fig. 13 and for 
an anisotropic medium in Fig. 14. The phonon scattering at a crystal/crystal inter- 
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fig. 13. Geometric illustration of generated wavemodes due to plane wave excitation 
of a plane boundary in an isotropic solid. 
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REFLECTION 
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Fio. 14. Geometric illustra¬ 
tion of generated wavemodes 
due to plane wave excitation 
of a plane boundary in an an- 
isotrooic solid. A mirror 
plane is chosen as plane of 
incidence which implies that 
all group velocities lie in 
the plane of incidence. The 
three incident waves differ 
only in polarization, whereas 
frequency and wavenormal are 
unchanged. 


11 FREE SURFACE OR INTERFACE V,«2riJq, 

face is outlined in Fig. 15. The incident plane wave with wave vector q a produces at 
the plane boundary a trace field governed by the wave vector q„ which is common to 
all excited waves. This property allows to deduce geometrically all possible genera¬ 
ted pl_ane waves by considering in q-space the cut between the plane of incidence and 
all frequency surfaces having the same frequency as the incident wave. We take from 
these cuts the angle of reflection of an excited plane wave of polarization t 
in (1) as well as the angle of transmission 0^°' of an excited plane wave of polari¬ 
zation t in (0). They are connected with q |( or q o and 0^ of the incident wave, res¬ 




pectively, by 


q ‘sinG = q * 11 ■ 


= q (0) .sine (0) 
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(4.13) 


which is Snel 1 's 1 aw for anisotropic media, if we divide by or: 
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15. Geometric illustration of generated wavemodes due to plane wave excitation 
of an interface between two anisotropic solids. In order to make the dia¬ 
grams as simple as possible, we use a plane interface between identical, 
but rotated crystals ('grain boundary') and choose in addition a mirror 
plane as plane of incidence 
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If q„ is too large to allow an excitation of a plane longitudinal wave, a correspon¬ 
ding exponential nearfield occurs as solution (see Fig. 13 and Fig. 14). Rising fur¬ 
ther the magnitude of q„, the emission of plane Tl-waves stops and again a corres¬ 
ponding nearfield occurs. It is interesting to note that under certain circumstances 
(see Fig. 14) this second nearfield can be replaced by a second plane T2-wave. 

The group-velocity directions are indicated in the q-space cuts by short arrows nor¬ 
mal to the frequency surfaces for each plane wave involved in the scattering problem. 
These directions occur in r-space as propagation direction of sound beams, whereas 
each wave-front pattern is perpendicular to the q-vector. 

The wave amplitudes and hence the transition probabilities of the scattered phonons 
cannot be taken from these pure geometrical considerations. They must be calculated 
by fulfilling the boundary conditions of continuum acoustics which demand continuity 
of the displacement-vector field and of the stress-vector field across the interface 
r A = 0. According to (4.4) and (4.7) we get for the displacement field 
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and for the stress-vector field a-ej_ according to (4.6) and (4.8) 
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These six scalar equations (4.15) and (4.16) represent an inhomogeneous system of 
equations from which the six unknown amplitudes (s| '} can be computed numerically. 
Using these amplitudes, one gets from (4.1) and (4.2) the desired phonon transition 
probabilities. 

Furthermore, there exist general relations which can be proofed analytically [7]: 

- the phonon-transfer probabilities vanish, if x represents a nearfield 

- the sum over all transition probabilities is equal one as was expressed in (4.3) 

- the following theorem of reciprocity holds (K,L = 0 or 1) 
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expressing the fact, that we have the same phonon-transition probability for the di¬ 
rect transition and for the reversed transition where generator and detector are in¬ 
terchanged as well as polarizations. This is illustrated in Fig. 15 for the transi¬ 
tion probabilities (-e { ° ] )= tl!' 31 (e ^ ). 

Of course, interfaces between simpler materials like isotropic solids, fluids and 
the reflection at a free surface are special cases and included in the above treat¬ 
ment. Medium (1) is vacuum for a free surface , i.e. the right side of (4.16) is zero 
and (4.15) is not needed since there is no restriction to the surface displacement. 
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There remains only to solve the following three scalar equations where we have drop¬ 
ped the superfluent superscript (1) 


-> 4-> -v 4-> _ 

e.* c:q e *s„ + ) e.' c:q e -s = 0. 

M 0 O O *—* -L ^T T T 

T=1 


(4.17) 


5. Phonon scattering at plane interfaces and surfaces within lattice dynamics 

Going over to plane lattice waves, we have to remember that a crystal with s atoms 
per elementary cell possesses 3s phonon bands which can be represented by frequency 
surfaces in 3s Brillouin zones. As an example, Fig. 16 shows a q-space cut through 
the six bands of a crystal with s=2 atoms per elementary cell. Only the contours of 
the frequency surfaces w (q) = id are drawn. The frequency ui of the incident plane 
lattice wave of polarization a = T1A is chosen high enough in order to allow in the 
given phonon-band structure a generation of acoustic waves as well as optical lattice 
waves. As in continuum acoustics, the trace field of the incident wave is the source 
field for all excited wavemodes which are all characterized by the transverse wave 
vector q n . Again, the whole set of outgoing plane lattice waves can be determined by 
pure geometric construction in q-space. We find two emerging LA-waves, one T1A- and 
two T20-waves. In the excited LA-wave, the wave vector q comes out to be nearly anti¬ 
parallel to the group velocity. 

The question, how many wavemodes can be excited by an incident plane lattice wave, 
was answered by Feuchtwang [23] , who investigated in two important papers the recon¬ 
struction of the surface layer of a semi-infinite crystal and the reflection of an 



Fig. 16. Geometric illustration of generated wavemodes due to plane wave excitation 
of a plane boundary in lattice dynamics 
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Fig. 17. Excited wave- 
modes at a reconstruc¬ 
ted interface within 
the Born-Karman model 
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incident plane lattice wave at such a free surface. With the help of Fig. 17 we ex¬ 
tend his discussion immediately to the phonon transitions at a plane interface bet¬ 
ween two semi-infinite crystals. In any case, the interface is parallel to a lattice 
plane (hkl) in the upper crystal (K) and also parallel to a lattice plane (h'k'l 1 ) 
in the lower crystal (L). If these lattice planes are important planes, Miller's in¬ 
dices will be small integers. The associated basis vectors a ( ' , a, ' and a* 1 of the 
elementary cell of the bulk are chosen in the following manner: aj and a 2 are al¬ 
ways parallel to the interface whereas a^ 1 points away from the interface and has a 

component in normal direction being just the distance d,_, , and d, ,, ,,, between the 

hkl hkl 

lattice planes parallel to the interface. 

We assume a common twodimensional periodicity parallel to the interface, characteri¬ 
zed by the two basis vectors 


n (k> ,£(k> _ n (l)^(l) 

a i " a i > 


i N 


(K) ^(K) 
2 a 2 


= N< L) .a' L) 


(5.1) 


where the lij \ 1 should be small integers. Hence, the joint-mesh area a x a of 

both 1 attices contains p (1 = N * ' ■ 1 bul k-mesh areas a! 1 x a*' and the new unit 

( \ / \ 12 12 
cel 1 s contain p ; • s atoms. 

If we assume force constants with an interaction ranging in a^ '-direction over 1 
elementary cells, the reconstructed layer can be taken to have the same thickness. 

In this case, one can deduce from the investigations of Feuchtwang that just 

p^ ' *L 3 5 ’3*s^ 1 wavemodes (5.2) 


are connected with a trace field of a given q„. Of course, most of these wavemodes 
are nearfields and only a few represent outgoing plane lattice waves. In continuum 
acoustics we found three excited wavemodes in each halfspace. This number ist only 
achieved in lattice dynamics for perfect lattice match (p <)= l), next-neighbour in¬ 
teraction (L ^ 1 = 1 ) and a Bravais-type structure (s ( '= 1). 
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The low-energy excitation spectrum of a paramagnetic metal in the 
absence of an external magnetic field consists of phonons filling 
the whole quasi-momentum space and of electrons in a thin layer 
around the Fermi surface. The interaction of these quasi-particles 
results in a renormalization of the energies and in a finite life¬ 
time. The renormalization contains a variety of anomalies - diver¬ 
gencies of the spectra or its derivatives, the group velocities - 
in which the local geometry of the Fermi surface manifests. The 
divergencies are cut off due to various damping processes, it is 
however to be expected that peaks remain some of which being 
experimentally detected. The phenomena discussed are general, i.e. 
to be expected present in any metal. The given treatment continues 
the semi-phenomenological theory of metals developed by I. M. 
Lifshits and his school. 


1. Quasi-particles 

The excitation spectrum of condensed matter is usually described as a 
quasi-particle spectrum (though such a picture is not universal). 

Quasi-particles are quasi-stationary excitations: if the system at 
time t=0 was excited from the quantum state into the state 

A 

£ + '(0)l2t‘>, then, at t>0, it may be -found in the same propagated state 

A 

^ + (t) lit> with a quantum mechanical probability 

*) Essential parts of this paper were prepared during a stay of both 
authors at the International Laboratory of High Magnetic Fields and 
Low Temperatures, Wroclaw, in 19B6. 
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w^(t> = £+(0> lk>l 2 , t>0 . (1.1a) 

The propagation of "hole type excitations" from t<0 to t=Q is likewise 
described by 

w^t) = l<¥!f£<0) f^lt) IliO'l 2 , t<0 . (1.1b) 

Both types are combined into 

w « (t> = |2 • 

6^(t) = —i<'3;IT| oi (t)|'^(0) \Tk> , (1.2) 

where T is Dyson's (Wick's) time ordering operator for bosons 
(fermions). A quasi-particle with energy and lifetime was 
created if the Breen function G^t) contains a term 

S^(t> = TiZ^ e i t« t/ ' ft e -ltl/ ' t '<x + ... = Ti e* 1 <£ ot“/ u> t/-h + 

where 6^ is the complex quasi-partic1e energy, and 

-r for ^l| ClBS 
-n 

~oc - ~ - sign (Re - fj.) . 

I in £^ 

The Fourier transform of the Green function then contains a term 
'fi 

G^lo) = - + ... , (1.6) 

- £<* + Z 4 

and the equation 

<6* -/*>*■ 0 (1.7) 

determines the complex quasi-parti cle energy. 


(1.4) 

(1.5) 



Once the various types of quasi-partic1es and their gross charac¬ 
teristics are known one tries to find a model Hamiltonian 


fC (0) _ u v a+C . u 

— <£ ol + H ir 


which is capable of reproducing that quasi-parti cle spectrum within 
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the -frame of perturbation theory (see Eli for details): 


g(0) 

(£0) 

= -ft «o - H 0 > 1 , 



(1.9) 


(co) 

1 - G«o> 1 = 2T«o)/h 

9 


(1.10) 

B(co> 

= 

a 

B <0> (co) + B <0> (<o) 5^-- 

B <0> (co) + .. . 

9 

(1.11) 


-TOT- - £<*= - (1 - 12> 

" “ ~ I* ~ Z1 «ot (u) 

The connection between 2_ and H int depends on the form of the coupling 

v\ 

terms contained in H int (see below). It is important to note that the 
diagonalization of the Hamiltonian (l.S) makes little physical sense 
in any realistic model: it would yield the highly complicated statio¬ 
nary quantum states instead of the quasi-particles C21. Hence the term 
Hjnt unavoidably appears in any realistic model Hamiltonian (it is 
especially necessary in order to have kinetics). 

2. The excitation spectrum of a metal 

The basic characteristics of a metal are the number of conduction 
electrons n and the number of ions n A per volume, connected by the 
valency Z of the metal according to n = Zn^. If the electrons are 
assumed free, then from n we get the Fermi momentum p F , the Fermi 
energy £p, and the Fermi velocity v p : 

p F = (37T 2 n> 1/3 -fi = (3ir 2 Z> 1/3 'h/a , 

£p = p 2 /2m , vp = pp/m , (2.1) 

where a J = 1/nj, and m is the free electron mass. 

The ionic excitations are the phonons, in the simplest model propa¬ 
gating with the sound velocity s = u>/k <w - frequency, k - wave num¬ 
ber) and having three independent polarizations for each wave vector 
k. The number of modes must equal the number of degrees of freedom of 
the ions leading to the maximum wave number k m = (6ir 2 ) *■^'Va corres¬ 
ponding to the Debye frequency co^ or to the Debye temperature 

B = -hop = (61T 2 ) 1/ 5rCs/a . (2.2) 

The metallic bond which keeps the ions near their equilibrium posi¬ 
tions is mainly the result of a competition between Coulomb energy and 
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kinetic energy of the electrons, so that Mwga~/2 ™ £p ~ e~/a, where M 
is the ion mass. From this estimate together with (2.1-2) we have 
immediately 



F 


1/2 


~ <iir> 


1/2 

1 , A> <#> « 1 

fc F 


(2.3) 


These estimates remain valid also in more realistic models and play a 
•fundamental role in any theory of the metallic state, especially they 
allow -for the application o-f perturbation theory to the adiabatic 
approximation C31. The simple excitation spectrum (2.1-2) is shown in 
■fig. la). 


In a real metal the excitation spectrum is qualitatively different 
(fig. lb). The phonon branches are curved and additional optical 
branches eventually appear. Depending on the direction of p, in the 
same crystal several values p F or no p F may appear due to the high 
anisotropy of the bandstructure even in monovalent metals. Besides the 
electrons and phonons there are of course other quasi-particles. The 
plasmons have comparatively high energies h j p.. If a magnetic 

field is applied then the electron motion changes qualitatively resell¬ 
ing in a discrete level quantisation in two dimensions and allowing 
for the propagation Df undamped modified photons which are called 
helicons, dopplerons, and so on, with energies 8 C4-63. If the metal 
has a spin structure, magnons appear with characteristic energies £8 C 
(Curie temperature for ferromagnets) or (Neel temperature for 

antiferromagnets). Usually B c , 0 N << £p. 

« 

In the rest of this paper we are concerned with low energy excita¬ 
tions £& 8 of non-magnetic metals in the absence of external fields. 
Then we are left with electrons and phonons having a spectrum of 
fig. lb) and being described by a model Hamiltonian 


h = y::: ^<p> a£ P 'V P 

ocp 


ill fliOy(k) t>y k b vk + H int 
vk 


(2.4) 


where a^_, a^ create and annihilate electrons or holes in states loip> 

A ^ A 

with spiin index included in pc, and b vk , b vk create and annihilate 
phonons in states lvk>. The changes of the spectra due to the transi¬ 
tion into the superconducting state are small on the energy scale of 
fig. 1 and are unimportant for our considerations. 


If the electron subsystem of the metal is perturbed out of equili¬ 
brium, then, after damping out the electric field accompanying the 



338 



o-) 



Fig. i. The low-energy excitation spectrum of a metal; a) the 
simplest model, b> realistic case. 


relaxation process, each k-component o-f the electron distribution 
function f k <p,t> vibrates with the frequency to = k-v(p) C73. The 
degeneracy of the electron liquid singles out Vp of all velocities 
resulting in "quasi-waves" with 

co = k-Vp , v F = v(pp) , (2.5) 

Pp being on the ordinary Fermi surface for a small perturbation. We 
shall come back to this later. 

3. Interaction, renormalization, and anomalies 

A 

The interaction term H int of (2.4) contains the Fermi liquid inter- 

A 

action H e _ e of the electrons and holes, the phonon-phonon interaction 

A 

^ph-ph ^ ue to the anharmonic ion-ion forces, and the electron-phonon 

A 

interaction H e _p^: 


'e-e ” 

2ZZ^ X 

1234 

,2;3,4 a 1 a 2“ 

• 5 

(3. 1) 

'ph-ph 

= 2“ 5 

123 

A i,/ s A 

1;2,3 b l b 2 b 3 

+ h. c. + - -« , 

(3.2) 

'e-ph = 

T- A * 

123 

A^,A A 

,2,3 a l a 2 b 3 

. T-A II £ + . 

+ z _ j\ j 2 3 a l a 2“3 * """ ’ 

123 

(3.3) 


The summations run over all branches of the spectra and over all 




339 


quasi-momenta (first Brillouin zone), the conservation law of quasi¬ 
momenta 

Pi = p? + p 3 + -fiB , , Pj = "ftki (3.4) 

being contained in the interaction matrix elements %. . . , , A... . 

From the estimates Df the previous section we have 


HS 


HS 




Vcr (V 


s ru 


rv s/a , a tv 


(3.5) 


am a |mM 

which relations may be combined to 


v F ru 5 , 




B ru 


of- ' 


(3.6) 


0C = ^ «f 137 , P F rj SE 


Noticing for the operator of the atomic displacement 

1/2 

^i ^ ( FTN w^?k) ) 2 ( ^vk + ^vk* ' 

i 

where N is the number of unit cells (and therefore also the number of 
different quasi-momenta to be summed up), one may obtain CSl 


f... 


A., 




(3.7) 


In addition to (3.7), the matrix elements depend on the quasi-momenta 
which dependence may essentially reduce them in the long-wavelength 
limit (e.g. A... rsi ak £93, ^79). 

While <£ contains the small parameter (0/Ms-) 1 '- ru (0/£ F ) aj 
ro (m/M) 1/4 << 1, (3.1) and (3.3) do not contain formally a small para¬ 

meter justifying a perturbation treatment. In practice, however, apart 
from the exceptions discussed below these interactions effectively 
also prove to be small due to the large mass difference between elec¬ 
trons and ions. Thereby either T/£p (T - temperature) or |/£ F appears 
as the small parameter, that is, essential is the degeneracy of the 
metal electron gas because of which the number of excited electrons 
and holes is always small thus keeping down the interaction energy. 


The theoretical idealization of an infinite defectfree monocrystal¬ 
line metal at T = 0 allows for the study of the intrinsic damping 
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mechanisms limiting the quasi-particle lifetimes due to their 

mutual interaction. Comparison to the lifetime due to defect scatter¬ 
ing makes the quantitative definition of a "defectfree crystal 11 
possible. Besides, the assumption that T = O appears natural in a 
study of properties of a single quasi-particle. 

According to the philosophy sketched in section 1. ^^(p) and 

6u v (k> of (2.4) are not the quasi-particle energies seen in experiment. 
The interaction contained in H i nt 1 eads to a renormalization and 

of these energies and to a finite lifetime (imaginary part of 
and Scpy). Before discussing the effects of interaction, some remarks 
are necessary regarding the Hamiltonian (2.4). We remind you that 
^ w (p> is usually obtained by completely neglecting the ionic motion 
(bandstructure calculation). As a result it is a (manyvalued) analy¬ 
tic function of p on any analytic curve through the quasi-momentum 
space CIO]. ^ w <p> must therefore be renormalized with the full elec¬ 
tron-phonon Hamiltonian (3.3) including the adiabatic (deformation 
potential) as well as nonadiabatic terms. Contrary, the phonon fre¬ 
quencies co y (k> are calculated including already all virtual adiabatic 
(without retartion) electron-phonon processes. Therefore, 6J y (k) is to 
be renormalized only with the non-adiabatic part of (3.3) removing 
mainly the infinite group velocities appearing (because retartion is 
neglected) on some places in the adiabatic spectra (see section 5). 

The lifetimes of both electrons and phonons on the other hand may in 
lowest order be calculated with the full Hamiltonian (3.3) because the 
adiabatic interaction results in a real effective ion-ion potential 
and has no lifetime effect. It may seem to be inconsistent, to con¬ 
struct the Hamiltonian (2.4) in such a manner, but if one wants to use 
perturbation theory one is forced to do so because the adiabatic 
renormalization of the phonons is very strong, e.g. shifting the 
longitudinal acoustic branch at k = 0 from the ionic plasma frequency 
to zero Clll. Forgetting about this special character of (2.4) one may 
end up with completely wrong conclusions (see Cll,121 for a comprehen¬ 
sive discussion). 

Using the correction terms to the imaginary parts of £ oc (p) and 
cov(k) and obtaining from them the anomalies in the real parts of the 
dispersion relations with the help of generalized Kramers-Kronig 
relations we by-pass the problems discussed above. For a qualitative 
discussion, furthermore, the lowest perturbation order is sufficient. 
Thus we have with the same abbreviations as in (3.1-3) 
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Im &£■[ 
Im 

A 1,2,Z 


-Vi — ,M i',2 |2 (1 ~ n 2 5i ^l,-2,-3 > 

23 

~ I — 1 ^2 ,3 1 (n 2“ n 3 > ^i,2,-3 » 

23 

(2ir-fS)° &<Pi + P2 + Ps + tSG) j + £'-2 + £3* » 


(3. S) 


where G must be chosen such that the quasi-momenta pj are in the -first 
Brillouin zone, and = ZZ ^ £ d J p j / (2ir.fi) 3 . (The subscript -2, e.g., 

means (-pg, “Cj* ■ * The structure o-f M is 


m 1,2 = i ^ A 1,2 'Pi ~ P2 1 / 1/2 , 


(3.9) 


where £ is the mass density o-f the metal, and ,4^2 goes over into the 
deformation potential as 2-*-l and therefore is of the order of £ p 
113,143. nj is the Fermi step function, its appearence in (3.S) is 
connected with the use of £ instead of ^ which is convenient for geo¬ 
metrical interpretations. 


The electron-electron and phonon-phonon interactions (3.1-2) 
of course also contribute to Im £j and Im iuj , however, we will not 
further consider them. In fact, for Idj - £pI < ms 2 the electron- 
electron interaction dominates leading to a quadratic increase of 
Im 113,143: 


Im 


El 



(3. 10) 


4. Anomalies in the electron-hole spectrum 


The influence of electron-phonon interaction on the electron-hole 
spectrum was first investigated by Migdal C143 in the simple model of 
fig. la). In C133 the case of a general dispersion law is treated. 


Besides the technical aspects discussed in the last section the 
physical consequence of renormalization due to interaction is a fine 
structure in the spectra well localized in momentum space at places 
determined by the Fermi surface. This allows to express the renormali¬ 
zation Df Ree as a Fermi surface integral C143 (cf. (3.8)) 


Re ctfij = SI 


f dS 


£ 

- £ - f>co v (p - p > 

p 

v r> 

' Ml pi-* In 

1 

F IF 

11 vip-y 

J F 

r~ 

1 

- £ + -flu.-Mp - p I 

F 1 F 


(4. 1) 
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where the integral is over all sheets of the Fermi surface. From this 
we have 


Re he 


f e 

(£ 


ty> 


-l 


for l£ - £-1 


-ficOj) 


(4.2) 


As was to be expected, renormalization takes essentially place in an 
interval Ap nj -ftojj/Vp ru ifm/M'-fi/a oj ms where the relative change of the 
electron velocity is large (compared to fmTFT ). As was shown in C131 
and will be discussed in the following, the transition from one 
dependence in (4.2) to the other goes necessarily through an anomaly 
if not throligh several ones. 


Comming back to (3.S) we see that the 5-functions in combination 
with the factor (1 - limit the P 2 ~integration to the parts of the 

surfaces 


£ (pj> = £ (po> +'t ! > c * J v (pi “ P2* (4.3) 

*1 *2 

outside of the Fermi surface (i.e. in the electron region of £ 2 *- The 
surface (4.3) is near to the isoelectronic surface 


£ 

ot 


1 


(pi) 



(p 2 > 


(4.4) 


and if an acoustic branch co y is considered it touches the latter in 
the point p^ (fig. 2). It is easily seen that (3.B) leads in this case 
to the generalization of Migdal's result 


Im X(p F ) — £p I 0 , l£ j — £p I << 


(4.5) 


Pi 



Fig. 2. Integration domain in (3.S) according 
to (4.3) for l £2 “ 1 0 (dashed 

surface). (1) - surface (4.4), (2) - 

surface (4.3), (3) - Fermi surface. 


If, however, the 
Fermi surface 
contains a conical 
point pp in which 
the Fermi velocity 
vanishes, then (4.5) 
is no longer valid. 
It may be seen that 
there is a small 
region around p{i 
where no damping due 
to electron-phonon 
interaction takes 



343 


place. The reason for this "switching off" the damping is that an 
electron whose velocity is smaller than the sound velocity may not 
emit or absorb a phonon. 


For 1£^ - £p! >> -fiWjj the surface (4.3) lies completely outside of 

the Fermi surface, and Im&£j saturates. Again the transition from the 
cubic law to saturation goes necessarily through anomalies. An 
unavgidable anomaly appears at p = p r when one surface (4.3) leaves 
the Fermi surface completely (fig. 3). The excitation spectra of 
electrons and phonons determine the locus of all points p c around all 
sheets of the Fermi surface, a distance of about ms away from the 
latter. Near p c , for £' £ C c ~ * the intersection line of the 

surface (4.3) with the Fermi surface is an ellipse, and the singular 
part (S) of Ime may be calculated C131 to give 


S Im &£. 


f 7r IM I 

v" E . m c <£ c - £ > 

c for 

s 0 


< 


c 


(4. 6) 


* 1 

with m c aj (mM) ^ as a mass parameter. Physically the anomaly (4.6) is 
caused by dying out (or setting in) of a certain scattering process 
due to the Pauli principle. 


ft 



Fig. 3. The same sur¬ 
faces as i n 
fig. 2 for 

Pi = Pc- 


For each optical branch of the phonon 
spectrum at least two anomalies of the type 
(4.6) appear - when the surface (4.3) enters 
the fermi surface and when it leaves it. If 
the Fermi surface has humps or dips additio¬ 
nal anomalies may appear. The same holds if 
the phonon spectrum contains several local 
maxima (or minima). Among them especially 
interesting are those corresponding to topo¬ 
logical changes of the intersection line 
between the surface (4.3) and the Fermi sur¬ 
face. According to C13T an singular part at 
the correspond!ng point p^. 


S Im Se 
is obtained 


= K,I A In—f , A = £ - 
l4l 

where the prefactor again contains a 


(4.B) 

mass parameter. 


As was already mentioned the anomalies of the real and imaginary 
parts of the dispersion relations are connected via generalized 
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Kramers-Kronig relations, especially: 


: Im 

1 

! step of derivative 

4ln(£p 

/ \A 1 ) I 

! Re 

: A In (£ F / ItS 1 > 

step of 

derivative ! 


In connection with this we see •from (4.8) that the electron-hole spec¬ 
trum Re unavoidably seems to contain anomalies of the type ^lnlzll 
formally corresponding to an infinite group velocity v = £e/3p at p,- 
(even in cubic alkaline metals with a spherical Fermi surface there 
are saddlepoints in the phonon spectrum.) In the present case this is 
not connected with neglecting retention effects but simply Indicates 
the usual breakdown of perturbation theory at. points where the pertur¬ 
bed quantity behaves non-analytical 1y. As a rule, the setting in of 
the anomal dependence is, however, correctly described. In the present 
situation the reason for the infinity is that in the zero order (p) 
damping is neclected. Having this in mind we see from (4.5) that the 
logarithm is to be cut at InlEp/O) /v ln(M/m). 

5. Anomalies in the phonon spectrum 

Whereas the phonons may excite electrons only in a thin layer of 
thickness ms around the Fermi surface, the electrons interact with 
all phonons. Peculiarities because of interaction may therefore appear 
at the most various places in quasi-momentum space C153. 

In order not unnecessarily to sophisticate the analysis (see C163) 
we simplify (3.S) taking into account the smallness of the phonon 
energies compared to £p: 

Im Sayq) = TrcJ^q) Jd 3 p I M*} > j, p+q l 2 ^(£ oC (p) -<£>> SlC^p+q) -ff F > , 

(5.1) 

where q = fik (in (3.S) we put (n.? - ng> ai -fitOj ^( £ 2 “ long as 

the Fermi surface and its copy shifted by -q intersect (q < 2pp in the 
case of a Fermi sphere) the integral in (5.1) is non-zero, and as is 
we11 known [17,183, 

Im io s 1/2 

- ru - v - rv ($) . (5.2) 

to f 

When two pieces of the Fermi surface leave each other (in dependence 
of q, in the case of a sphere this happens at q c = 2kp> the integral 
value of (5.1) behaves non—analytical 1y resulting in the real part of 
the spectrum in a singularity of the type A 1n1211, where A is the 
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distance of q from the critical value q c measured in the direction 
perpendicular to the Fermi surfaces (A = q - 2p F in the spherical case 
- the Migdal-Kohn anomaly C14,193>. Depending on the dimensionality 
1201 or the local geometry C211 of the Fermi surface even stronger 
anomalies are possible. Physically these anomalies may be interpreted 
as a resonance interaction of the phonons with the accompanying 
screening cloud the Friedel oscillations in the assymptotics os which 
have just the wave-vector q^/ft. 

Of course, the phonon velocity again is not infinite: the finite 
electron lifetime leads to the cut-off of 1 n (•fi/a \A\ ) at ln(M/m) as 
long as q c is large so that electrons with energies above the 

Fermi level are involved (see 

Again, if the Fermi surface has humps or dips or is open - more 
precisely if it has lines of parabolic points (where the gaussian 
curvature is zero) - additional anomalies appear at q = C|,1 where the 
intersection line of the Fermi surface with its shifted copy makes a 
topological change (Taylor anomalies C223). Contrary to the previous 
case, where the Fermi surface normal and that of the shifted copy are 
generally antiparallel in the touching point, now they are parallel 
(if the Fermi surface consists of several sheets, the normals may be 



Fig. 4. The Fermi surface of Cu (broken line) and the loci of phonon 
anomalies in the (llO)-plane. 

parallel also in the first, case). A more distinguishing property of 
the Taylor anomalies is that their locus necessarily extents to q t l = 
with definite directions e c = q^/q^ (fig. 4), whereas the Migdal-Kohn 


0 



346 


anomalies may approach q c . m 0 only by chance. The locus and character 
of the Taylor anomalies was investigated in C151. For q 0 see 
124,253. As an example, in -fig. 4 a (llO)-cut o-f the Fermi surface of 
copper together with the loci of anomalies is shown. Experimentally 
the Taylor anomaly was found for the first time in C233. 

6. Quasi—waves in metals 


An incident electromagnetic wave excites in a metal electromagnetic 
vibrations dying off in a skin depth. In the collisionless limit (no 
defects) the metal can be treated as an electron plasma the dielectric 
function of which is in the classical approximation (ficu << £p, T = 0) 
expressed by a Fermi surface integral: 

2 

£ ik (tJ,k) = -<Vj R v k > , 

“ ' ( 6 . 1 ) 


1 

R = - 

i (kv - co) + 0 


< . . . > 


2 

(2irfS) 



dS 

_F 

vTpT 

F 


As was already discussed, in a metal there are no low-frequency free 
plasma vibrations, so that the dispersion equation 


D(co,k> = £«o,k) E(co,k) = 0 


( 6 . 2 ) 


obtained from (6.1) has only complex solutions. As is well known, the 
asymptotics of the electric field in the depth of the metal is not 
always determined by the nodes of £. If E (co,k) has a singularity at 
k z = k 2 (as a function of k 2 for k^ = k y = Imcu = 0, the z-axis poin¬ 
ting normal into the depth of the metal, and normal incidence of the 
electromagnetic wave is assumed), then the asymptotic field is 126,251 


E rv B -i <«t - k 2 z) (k c z) -«t ^ 

where ac is determined by the character of the singularity. 


(6.3) 


From (6.1) we see that singularities of £<w,k z > are produced by 
multiple nodes in the denominator of R, i.e. 


k 


c 

z 


GO 

JBV~r - 

F extr. 


ev F > 0 , e = e 2 , 


(6.4) 


where the extremum is taken on the Fermi surface. In the case of a 
spherical Fermi surface there is only one k z = co/vp. A more complica¬ 
ted Fermi surface may give rise to several values. If e = e c has a 





347 


critical direction where the curve evp = 0 on the Fermi surface makes 
a topological change, then (e c Vp > e> , ^ r = < - 1 " As shown in C163, in this 
case quantum corrections must be considered. (See also C273.) 
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ACOUSTIC PHONON INTERACTION WITH A TWO-DIMENSIONAL ELECTRON GAS (2DEG) 


L. J. Challis, G. A. Toombs and F. W. Sheard 

Department of Physics, University of Nottingham, Nottingham, 

NG7 2RD, U.K. 

1 . Introduction and Electron Transport 

Interaction between a 2DEG and acoustic phonons can be studied in a 
variety of ways. The simplest, in principle, is to measure the 
electron mobility, p., in a temperature region where it is strongly 
affected by collisions with acoustic phonons. It is not easy in 
practice however to separate the acoustic phonon scattering from 
other processes and also, at the high temperatures at which phonon 
scattering is strong, the system is beginning to lose its 2D 
character [1]. A better technique is to heat the 2DEG at low 
temperatures by passing a current through it; it then loses its 
energy predominantly by acoustic phonon emission ( kT g < <tiu) L g ) . The 
electron temperature T g can be determined, for example, from the 
amplitude of the Shubnikov-de Haas oscillations in the 
magnetoresistance (with the complication though that T^ will vary 
with B) or from the far infra-red spectrum into which a small 
fraction of the energy loss occurs and the loss rate into the phonons 
is given by P=AN s epE*^ where A is the area of the 2DEG, N g its 
carrier density per unit area, e the electronic charge and E s ^ the 
applied electric field [2], An example is shown in figure 1. The 
electron-phonon interaction can also be studied through the 
phonon-drag term of the thermoelectric power. In the presence of a 
temperature gradient there is a net flow of phonons and so of phonon 
momentum in the direction of VT. Part of this is continually being 
transferred to the electrons producing a current which is eventually 
opposed by an electric field. The result is the phonon drag 
thermopower, S which is expected to vary as T J . The measured 
thermopower also includes a diffusion term S^aT due to the electrons 
themselves, but in bulk semiconductors at low temperatures, the total 
heat flow and momentum flow is very largely due to phonons and it is 
not surprising therefore that the phonon drag term dominates in the 
thermopower. It is becoming clear that this is also the case in a 
2D EG coupled to a 3D phonon system as might be expected and that the 
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Fig 1 : The acoustic phonon emission per electron (this is assumed = 

total power loss epE 2 ) as a function of AT = T -T for 2DEGs in Si 
MOSFETS; HOpfel et I? [2]. The dashed line Ihows Pa(AT) 2 . 


measurements could therefore provide useful information on the 
electron - phonon interaction. The first experiments demonstrating the 
predominance of phonon drag were by Zavaritsky et al [3] and these 
were followed by a number of experiments e.g. Nicholas et al [4], 
Fletcher et al [5] and Gallagher et al [6]; Nicholas [7], who was 
unaware of Zavaritsky 1 s work, independently stressed the importance 
of phonon drag. The samples include Ge bicrystals, Si MOSFETS, and 
GaAs/AlGaAs heterostructures. Recent theoretical treatment of phonon 
drag on a 2DEG by Cantrell and Butcher [8] seems in good agreement 
with the experiments of Fletcher et al on GaAs/AlGaAs. The treatment 
has been modified to apply to Si by Gallagher et al and comparison 
with their experimental results is shown in Fig 2. 

Extension of this work to magnetic fields is of particular interest 
and a number of experiments have already been made (e.g. Fletcher et 
al [5]). 
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Fig 2: The reduced thermopower S/T 3 as a function of temperature for 
a Si M(j)^FET 2 : N g = 9. 8 x 1 0 cm («) , 7.8x10 cm (A) and 

6.1x10 cm (•). The dashed lines are drawn through the experimental 
points and the solid lines show calculated values (Gallagher et al 
[ 6 ] ) . 


All of these techniques give very useful but averaged information 
about the total rate of energy or momentum transfer between the 
electron system and all the phonon modes q^ (s is the polarization 
index). To obtain more detailed information on the electron-phonon 
interaction we need to look directly at the phonons emitted from a 
hot 2DEG or absorbed by a cold 2DEG. We need to know for example how 
the power emitted into a small solid angle, P ( oj , s , 3, <b ) dfidfcj at a 
frequency to and polarization s, varies with the angle 3 that (5 makes 
with the normal to the plane of the 2DEG and with the angle «5 that 
qsin-9- makes with a symmetry axis in the plane. We should also expect 
that P will depend, weakly, on the direction of the drift velocity of 
the electrons because of phonon drag and, strongly, on magnetic 
fields applied perpendicular to the plane because of quantization 
effects. Complementary studies to these investigations of emission 
can be made by looking at the phonon absorption by a cold 2DEG of 
bulk or surface acoustic phonons, again as a function of 0 ), s ,-9 and i>. 
These lectures are concerned largely with these phonon techniques and 
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we start by considering emission. 

2. Phonon Emission 

2. 1 B = 0 


As an example, we discuss the phonon emission from a 2DEG in the 
(001) plane of a Si MOSFET. This discussion follows closely that 
given recently by Toombs et al [9]; see also Rothenfusser et al 
[10]. In bulk Si, the 6 degenerate minima in the conduction band lie 
along the <100> directions. The energy surfaces are ellipsoids with 
that along [001] described by 


E = -h 2 [ ( k 2 + k 2 )/2m* + k 2 /2m*] 

x y t z 1 


The effect of the surface potential V(z) is to replace the 
z-component of the energy for this valley Ti 2 k 2 /2m*, by discrete 
eigenvalues whose energies - m^. The result is that the 

energies of the 2 valleys along the z-axis (m*=m^=0.916m Q ) are lower 
in energy relative to the other A (m* = m* = 0.190m Q ) . The ground state 
energies are therefore 


E = E + ( k 2 + k 2 ) 

o 2m* x y 


with a valley degeneracy factor g =2 and a spin degeneracy factor 
B s' 2 ' 


The energies are affected by strain and, as would be expected, the 
energy shifts within these ellipsoidal valleys depend on the 
direction of the strain relative to their axes: z in the present 
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_ _z 

■^•u a z 


where typical values are X =9-0eV and 3L = -6.0eV. Phonons provide an 
oscillating strain arising from a displacement _u(_r) whose 
instantaneous value is given by 
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u ( r ) 


f -ft 1? { iq . r 

^ 2 pVaJ q,s > N ’® 6 


a + , e-ia-il e 
q s -Q , s 


where a , a+ are annihilation and creation operators, e is the 

q q -q,s 

polarization vector and p and V, the density and volume of the Si 
respectively. (This expression for u(_r), in which the phonon modes 
are those for bulk Si, assumes that the 2DEG is imbedded in a large 
volume V and neglects the fact that it is rather near to the 
interface between the Si and the SiO^ layer. Calculations suggest 
that this should be a reasonable approximation [11]). 


So the Hamiltonian for phonon emission is 

f fl li 


V ( r) = - i 
ep - 


[2pVoj 


q , s 


"u 


q e - Dq . e 
z q , s, z — —q > s 


a „ e 
q , s 


•iq . r 


where D= - ^ . For an isotropic (Debye) model, we can choose, 

without loss of generality, the 2TA modes for each £ to be polarized 

within and perpendicular to the plane of incidence for which the 

z-component of e, e = sin 9 and 0 respectively. So if we write 

q , s , z 


(*($) = (q 


Z. -q S , z 


Dq . e 

_ -q> 


,)/q 


then X s ( &) = cos 2 $-D 
s 

= sin$cos$ 
= 0 


LA modes 

TA modes (in plane) 

TA modes (out of plane) 


and V 

ep 

where v 

s 


, f^.s 


i i. 


i ^ ' — ZT X ( 3) a + 
2pW J u S q, 


- iq . r 


sound velocity of mode s. 


This perturbation induces transitions between electronic states k_, k' 
with the emission of a phonon so that there is a continuous energy 
transfer from a hot electron gas into phonon modes £ at a rate 


P ‘ B s B vkfk’’ ti “q,s f k ( 1- 


) ( n 


q ,s 


i )wf ’3-’ 

k 


where w£ '>3 .’ S - :p l M I 1 2|5(E k _E ff' = <j£' 

are the usual Fermi-Dirac and B’ose-Einstein 


V k> , 
ep - ’ 


and 


f. and n 
k q , s 


functions. Energy is also transferred in the reverse direction but 
we can neglect this if T e >>T, the lattice temperature. The 
expression for P assumes that the electrons are in equilibrium as a 
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a result of electron-electron scattering. To evaluate it we suppose 
free-electron behaviour in the plane so that the eigenfunctions can 
be written 

_ 1 

i))(_r) = (L L ) J exp(ik xlexptik y ) i|> (z) 
x y x y o 

where, for the bound state wavefunction, we take 

_ i 

^ 0 C s) = (2a 3 ) 5 z exp(-z/2a) with a ilnm. [1] 


The matrix elements are the products of 3 integrals. Those over x and 


y give 5 


corresponding to conservation of wave-vector in 


J ° k.k' + q,, K ° 

the plane of the 2DEG while that over z gives 


- lq z 

F(q z ) = ( z ) e d z 


1/(1-iq a) so that | F(q„ 


2 = ( 1 +q 2 a 2 T 3 


showing that there is an effective limit to the magnitude of the 
wave-vector q^ that can be emitted. The fact, expressed by F(q z } , 
that q z does not have to be zero is a consequence of the Uncertainty 
Principle resulting from the localization of the electron in a 
distance Az'ua. 


The next task is to sum the emission into mode < 3 g from all the 
initial k- states that are allowed by energy and wave-vector 
conservation. For kT<<fi(jj and a 2DEG of area A 

q 

2 S V w(r =S y*> lF(qcosS)| %^K (1 - f k- )5 k,k- + q, , 5 ( V E k'-K^k 

6 . , requires k' 2 - k 2 + q 2 - 2kq cos?!, where <t is the angle 

_ > k_+5. it ii ri 

h 2 ?m* 

between k and q . We write y z E-E'-ftu z -z—at ( k 2 - k ' 2 -=-s— flu ) and 
, , q 2 nr Ti 

k = q /2+m*v /"hsin5 and substituting for k' obtain 

o i , s 

"'ft * Q 

y = —(kcosui-k ), so y = 0 requires kcoseS = k and hence 
m * o oo 

k Q *< kp or q,, "*< 2k p-2m* v g /fis in$ which requires q,,*^2k F except at the 

smallest angles. We next transform 

, "ti 2; q,, , , , - m * dkdy 

dy = — n3r xi ~ sirxzS kdsi and d k = kdsidk = 31- —:—r 

ra — -fi 2 q sinsi 
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So the integral becomes 


-fi'qsina 


! f,.( 1 -f, 
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y ) dy 
s in0 


-2m* 

"R 2 q s i n9 




k Q (k*-k^ 


(the factor of 2 before the integral counts the two values of 
satisfying y=0 and we are assuming that it is a reasonable 
approximation that the second integral 'v{sin«S Q ) ^ throughout the 
range) . 

So finally we can write down the power emitted per unit area of the 
2DEG into phonons of polarization s in a range of frequencies doj in a 
small solid angle dft at an angle 3 from the normal to the 2DEG when 
T e >>T, Pdnda) where 

f, ( 1-f, , ) kdk 
k _kj_ 

(k 2 -k 2 ) s 
o 

The integral can be evaluated numerically and fig 3 shows the total 
energy emitted as a function of & for TA modes (after Toombs 
et al [9]), showing that it is fairly strongly peaked in the forward 
direction (9^0). The angular distribution measured would also be 
quite strongly modified by phonon focussing due to the elastic 
anisotropy of Si. This can be allowed for by including a function 
F(9,{5) so that the measured distribution is the product P (9 ) F (5-, eS) . 
However in these lectures we do not consider F ( t >) further and 
concentrate on the emission function P(9) although we note that 
F(9,iz5) has a strong peak centred at 9 = 0. Evidently P (-9- ) must drop to 
zero at 9=0 since the necessary perturbation in the plane disappears 
when q =0. For LA modes it also vanishes at 9=36° (cos 2 9=D). The 

* I 

frequency spectrum also depends on 9 and s (v(cut - off) 

^kpV s / its in 9-m* V| / ir+lsin 2 9) increasing in high frequencies as 9 falls. 

The temperature dependence of the total power is also of interest. 

At 1 low 1 -electron temperatures, and for all but the smallest angles, 

the cut-off occurs at much higher frequencies than can be emitted 

thermally (n,4kT /-fi) and the emission is determined mainly by the 
e 


Z. 2 x ( 9) | F( qcos9! | or 
v u A s 1 

8tr ^pti v^ s in9 
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Fig 3 : The angular dependence of the phonon emission per unit solid 

angle from a hot 2DEG in Si for B=0 (Toombs et al [9])- (No allowance 

has been made for phonon focussing). The parameters assumed are 

N =5x1 0 1 1 cin ( E„ = 3.0 meV) and T = l5K(kT =1.3 meV). 
s F e e 


5 5 5 

phonon distribution function. So P a T (or T -T if T cannot be 

e e 

neglected) as can be seen from the (p’dw dependence of the prefactor 
and the integral which aio in this limit. This is a good 
approximation to the total power dependence when the fraction 
emitted at small angles can be neglected which is the usual 
situation. At 'high' electron temperatures however, the cut-off 
will have a dominant effect and PaT^. Experimental conditions lie 
between these two limits so that a wide range of temperature 
dependences seem possible; we note that the F(qcos&) cut-off can 
also play a role. 

This calculation by Toombs et al was largely made for comparison 
with the B* 0 case discussed later and looks to be essentially the 
same as Rothenfusser et al, although this latter paper does not 
give a final expression for P. There have also been several other 
calculations of P(T) for a hot 2D EG in zero field (although P(5-) 
does not appear to have been written out explicitly before) with an 
interesting variation of temperature dependences! Our low 
temperature dependence seems consistent with Shinba et al [12] and 
with Payne et al [12] who follow Shinba et al, but note that the 
emission must be multiplied by ql, when ql<l as in their 
experiments, giving PaT^. But weaker dependence have been derived 
and we are presently comparing these calculations In detail. 
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One aspect that we have not yet discussed is the role of electron 
screening. Rothenfusser et al allow for it by reducing the 
deformation potentials by a dielectric constant e( q ,w) taken from 

t t 

the dynamic Linhard theory for a 2D system (see ref [1]). So their 

2 

phonon emission is less than ours by e (q ,w) and since q [phonons X 

7 ' ' - 1 ' ' 

q g , the screening wave-vector (q ^1.2x10 cm in the long wavelength, 
low temperature limit which equals that of TA phonons at 1100 GHz) 
this would affect the magnitude and the angular and frequency 
distributions. However it is not clear to us at present that this is 
an appropriate procedure because of the differences between a 
deformation potential, that is a potential distribution arising from 
a strain, and a potential distribution resulting from an external 
electric field (we also note that the screening is reduced by 
scattering) and for the moment we have neglected screening in these 
calculations . 

Experimental evidence showing the striking differences in the phonon 
emission from a 2DEG in a Si MOSFET from that from a 3DEG has 
recently been obtained by Rothenfusser et al [10], by Dietsche [13] 
and by Kent et al [1A]. The arrangement used by Rothenfusser et al 
is shown in fig A(a). 100ns pulses were applied across a 1mm 2 2DEG 

through capacitively connected source and drain contacts. The power 
dissipated in the 2DEG (R'Mkfi) was typically 1mW/mm 2 and the 
resulting phonon pulses were detected by Al or Pb superconducting 
tunnel junctions on the opposite face at various angles, , to the 
normal. The samples were thicker than the usual wafers (3mm rather 
than 0.5mm) to spread out the time of flight spectrum. Phonons 
travel bal1 i st ically in Si for V? 800 GHz (the limit is set by 
isotope scattering) and this feature plus the lower detection limit 
set by the energy gap of the junctions means that the Al junctions 
detect ballistic phonons from 100-800 GHz while the Pb junctions 
detect those between 650 and 800 GHz. Examples of their results for 
TA phonons detected using Pb junctions are shown in fig 5 for three 
different angles §■ to the normal. The data were taken using a fixed 
E s( j and show the effect of increasing the carrier density N s . 

Before discussing these data we first consider what would be expected 
at constant power with a narrow band detector at v . Theoretically 

there should be a rather sharp peak in the emitted intensity just 

~J A 

before the cut off at q = 2k /sin$ so that since k_= (tin ) the detected 

** * s 12 —2 

signal should have a maximum at N = ir(v sin$/v ) 2 = A.9x10 sin 2 $ cm 

SOS 

for v = 725 GHz. (v for TA modes = 5.8x10 3 ms” 1 ! . The experimental 
Os 
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(a) (b) 

Fig 4(a) : The experimental arrangement used by Rothenfusser et al 

[10]). The 2DEG forms just below the Si-SiO interface when a 
voltage is applied to the Ni-Cr gate, (b): The phonon signal detected 
by the tunnel junction as a function of time of flight. The insert 
shows the geometry of the emitter and detector [10] ; 


situation was inevitably slightly more complicated than this. In 

particular, since E . was constant, the total power (AN euE 2 ) 
si ^ s s d 

increased as was increased. The calculated signals are shown by 

the broken curves in fig 5. (The absolute values are scaled) . The 

peaks are shifted to somewhat higher values of than those given by 

the simplified expressions but the angular dependence remains. The 

agreement with the position of the first peak found experimentally is 

striking and clear evidence of the 2D features of the emission. Some 

features have still to be explained however, in particular the peak 
12 - 2 

at N =5x10 cm detectable at §■ = 39° and very marked at 23°. The 

authors also detected phonon drag effects in the emission: the 

signals depended on the direction of E J and so the electron drift 

sd 

velocity . 

The angular dependence was also investigated by this group using an 
extended superconducting tunnel junction covering an area of 6x4mm 2 
on the opposite face of the Si substrate [13]. The sensitivity of the 
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Fig 5: Phonon emission from a hot 2DEG in the frequency range 
650-800GHz at 3 different angles $ from the normal to the 2DEG 
(solid lines). The source-drain voltage was held constant while N 
was changed. The broken lines show theoretical results [10]. s 


detector can be increased by i11 urnination ,and by raster scanning a 
laser beam across the junction, a 'phonograph' was obtained of the 
phonon emission (TA). The most noteworthy feature was a strong peak 
in the forward direction (8^0°) which, as they note, is partly at 
least due to focussing. (This is perhaps the reason why they do not 
see the 'hole' at 8=0 predicted by the theory). 

Some zero field measurements of phonon emission from a 2DEG in a Si 
MOSFET have also been reported recently by Kent et al [13]. These 
form part of a study of emission in magnetic fields up to 7T and use 
CdS bolometers which are relatively field insensitive (unlike of 
course superconducting tunnel junctions) and have a broad band 
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response. Kent et al also found that the phonon emission was 
strongly peaked in the forward direction and that the intensity fell 
sufficiently sharply with angle that it could not be detected at 
$>40°. This is in contrast with the findings of Rothenfusser et al, 
who as we have seen, were able to detect these weaker signals at 
larger angles. This is probably because of the greater sensitivity of 
tunnel junctions compared with bolometers although there may also be 
modest differences in the focussing function F($,s5) since the values 
of «5 were different in the two experiments. We note too an 
interesting difference in the variation of P with N for E gD constant, 
measured with broad band detectors at 54° [13] and spanning 0-34° 

[1-4J-. If indeed most of the emission falls within a solid angle 

§■<34°, then the signal seen at the small angle detector should be 

2 

proportional to the total emission P = N s ep,E gD i.e. P <* N g and this was 
indeed observed by Kent et al [14]. However at $ = 54° we are in the 
tail of the angular distribution. So the detected signal depends on 
the shape of P( -9-, ei ) which in turn depends on kp, i.e. N s > So in this 
case, P (i but will be a more complicated function as observed by 
Rothenfusser et al [13]. 

The first experiments on phonon emission by a 2DEG were in fact not 

in a Si MOSFET but in a GaAs/AlGaAs heterostructure (Chin et al 

[15]). Phonons emitted at 1H1 0° to the normal to the 2DEG were 

detected by an Al superconducting bolometer on the opposite face of 

the 0.5mm substrate. They found that for low powers, *< 2mW/mm 2 when 

T^iCAOK, the detected signal was very largely due to TA phonons which 

would have been emitted by piezoelectric coupling (TA phonon emission 

via deformation potential coupling is not possible in GaAs because of 

the parabolic energy bands). The results are shown in fig 6. At 

higher powers when T g > 40K, an increasing proportion of the signal 

arrived appreciably later than the TA phonons as a broad slow pulse 

(SP). This was attributed to the increasing importance of L0 phonon 

emission as T increases ( "FUjU T _ / k 'C400K). The LO phonons are known to 
e LCJ 

decay rapidly into high energy TA phonons at the zone boundary but 
these travel slowly since the dispersion curve is flat and they are 
unable to decay easily into faster moving phonons because of 
difficulties in satisfying the selection rules for energy and 
momentum conservation. Qualitatively similar effects were observed by 
Chin et al [16] in the phonon emission from a 2D hole gas. They also 
showed that in GaAs, the holes are substantially more strongly 
coupled to the phonons than are the electrons. 
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Fig 6 : Phonon emission from a 2D EG in a GaAs/AlGaAs heterojunction 
( vl 0 n s pulses) for a range of source-drain fields E . The detected 
signal is shown as a function of the time of flight [15]. 


2. 1 B i 0 

We next discuss the interesting changes in the phonon emission 
anticipated as a result of magnetic field quantization. The most 
striking is that the emission now takes place at the cyclotron 
frequency and its harmonics. Cyclotron phonon emission by a 3DEG and 
its possible use as a tunable phonon source has been discussed by 
Slater and Tremblay [9] and the considerable advantages of a 2DEG for 
this were pointed out by Challis & Hampton [9] and independently by 
Slater [9]. Calculations of the emission spectrum have recently been 
made by Toombs et al [9] and we follow their discussion. 
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In a magnetic field B along the z-axis represented by the vector 
potential A=(0, Bx, 0), - the assymetric Landau gauge - the electron 
eigenstates and eigenvalues may be written 


^n,k y (x ' y ' Z> 


u n (x-X k) L v exp(ik v y 5 ^o (z1; 

y 


E = (n-4nr)ftw 
n 2 c 


where n=0,1,2. labels the Landau levels and u^tx) is the nth 

eigenstate of a simple harmonic oscillator whose frequency is 
o^ = eB/m*. (We have not included spin splitting in E^ . This does not 
change the frequency spectrum of the phonon emission since the 
electron-phonon interaction cannot change the spin but it will make e 
small difference to the intensities because of its effect on the 
thermal populations). The eigenfunction is centred at X^=-lgk where 
l_=(-f1/eB) z is the magnetic length which provides the sca^e of the 
S.H.O. wavefunctions. Since 


-L /2<x<L /2 and k is restricted to 
xx y 


values m(2n/L ) with m=0,1,2,..., each Landau level contains 

g g L L /27i 1 £, states. 
s B v x y B 


The calculation of the phonon emission can be carried out as in zero 
field. The matrix element integrals over y and z are unaffected by 
the field but the x-integral becomes 


+ L / 2 
x 

-L / 2 
x 


x-X k , 


- iq x 

e u (x-X., ) dx 

n k y 


Since S.H.O. states are localized, the limits can 
and, by moving the origin to the orbit centre 

y 

X k ,-X k =1 B (k y~ k y 1 ~ 1 B q y ’ the inte e ral can be 
-iq X , 

e y i 1 (q v >qJ where 

n n x y 


-iq X 

^n^x-V : Jv (x)e X U n <* +1 B q y )dx 

—00 

The integral may be evaluated using the generating function for the 

Hermite polynomials [17] and we obtain the result for the power per 

unit area Pdf2 emitted into modes w = (n-n 1 ) tu in a small solid 

q , s c 

angle df2 at angle 5- to the normal. (Note that this expression is for 
all frequencies while that given earlier for zero field was for a 


be extended to 
and noting that 

written 
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frequency range dn) : 


= . 2 ,xJft) | F(qcos&) | 2 u) l, u 

\j u _;_ 

ar^ptiv^ 


11 , (q ,q )1 2 f (1 -f ) 

n 1 r n x y 1 n n' 


and I , (q ,q ) 
n 1 ,n M x’ M y 


fn' n rcn n ~ n ' K 2 /2 ) r n! V 

[n! M2 J e £_ 0 r! ( n '-r ) ! ( n-n ' +r ) ! J 


and £ = q1 D sin§ 

LJ 

Examples of the angular dependence of the emission from a (100) 2DEG 

in a Si MOSFET given by this expression are given by Toombs et al and 

reproduced in fig 7 and 8 for B=5T and 0.5T respectively for 

N =5x10 11 cm _2 (E„= 3.0meV), and T =15K(kT =1 .3meV ) . 
s F ’ e e 

As in zero field, the intensity falls to zero at $ =0 and cos ! J = D (LA 
phopons) and indeed the angular dependences at B=0 and 0.5T are very 
similar apart from the structure (the peak values differ by n. 30% 
partly due to computing procedures; this is being checked).At the 
higher values of field the angular dependence is dominated by the 

i 

overlap integral which has a maximum near s i n,T~/"5 ( n-n 1 ) 5 / q lg . This 
angle can be Quite small for high magnetic fields and for example ^ 
13° and 9° for LA and TA modes respectively for the conditions for 
figure 7. The fall off in intensity with angle can again be linked to 
the Uncertainty Principle. The electrons are now localised in the 

i i 

x-direction with Ax'M -'MIT/eB ) J so that q s in,3< ( eB /H) s . Since q«B, 

_ 1 B 

( s in,1 ) m ax “B 5 so that the energy is pushed closer to the normal as B 
increases. We note that this calculation does not include any 
screening effects which are even more complicated in these non-zero 
fields . 

Experiments to examine these effects in detail are underway in 
Nottingham and preliminary work appeared broadly consistent with 
quantised emission (Kent et al [14]). These first experiments were 

carried out on a Si MOSFET 2DEG of rather modest mobility 

-1 - 1 

(~1 500cm 2 V s ) so substantial Landau level broadening would be 
present.at lower fields : W C T = pB - 1 at B-v6T. Phonon emission 
following a current pulse through the 2DEG was investigated using a 
bolometer centred at $ t, 17°. At constant power, no change was 
observed in the detected signal for B<5T, but it started to fall at 
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LA emission at to an d 2 to . The fall in P($) is weaker than for TA 
modes (q l-,(LA)<q 1 _ ( T A ) ”? but note that P ( -S-) = 0 when cos’ J=D, The 
structure due to She separate transitions is not apparent in this 
case. 



Fig 8: Angular dependence of the total TA phonon emission at 0.5T. 
v =74 GHz ("R to = 0.3meV). The emission is strongest for transitions 
(n-n 1 ) to 'VkT /% as in the zero field case. The large number of 
harmonics and transitions involved results in the structure in P($). 


higher fields where v c >700GHz. This is consistent with the cyclotron 
peak in the emission moving to frequencies where it is strongly 
scattering by isotopes. 


3. Phonon Absorption 

Phonon absorption can take place by a similar process to emission and 

a theoretical analysis for absorption in zero field is given by 

Hensel et al [18]. (The analysis is presently being extended in 

Nottingham to magnetic fields when, in the absence of level 

broadening, the absorption is restricted to inter-Landau level 

transitions i.e. to w=(n-n')w )). The treatment is similar to that 

c 

given above and for T^nOK, the absorption from a beam of phonons 
with wave-vector q is given in the notation of these lectures, by 

a m*g v 3; z u x s ( 3) |F(qcos») 1 J A(q, , ) 

I - xpfi z v 2 cos$sin# 
s 

A(q ) and so AI are zero for q >2k„+2m*v /-fisin&, 

ii i i * s 
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and A(q ) = R ( q )> 2k„-2in*v /+5sinft<q <2k„+2in*v /"fisin-A 


and Alq^) , 8_ ( q ^ , , - 6+ < 9 , _ > , q _ _ < 2k p - 2m* v s /fls inS 


where B (q ) = k' - [q / 2± ^-*ll_| *] i 
±11 r ' ' ■fisin.j}.; 1 


So at low q (and m*v /fisina) we can expand the brackets in g (q ) 

ii s - t i 

and find Al q . This steepens sharply as q approaches 2k„ - 

It t 1 " 

2m*v /TisinA- and then falls to zero for a further increase in q of 

s t i 

Am*/v s "fisin$. This is shown in figure 9. The angular dependence of AI 
depends on the magnitude of q and we note that AI + 0 as S + 0 as 
expected. 



k' k" q 


Fig 9: A(q ( ), from Hensel et al [18], (In their notation 

G (q ) = (sV/ ''fi'MAtq )); k'=2k2m*v /fisinfl.; k’’=2k„+2m*v /tFsin-J. 
i . ii r s r s 

Hensel et al carried out the first experimental measurements of 
phonon absorption and these were also the first experiments in which 
the phonon interaction with a 2DEG was measured directly. The 
arrangement is shown in fig 10. 

90ns heat pulses were generated by shining a laser pulse onto a 
constantan film and were detected by a superconducting Al bolometer 
after reflection from the Si-SiO^ interface of a Si MOSFET. The 
phonons pass twice through the 2DEG at an angle $=55° to the normal 
and its effect on the detected signal could clearly be seen by 
modulating the carrier density between 0 and some value N g . The 
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COOI] 



Fig 10: Measurement of phonon absorption by a 2DEG in a Si MOSFET at 
2.15K [18]. The cut in the substrate prevents direct transmission 
between generator and bolometer. 


experimental results are shown in fig 11(b). 

The most striking feature is the apparent size of the absorption. The 
fractional fall in signal reached 2% and this is an order of 
magnitude larger than that predicted by the theoretical expressions 
given above. There is inevitably some uncertainty in the heat pulse 
spectrum through uncertainty in T^ as this is not measured directly 
but calculated from the power input to the constantan film. However 
this cannot account for the large discrepancy observed and this was 
explained later by Hensel et al [19]. They pointed out that phonons 
would not only be reflected at the Si-Si0 2 interface but also at the 
2DEG as well. Reflection occurs whenever there is a change in 
acoustic impedance v s , and, inside the Si, v s is changed in the 2DEG 
by the presence of the electron gas. To see this, we recall that the 
wave equation relates the response of a system ptf to a driving force. 
In the absence of conduction electrons, this force is caused by the 
strain because of the elastic modulus of the lattice. When electrons 
are present however there is an additional force on them due to the 
deformation potential caused by the strain. So the electrons not only 



1 

5 2.5 - <b) 





2 kp ( 10 * cm H ) 


Fig (11): Phonon loss caused by a 2DEG in a Si MOSFET [19] as a 
function of 2k„. T is the phonon temperature calculated from P. (a) 
Theoretical calculations allowing for interference effects between 
the 2 reflected beams. {b) Experimental data from [18]. 


cause dissipation but also change the sound velocity and so the 
acoustic impedance. (The situation is not dissimilar to that of 
electromagnetic waves propagating in a conductor which can of course 
be described by a complex refractive index. Just as in the present 
case that leads to both absorption and to reflection at an 
in terface). 


Hensel et al first explained the effect of this additional reflection 
by using a simplified model in which the 2DEG is considered to be 
vanishingly thin and situated at a distance h from the Si-SiO 
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interface. A reflected LA signal can now arise from both 'interfaces' 
and interference occurs because of the phase difference 2q z h between 
them. (The situation is actually more complicated than this because a 
reflected LA signal can also arise through processes involving mode 

conversion at both interfaces : LA -> TA—> LA). For the appropriate 

value of h, the phase differences 2q z h for the q z 's of interest are 
restricted to a range from about 0 to 2 it (q =q cot 55 and the 

^ T I 

reflection becomes small for q >2k„). So the interference effect 

I » ** 

does not in fact average out for the broad frequency distribution 
used as might have been expected and it is large because the two 
reflected signals are of comparable amplitudes. This is partly 
because reflection at the Si-SiO^ interface is rather weak since the 
incident angle happens to lie close to the Brewster angle. But 
another important feature is that the phonons transmitted into the 
amorphous SiO^ are strongly scattered so that there is no reflected 
pulse arriving bal1istical1y from its further face. Fig 11(a) shows 
the decrease in signal AI/1 calculated allowing for these effects and 
is in convincing agreement with the experimental results shown in 
11(b). The deformation potential parameters used to describe the 
electron-phonon interaction are those given previously so this 
agreement suggests that the interaction in 2D is similar in strength 
to that in 3D. (No allowance was made for screening). 

The first experiments on field dependent absorption at high 

frequencies were by Eisenstein et al [20]. The 2DEG sample was in a 

GaAs/AlGaAs heterostructure (N =1.5xl0^cm u: Ax 1 O^cm^V - ^ s” ^ ) 

s 

connected in Corbino geometry and the incident heat pulse was 

L 

filtered by transmission through 1.3mm of liquid He at <0.2K to 

obtain spectroscopic information on the absorption. Under these 

conditions, ^*He has the useful property, arising from the curvature 

of its dispersion curve, that it will transmit bal1istical1y phonons 

with V > V b - 200 GHz but down-convert phonons of v <V o to "5 2 0 GHz. 

can be reduced by applying hydrostatic pressure (20 bar for 

v ; 0) so reducing the intensity of down-converted phonons. For * 
c 

the fields and heat pulse temperatures used, the phonon energies 

<<fi 0 ) so absorption would be due to intra-Landau level transitions, 
c 

which in these high mobility samples, can only affect low frequency, 
i.e. down-converted phonons. Eisenstein et al used the conductivity 
a xx of the 2DEG as a sensitive detector of phonon absorption and 
demonstrated that the absorption (i.e. Aa^/a ) decreased with 
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pressure at all fields which seems consistent with this discussion. 
The decrease in pressure effect with field would seem to imply that 
the absorption increases with N, the index of the Landau level 
responsible for the absorption. The results are shown in fig.12. 



Fig 12 : The heat pulse amplitude detected as a result of absorption 
by a 2DEG j.n a GaAs/AlGaAs heterostructure [20]. The phonons passed 
through a He filter tuned by hydrostatic pressure. Curves are shown 
at 3 magnetic fields and N shows the highest occupied Landau 
level . 


Magnetic field dependent phonon absorption by a 2DEG has also 
recently been reported in heat pulse experiments on a 2DEG in a (100) 
Si MOSFET by the Nottingham group [21]. Measurements are being made 
using a similar geometrical arrangement to that used by Hensel et al 
but most of the work so far has been done at close to normal 
incidence, with the arrangement shown in fig 13. 

CdS bolometers were used, as in the emission experiments, and these 
are mounted on top of the gate as shown. Heat pulses are generated by 
applying a voltage pulse to an Au film on the opposite face. The 
substrate is 5mm thick, the bolometer 3x3mm 2 and the heater 1x1mm* 
so that most of the phonons are incident on the 2DEG at angles 

between 0 and 20° or so. The detected signal falls detectably as N 

12 2 s 
is increased to 4x10 cm and this is presently being studied 


as a 
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U> (b> 

Fig 13 : The experimental arrangement being used to measure the 
absorption of phonons by a cold 2DEG in a Si MOSFET in fields up to 
7T [21]. (a) The general arrangement, (b) The bolometer showing the 

Au electrodes used to measure the resistance of the CdS film. 


function of field up to 7T. Preliminary results of this work have 
been reported [21] and it is being continued to higher values of N s> 
etc. The reduction in signal should again be partly due to 
absorption and partly due to reflection from the 2DEG but preliminary 
estimates suggest that the interference effects should now be rather 
weak so it is hoped that the analysis may be simpler. 


Field dependent phonon absorption by a 2DEG in a GaAs/AlGaAs 
heterostructure has also been observed by Wixforth et al [22]. GaAs 
is piezoelectric and these experiments were carried out at 70 MHz 
using surface acoustic waves (SAW) generated and detected with 
interdigital transducers. At these frequencies, the acoustic 

wavelength, 'uAOpm, is large compared with the thickness of the 2DEG 

_ ■] 

and the other lengths in the problem (k p, and 1, the electron mean 
free path) so a description in terms of macroscopic variables is 
appropriate. The attenuation can be attributed to the dissipation of 
currents set up by the piezoelectric fields and Wixforth et al show 
that a good description can be obtained with the relaxation-type 
expressions 


r= “ q(a xx /a m >/[1 


a / a )* ] 
xx m 


Av / v = a / [ 1 
s s 


: a / a ) 2 ] 
xx m 
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this relaxation expression with experiment is clearly satisfactory. 

It is not quite perfect however and, for example, the two minima that 
we have discussed should evidently be of the same depth and not of 
slightly different depths. It would clearly be of considerable 
interest to extend this work to higher frequencies where q1>1 . 

4 . Conclusion 


There is still a great deal more to be learned about the details of 
the electron-phonon interaction in 2D EG systems. Some of this may 
emerge from more experimental and theoretical work on electrical 
transport particularly in high magnetic fields and thermoelectric 
power seems likely to be a worthwhile area of investigation for some 
time to come. It is also clear that phonon work by a variety of 
techniques has very considerable potential in this area and in 
principle can provide detailed information about the interaction with 
specific phonon modes which is not possible to obtain in any other 
way. The suggestion that cyclotron phonon emission from a hot 2DEG 
might be a useful tuneable source of 'monochromatic' phonons has 
still to be explored experimentally. 
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ELECTRON-PHONON RELAXATION MECHANISMS AND KINETIC EFFECTS IN TWO- 
DIMENSIONAL CONDUCTING SYSTEMS 


R.N. Gurzhi, A.I. Kopeliovich, S.B. Rutkevich 
Institute for Low Temperature Physics and Engineering 
Academy of Sciences of the Ukrainian SSR 
Kharkov, 310164 USSR 


The two-dimensional degenerate Fermi gas of electrons interacting 
with phonons is considered. The basic mechanisms of momentum relaxa¬ 
tion in such a system, associated with electron-phonon, phonon-pho¬ 
non and electron-electron collisions, are shown to be qualitatively 
different from similar mechanisms of the ordinary three-dimensional 
metal. The physical reason of the difference is that the two-dimen¬ 
sional system of interacting electrons and phonons breaks down into 
almost isolated groups between which the momentum transfer ocours 
through very slow, staged superdiffusion (mixing) processes. In this 
paper, the authors propose an efficient method for deriving super¬ 
diffusion equations, based on the detailed balancing conditions in 
the electron-phonon system. As has been found, the electric and 
thermal conductivity coefficients under certain conditions may be 
anomalously high, showing behaviour qualitatively different from 
that in three-dimensional metals. The effect of specifically two- 
dimensional relaxation mechanisms upon sound absorption and electric 
conductivity of thin samples is analyzed. The possibility of observ¬ 
ing such effects experimentally in layered metal compounds of in¬ 
tercalated graphite type is discussed. 


1. Introduction 


Two-dimensional conductive structures have been intensively studied 
for a long time primarily owing to the qualitatively new physical 
phenomena they show, as localization of impurity-scattered electrons, 
Peierls instability and related effeots, etc. The main result of 
this paper is that conventional mechanisms of electron relaxation in 
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two-dimensional metal systems are also essentially different from 
similar mechanisms in three- and one-dimensional systems. Therefore, 
the kinetic properties of normal two-dimensional metals can be ex¬ 
pected to be characterized at low temperatures by a range of new 
physical regularities which are not consistent with the traditional 
theory. The low temperature electric conductivity of a pure two-di¬ 
mensional metal, in particular, cannot be described by the Bloch- 
Peierls theory. These differences are not due to any special proper¬ 
ties of the electron-phonon interaction; they arise at the level of 
relaxation processes. 

By two-dimensional we mean metals in which the electron energy 
depends only upon two components of the quasimomentum, while the 
phonon spectrum is generally three-dimensional. A model like this is 
a good approximation to many layered compounds, among which graphite 
and dichalcogenides of the transient group metals are best studied. 
The layered structures, including intercalated compounds, make up a 
family of numerous materials with a wide variety of properties [l ]• 


2« The Diffusion Approximation 

First, we are going to demonstrate that the conventional electron- 
phonon relaxation mechanism, that is mainly responsible for the 
electric resistivity (and other kinetic properties) of pure metals, 
cannot work in two-dimensional systems. As is known, the phonons ex¬ 
cited in metals at low temperatures are mainly long wave phonons 
with the characteristic thermal momentum q as T/s << Pj, (where s is 
the sound velocity and p^, the Fermi momentum). An absorption (or 
emission) of such phonons does not appreciably affect the electron 
momentum, which just slightly moves on the Fermi surface (FS). Since 
the collisions are of random nature, then it is clear from the phy¬ 
sical considerations that the low-temperature electron-phonon scat¬ 
tering results in a diffusion of electrons on the FS, characterized 
by steps of the order of q, the phonon thermal momentum. The des¬ 
cription of the relaxation in terms of diffusion may be rigorously 
justified, proceeding from the set of kinetio equations for the sys¬ 
tem of interacting electrons and phonons in an external electric 
field. By expanding the set in powers of the parameter q/Pj,, we ar¬ 
rive at the following equation [ 2 ]: 
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div Djj ( tff~ - a) = e22 - I U (1) 

Here f^ df Q /d£ is a nonequilibrium addition to the electron dis¬ 
tribution function (f Q (£ ) being the Fermi distribution), div and 7 
two-dimensional differential operators in the plane tangential to 
the FS, n = v^/ the unit veotor of the electron velocity, E the 
electric field intensity, and the term I U gives the electron-phonon 

A 

oolliSions attended by Umklapp processes* The diffusion tensor is 
proportional to the square of the electron-phonon interaction cons- 

C 

tant and varies with temperature as T • Its order of magnitude is 
2 — 3 

D ci q /t.j, where t^ ~ T J is the electron mean free time for a sing¬ 
le electron-phonon collision. Finally, Uf J is the linear integ¬ 
ral functional 

S’ = dS p» A pj5« 

Integration is here over the whole FS. 

Uote that Eq« (1) is not quite a conventional diffusion equation, 
for the density of the electron flow on the FS in the momentum space 
contains, along with the familiar term proportional to the concent- 

A A 

ration gradient D Uf , the integral term Da. Thus, the flow magni¬ 
tude at a given point p is determined by the electron distribution 
over the whole FS. This nonlocal dependence results from the non¬ 
equilibrium of the phonons (phonon drag by electrons). The effect of 
phonon emission by some electron is twofold. Firstly, this electron 
is displaced to a distance about q, and secondly the momentum of an¬ 
other electron on the FS, which has absorbed the emitted phonon, al¬ 
so changes. Note that there would be no phonon drag only if there 
were a more efficient interaction of the phonons with some objects 
other than electrons, which is unrealistic for good conductors at 
sufficiently low temperatures. 

Equation (1) describes steady-state diffusion of electrons conti¬ 
nuously "created" by the electric field on one half of the FS (where 
eln < 0) and "annihilating" on the other half (where e§2 >0). Under 
certain conditions [3] the equation yields Bloch temperature depen¬ 
dence of the electric resistivity of the metal ~ T^. 

The situation is entirely different for the two-dimensional metal. 
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As can be rigorously proved, this is the only case where the integ- 
ro-differential equation (1) is insoluble ([4], Appendix 2). With a 
two-dimensional PS, the kernel A-*, has singularities at the points 
where n(p) = +2(?')» being equal to zero for other values of the mo¬ 
menta* In the particular case of a singly-connected convex PS, when 
there are only two such points (5' = +p)» the left-hand side of 
Bq* (1) is 


Jdiv d ? ( vf|_ ? ) 


(3) 


with Vf denoting the magnitude of (?f taken at -j?. The expres¬ 
sion is identically zero, because f^. is an odd function of the 
quasi-momentum. Thus, the diffusion of electrons on the PS does not 
lead to relaxation. 


Let us explain the physical meaning of this result important for 
the whole work* Owing to the energy and momentum conservation laws, 
a phonon can interact only with those electrons whose velocity vec¬ 
tors are nearly perpendicular to that of the phonon momentum, q’ (in 
the approximation corresponding to the diffusion equation (1) the 
vectors are strictly perpendicular to each other, cf if = 0). Por a 
metal with a cylindrical PS, this implies that phonon exchange is 
allowed solely for the electrons whose velocity vectors are parallel 
or antiparallel to each other (Pig. 1). The electrons with a certain 
velocity direction, 4 2, and the phonons interacting with them make 
up an isolated subsystem that cannot transfer its momentum to an¬ 
other similar subsystem characterized by a different velocity direc¬ 
tion, n'. On the other hand, the diffusion flow of electrons at any 
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point of the PS should have some fixed direction, and thus, phonons 
of that direction should be permanently absorbed (or phonons of the 
opposite direction should be emitted)« As the result, the subsystem 
will be depleted of such phonons and the diffusion process will stop 
at each point of the PS. In other words, after emission of a phonon, 
the electron shifts on the PS, however then it is returned to the 
initial state, since the emitted phonon is absorbed by "the same" 
electron. Thus, each electron is tied, as though with a spring, to 
a certain point of the PS. The case is different with ordinary three- 
dimensional metals, where any two electrons can exchange a phonon 
(its momentum is along the vector product of the two electron velo¬ 
cities) and therefore the momentum is mixed within the entire PS. 

Note that despite its clearness, the concept of isolated subsys¬ 
tems is not quite a precise description of the physics involved and 
can cause misunderstanding. (E.g., one may think of bound states of 
electrons and phonons within a subsystem.) It is clear that each in¬ 
dividual electron is as free to wander on a two-dimensional PS as in 
a three-dimensional case. Thus, actually the subsystem involves non¬ 
equilibrium electron states, not electrons. It is still more ade¬ 
quate to say that in the two-dimensional case there are difficulties 
in the relaxation of the electron distribution, specifically odd in 
momentum. An even distribution relaxes as easily in a two-dimension¬ 
al system as in a three-dimensional metal (this can be seen from 
expression (3) which is now nonzero). 


3. Superdiffusion Mechanisms 

The idea of the electron-phonon system of a metal being broken up 
into isolated groups is only an approximation. On one hand, the pho¬ 
non energy and momentum are thought to be vanishingly small. Besides, 
we considered only electron-phonon collisions, disregarding other 
types of quasiparticle interaction. The account of the above inac¬ 
curacies leads to three groups of relaxation meohanisms [s]» 

(1) The scattering of electrons by finite momentum phonons obvious¬ 
ly violates the mutual isolation of the subsystems. However in a 
two-dimensional metal with a singly-connected convex PS, taking ac¬ 
count of the phonon momentum finiteness does not result in relaxa¬ 
tion# Indeed, consider an arbitrary pair of points p and ? on the 
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PS, assuming for definiteness that the p - —► k transition occurs more 
frequently than the reverse one« Then the momentum of the prefer- 
rably created phonons is q = p - £ (accordingly, that of the annihi¬ 
lating phonons is -q)• A process like this cannot be stationary, 
since it involves unlimited accumulation of the ^-phonons, i.e. unli¬ 
mited increase in the phonon nonequilibrium. Ultimately, the proba¬ 
bility of the reverse transition, i.e. 2 —► J (with absorption of 
the q-phonons) would increase to suppress the p —2 channel. Note 
that we have essentially used the idea of each phonon being coupled 
to a single pair of electron states on the PS. Although actually 
there always exists a symmetrical pair of the points -2, -j5 between 
which there also can occur a transition with the creation of "q-pho- 
nons, this does not affect our conclusion. Indeed, if, e.g., f* > fj, 
then f_ p < (owing to the oddness of f, and therefore, the 

channel -k —*■ -f accumulates phonons of the same direction as the 
channel J k. Thus, relaxation of any electron distribution, save 
the central-symmetrical, proves impossible for all orders in q/p« 
Note, however, that the said conclusion is true only in the elastic 
collision approximation. Inasmuch as the phonon energy is finite, 
relaxation is possible, since the electron state pairs bound by a 
given phonon are not centrally-symmetric (see Pig. 2). 

Pig. 2 States with which a phonon 
with the momentum <f can interact, 
rigorously, are not centrally sym¬ 
metric: p* 4 -k, k * 4 -p; the cha¬ 
racteristic angle of deviation is 
Ct Ci s/v. 


The above considerations result in the following general conclu¬ 
sion: relaxation is due to "multichannel" processes in which the 
phonon interacts with several pairs of electron states. In the elas¬ 
tic collision approximation, this requires that there should be at 
least two points with a particular direction 3 of the normal within 
the PS (nonconvex or multiply connected PS; see Pig. 1). 


P 



If the curvature radii are different at points with parallel nor- 
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male, the momentum will be slowly (for small q) mixing over the 
whole PS. A nonzero result is only the case in the 6 -th order of 
expansion in terms of the small parameter q/Pj, (recall that the "or¬ 
dinary" diffusion equation ( 1 ) corresponds to the second approxima¬ 
tion in this parameter). This relaxation mechanism (we call it the 
"q/p superdiffusion") is given by a local differential equation, 
which however contains at a time all the states with the prescribed 
direction of the normal n( <p ): 

2 2 

(1 + ^—~) D(? ) (1 + ^— 7 ) f(<p ) = G(<P ) (4) 

d V d<p 

Here if is the angle characterizing the direction of the normal to 
the PS; f(q> ) ■ 6 R _1 df/dy> , where d and R(q> ) are the sign and 
the radius of curvature of the PS; the inhomogeneous term G(<P ) is 
proportional to the external electric field; D(^ ) ~ T^ is rather 
cumbersome, Note that R and f are different for points with paral- 

rO 

lel normals, whereas the function f depends only on the variable (p . 
The corresponding relaxation time contains an additional large fac¬ 
tor (Q/T)^, i.e. t ^ t B (Q/T)^, where t £ ~ t 1 ( 6 /T)^~ T~^ is the time 

of "normal" electron diffusion by a distance of roughly p™, appear- 

-15 

ing in the Bloch law, p B ~ ^ T , 6 = sp^. 

Equations of superdiffusion are rather difficult to derive. Di¬ 
rect expansion of kinetic equations for electrons and phonons in¬ 
volves boundless calculations even in the quadratic approximation in 
the parameter q/p-p, corresponding to the diffusion equation (1). We 
used a method based on the variation principle which is that solving 
a system of kinetic equations is equivalent to finding nonequilib¬ 
rium distribution functions of electrons f^ and phonons g^ mini¬ 
mizing the functional 



with the kernel K(p, ?, q) ^ 0 . 

The variational problem is as difficult to exactly solve as kine¬ 
tic equations. The structure of the functional however suggests pos¬ 
sibility of approximate solution. Since the kernel K is positive, P 
can be essentially decreased only by compensation of the terms in 
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the expression (f-* - f£ - g-») with the best possible aocuracy. To 
p x q 

see how small the parenthesis can be, let us solve the set of equa¬ 
tions 



in the first, second, etc. orders in the small parameters q/Pj, and 
s/v, till we arrive at an unsolvable equation. Thereby, it is pos¬ 
sible, first, to substantially decrease the class of the functions 
to be varied and, second, to simplify the functional P with the ac¬ 
curacy required [5]« Variation of the simplified functional leads 
to a superdiffusion equation. Hote that in contrast to conventional 
calculations using trial functions which are chosen more or less ar¬ 
bitrarily, our method is rigorous. 

(2) The relaxation mechanisms of the second group are associated 
with finiteness of the phonon energy. As has been said, the isola¬ 
tion of the subsystems is enhanced in the measure of dissymmetry of 
the electron states which can exchange phonons. The relaxation has 
two stages. At the first stage, the energy dependence of the distri¬ 
bution function becomes such that there is no more mixing of the mo¬ 
mentum, both in the linear and in the quadratic approximation in the 
parameter s/v (we call this state the "local drift"). The local 
drift relaxation, for any structure of the PS, may be provided by 
two mechanisms of a different nature. 

One of them is the nonlocal mechanism associated with electron 
scattering by phonons whose momenta are nearly parallel to the PS 
generatrix (with the angular deviation of the order of s/v). It is 
readily seen from the energy and momentum conservation in the col¬ 
lision, that electron states bound by such phonons are by far not 
symmetric. Thus, exchange of such phonons may occur between any two 
electron states, as in the three-dimensional case. The relaxation 
time is here t — t £ (v/s) • 

The other is the local superdiffusion mechanism in which the re¬ 
laxation results from phonon exchange between close electron states 
within the thermal layer. The multiplicity of channels is here due 
to the fact that each phonon may be responsible for many electron 
transitions in the region where the Permi distribution is smeared 
(see Pig. 3). The relaxation time is here t — t £ ♦( p/T) , where ji 
is the chemical potential. 
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gig. 3 A phonon with the momen¬ 
tum q can interact with various 
electrons in the gS thermal layer. 


(3) Of the mechanisms of the third group, the role of the relative¬ 
ly rare phonon-phonon collisions is the most simple to understand. 
They provide means for momentum exchange between far apart (along 
the direction of the velocity 2) subsystems. Obviously, this non¬ 
local mechanism should be describable by an integro-differential 

■A 

equation like Eq. (1), in which the diffusion tensor D is propor¬ 
tional to the phonon-phonon collision frequency. The relaxation ti¬ 
me here t ~ ( 6 /T)^« Note that this result is valid when phonons col¬ 
lide with electrons more frequently than with other phonons. In the 
opposite limiting case, there is momenta mixing inside the phonon 
system, and therefore t — t^, as in a three-dimensional metal. 


Electron-electron collision in two-dimensional metals may also be 
inefficient. Indeed, in the case of the convex PS, the energy and 
momentum conservation laws suggest that the initial states p^ and pj, 
of colliding electrons are, to within the order of magnitude of T//i 
the same as the final states p^ and p^: p 1 - p^ B P 4 - P 2 ■ 

K Pj, T/ji (see gig. 4 ). 



Pig. 4 In a two-dimensional me' 
tal with a convex PS, the ini¬ 
tial states of colliding elect¬ 
rons are close to the final 
state s. 


Relaxation appears in the highest-order terms with respect to T/» ; 
the corresponding time is t ^ t Q ( p/T) , where t 0 ~ T is the 
Landau-Pomeranchuk electron-electron collision time, characteristic 
of three-dimensional metals. 
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The eleotron scattering by impurities manifests itself unusually 
in two-dimensional systems. It goes without saying that the above 
mechanisms are fully valid for highly pure specimens, where the 
electron-impurity collision time t.^ is much longer than the other 
transport times of relaxation. However, because of the staged cha¬ 
racter of the superdiffusion mechanisms, the time t^ can compete 
with the much shorter times of partial equilibration (e.g. the local 
drift time). This gives rise to specific interference mechanisms, 
with the "impure limit" (t ^ t^) reached only for t.^ £ t £ , as in the 
three-dimensional metal [ 5 J. 

In reality, there always are some minor deviations of the PS from 
the strictly two-dimensional shape, due to electron tunneling bet¬ 
ween conducting layers. There are two possible cases. If the PS is 
within the Brillouin zone close to a strictly cylindrical surface, 
then the relaxation time is t a t £ j3“ , where f? << 1 is the angle 
characterizing the PS corrugation. If, on the contrary, a prolate 
PS, being locally nearly two-dimensional ( f « 1), is not close to a 
cylindrical surface (such a geometry is characteristic, e.g., of 
nonintercalated graphite), then t ~ t £ , as in a three-dimensional 
metal. 

As we have seen, the specific character of the kinetics of two- 
dimensional metals is associated with an infinite number of approxi¬ 
mate quasi-momentum conservation laws, one for each electron-phonon 
subsystems. However, irrespective of the dimension of the space, 
there is the problem of conservation of the total quasi-momentum. If 
there are no Umklapp processes, then in formula (5) the expression 
(fjy - fg - gjj) and also the functional P and the electric resistivi¬ 
ty go to zero because of the drift distribution fg = and g^ = ucf. 
Therefore, our results formally refer to metals with open PS's, 
where the drift is forbidden by the condition of periodicity of the 
function fj in the $ space. In the case of metals with closed PS's 
and unequal number of electrons and holes, the Umklapp processes 
must be taken into account, nevertheless, in three-dimensional me¬ 
tals with closed PS's the electric conductivity is usually deter¬ 
mined by the diffusion time t^ of electrons on the PS. The reason is 
that the Umklapp processes procede relatively easily down to quite 
low temperatures, and thus the diffusion is really the " bottleneck" 
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of the relaxation [3]. It might seem that this should be still more 
true for two-dimensional metals, in which the diffusion time is much 
larger than tg. However, in the two-dimensional case, electron-pho¬ 
non collisions with Umklapp processes can play quite a different ro¬ 
le. Since these give rise to more channels of phonon scattering, 
they can alter the superdiffusion mechanisms over the entire PS or 
in some part of it. 

4. Sound Propagation 

As we have seen, the electron-phonon relaxation time in a two-dimen¬ 
sional metal increases very rapidly as temperature decreases. For 
this reason, observation of the above asymptotic dependences of the 
electric conductivity t(T) (and under some conditions, of the 

thermal conductivity too [6j) is difficult, since at low temperatu¬ 
res the principal role is played by another type of oollisions. Be¬ 
sides, the effects considered do not manifest themselves in the 
electric conductivity of metals with small (as compared with the re¬ 
ciprocal lattice vector) dimensions of the FS, when Umklapp proces¬ 
ses are impossible. 

These difficulties are less severe in effects accompanying sound 
propagation in a two-dimensional metal [7]* Deformation interaction 
with a sound wave does not change the total quasi-momentum of the 
electron system at each point of the wave (the interaction is even 
in the momentum); therefore, Umklapp processes are not needed. Then, 
resonant sound absorption, i.e. when kl» 1, depends, as is known, 
on electrons of a narrow region ("belt") of the width Spcip_(kl)~ 

-4 4 ■+ * 

near the line kv = £0 on the FS (k is the sound wave vector and CO 
the sound frequency). In such conditions, the relaxation consists 
in electron displacement in the momentum space by a distance Sp 
small as against p^,. As the belt width decreases, the electron-pho¬ 
non relaxation times clearly decrease substantially (e.g., in case 
of the q/p-superdiffusion, by a factor of (kl)^), and these proces¬ 
ses become more important than the electron-impurity or electron- 
electron scattering. Thus, it becomes possible to control the cont¬ 
ributions of various relaxation processes by varying the sound wave¬ 
length. 

Let us consider sound propagating in the plane of two-dimensional 
layers. Start with extremely long waves for which the space and time 
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inhomogeneities are unimportant and sound absorption Is subject to 
a viscous limit. In this case, the electron distribution function is 
even in momentum (due to evenness of the deformation potential), and 
the Bloch diffusion is not forbidden and can be an efficient mecha¬ 
nism of absorption which is qualitatively the same as in a three- 

p 

dimensional metals W 2i w t £ « 


However, even for comparatively long sound waves, the effects of 
space and time dispersion become significant, which distinguish the 
two-dimensional system from three-dimensional. Electrons coming from 
areas with a different sound wave phase are responsible at each 
point of the space for the odd part of the nonequilibrium correc¬ 
tion, whose relaxation is difficult. Thus, there arise in the prob¬ 
lem two essentially different times: the even relaxation time t_~ 

—2 s 
cstg (kl) , and the odd relaxation time t ft (the latter being par¬ 
ticularly due to the superdiffusion), where t_<< t. Absorption in 

s & 

this region essentially differs from the Landau collision-free ab¬ 
sorption W L ^tos/v, characteristic of the resonance situation in 
three-dimensional metals: 


W T 


t; 1 + « 

—r^r- 


1/2 


( 6 ) 


This absorption is sensitive to relaxation processes, depends on tem¬ 
perature and is featured by time dispersion. Still more important 
anomalies arise in the renormalization of the sound velocity [ 7 ] , 


5, Hydrodynamic Effects 


The hydrodynamic mechanism of electric conductivity is that fre¬ 
quent normal collisions induce drift of the system of quasi-partic¬ 
les, whose velocity u(r) is determined by collisions with loss of 
the quasi-momentum in the bulk sample or on the sample surface. The 
electric conductivity order of magnitude [8] is 


,-1 


ne 

p p 


tr' 


L ti 


C ^}" 1 


+ 1 ; 


(7) 


Here 1^ and 1^ are the electron mean free paths with respect to 
normal collisions and collisions with loss of the quasi-momentum, 
respectively; d is the sample thickness, and 1^, d >> The tempe- 
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rature dependence of the resistivity contains a minimum, because in 
the region determined by the inequalities, 

l w «d«(^ l y ) 1/2 (8) 

where the dissipation is determined by the quasi-particle collision 
with the sample walls, df > /dT< 0, 

The conditions (8) are difficult to fulfill in the case of three- 
dimensional non-compensated metals, because, owing to the large size 
of the PS, the electron-phonon Umklapp processes, contributing to 
the quantity ly 1 , proceed there relatively easily, down to very low 
temperatures (still, the resistivity minimum, probably of hydrodyna¬ 
mic nature, has recently been observed in potassium [9])® In this 
respect, favourable materials to observe hydrodynamic effects are 
acceptor compounds of graphite, in which the electron-phonon U-pro¬ 
cesses at low temperatures may be neglected. These materials are 
characterized with small PS's (Pj,4. b/10, 15 being the reciprocal 
lattice vector) and very high anisotropy of the conductivity (10 or 
more). 

let us consider the electric conductivity of a plate, with the 
conductive layers perpendicular to the surface and the electric 
field applied along the layers and parallel to the plate surface. 

The drift distribution in a two-dimensional metal is established 
within the time t^ determined by the superdiffusion, the normal elec 
tron-electron collisions and other processes retaining the quasi¬ 
momentum (the local drift establishment is attended by very weak hyd 
rodynamic effects which can be neglected). Therefore, when d ^ • l n» 
one naturally deals with the ordinary hydrodynamic situation (7). 
However, when d «1 jj there may arise special types of hydrodynamic 
effects in the two-dimensional case, associated with stopping of the 
Bloch diffusion for the momentum-odd part of the distribution func¬ 
tion [io] • The nature of these effects can be explained by the follow 
ing simple considerations. An electron moving at a small angle $• to 
the sample surface, emitting phonons, leaves the range of angles of 
the order of ft within the time t($ ) ^ t £ 2 + t 1 and relaxes on 
the surface (reoall that electric conductivity of a thin plate is 
determined by grazing electrons). But the phonons emitted are absorb 
ed by an electron of the opposite momentum (the two-dimensional si¬ 
tuation offers no alternatives) and also bring it out of the range 
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of small angles* The result of these processes, i.e. that the elec¬ 
tron vanishes in the small angle range and simultaneously a hole of 
the opposite momentum appears, is in a sense similar to the Andreev 
reflection effect in a superconductor. The hole moves in the opposi¬ 
te direction, but, having a positive charge, it takes energy from 
the field, as the electron does. Subsequent collisions again convert 
the hole into an electron having the same velocity as that of the 
initial. Thus, the effective mean free path length of an electron 
with respect to collisions with the sample surface is essentially 
increased as a result of collisions with phonons. It may be deter¬ 
mined as the length of the trajectory of a particle involved in one¬ 
dimensional Brownian motion with the step §"l(-9-) (projected on the 
normal to the sample surface) and the step time t($ ) before its 
relaxation on the surface: 

V ;/" > Kfr t(9-) (9) 

tr p 

The increase of 1^ for small is restricted by scattering from 
impurities and any type of volume collisions disturbing the isola¬ 
tion of electron-phonon groups. So un-usual hydrodynamics involving 
grazing electrons may be also the case for thin samples with d << 
«min (1_, 1.), where the three-diemnsional transport length of the 

<L 

free path is of the order of d. This effect can occur in relatively 
impure samples (it is only necessary that l^^l-j), is almost insen¬ 
sitive to the sample cross section shape and generally is responsib¬ 
le for the minimum in the resistance as a function of temperature. 

Mote in conclusion that the experimental data for C^gPeCl^ and 
some other intercalated graphite compounds may be described in terms 
of the ordinary hydrodynamic mechanism, but in conditions unusual 
for a three-dimensional metal. Mamely, the retardation of joint 
drift is assumed to be determined in a wide temperature range by 
phonon-impurity rather than electron-impurity scattering. The large 
value of the thermo-emf S ~ e -1 points to the full mutual drag of 
electrons and quasi-two-dimensional phonons connected with the elec¬ 
trons. The same approach can account for the characteristically 
smooth temperature dependence of electric resistivity of these ma¬ 
terials. Thus, it seems that even the now available intercalated 
graphite compound samples offer conditions to observe size effects 
of the hydrodynamic nature, including the minimum of resistivity as 
a function of temperature. The minimum due to specific two-dimen¬ 
sional effects must appear in these materials at T<0, d^ l^TQ -1 . 
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ELECTRON-PHONON INTERACTION IN SYSTEMS WITH STRONG ELECTRON CORRELATIONS 


D.I. Khomskii 

P.N. Lebedev Physical Institute of the Academy of Sciences, Moscow, USSR 


1. Introduction 


Lattice properties and effects of electron-phonon (EP) interaction in narrow- 

band systems haveanumber of specific features. They are connected mainly with the 

fact that in this case the energy scales of EP interaction (EP coupling constant g 

2 

and so called polaron energy shift E ~g /w, where w is a characteristic phonon fre- 

D 

quency) can be comparable and even much larger than the bandwidth W. In this case one 
cannot treat EP interaction as a small perturbation, as is usually done for standard 
wide band metals and semiconductors, and the properties of the system may change qua¬ 
litatively. Presumably the best known phenomenon in such a situation is self-trapping 
of electrons and the formation of small polarons. There exist also other consequences 
of this interaction different in various specific cases. 

In this lecture we will discuss certain topics related to the EP interaction in 
systems with strongly correlated electrons. It is of course impossible to cover in 
short lecture all aspects of this wide field.Instead, we shall discuss certain speci¬ 
fic problems which will give you an impression of the typical effects of EP interac¬ 
tion in these systems. 

We shall discuss below different situations starting from the simplest case of 
nondegenerate narrow bands (Hubbard model, Sect.2) and then making it successively 
more complicated, taking into account certain factors important in real substances, 
to this end we include orbital degeneracy (Sect.3), and we concentrate our attention 
on the specific phenomena connected with Jahn-Teller effect. Then, besides narrow 
band, we add also wide bands; the most interesting phenomena occuring in this case 
are connected with the possibility of valence fluctuations (mixed valence, heavy fer¬ 
mions etc. - Sect.4). 


2. Nondegenerate narrow bands (Hubbard model) 


The simplest model describing the strongly correlated electrons is the Hubbard 
model. Including also the electron-phonon interaction one can write down the corres¬ 
ponding Hamiltonian in the form 
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H = 


<ij>,a 


ta.a. + 

i<J ja 
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& qi la q 
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+ 
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Here we take into account the interaction with phonons which bring about the shift of 
the electron energy levels, e.g. with breathing-type oscillations of ligands around 
transition metal ions. There exists, in principle, also another type of EP interac¬ 
tion due to a modulation of transfer integral t with the lattice spacing. It would 
give the terms of the type gata^(b* +b_^) and in momentum representation both these 
kinds of EP interaction can be written in the form g a + a (b + +b ) with different 

pq p q + p q q 

g . The EP interaction in the Hubbard model may have different consequences. We shall 
treat three different topics below. 


2.1. Polaronic canonical transformation and band narrowing 


The most straightforward way to treat EP interaction is the familiar polaronic 
canonical transformation [l] 


H + H= e' R Be R 


r = - y ) n - - b )> 

iqa qi q 10 q _<1 


( 2 ) 


or an equivalent shift of phonon operators b b - ) (g ./w )n. . The transformed 

q q i 0 qi q 

Hamiltonian takes the form ’ 


H = 


t Y e ^at a. e^ - E„ J at a, + (U-2E„)Tn.,n.. + V V..n. n. ,+ Toi b b , 
. 4 1 ia ia B / ia 10 B ; if i+ ,h. 11 w jo L q q q 

<ij>,a J i,o l i^J J q 


(3) 


where 


. iq(r.-r.) 

E B = ’ V ij = J (g q /W q )e J 


iqr. 


g qi =g q 6 


(4) 


It is readily seen that the transformation of one-site terms amounts to a level shift 
and to a decrease of Coulomb interaction. Besides this there appears phonon-induced 
interaction of electrons on different sites. And finally the bandwidth is renormali¬ 
zed: 


~ 2 2 

t t = t exp(-E /w) = t exp(-g /ui ) . (5) 

D 

This is the well known polaronic band narrowing. 

It is important to realize the criteria of applicability of such an approach. 
Polaronic band narrowing has a simple interpretation. Due to EP interaction the lat¬ 
tice around electron at a site i is deformed and the total wave function takes the 
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form I V . >= I tli. A . > where ih. is an electron wave function and A. iB the wave function 

1 i 1 T i T i r i T i 

describing the state of a lattice relaxed around electron. The bandwidth is determi¬ 
ned by the matrix element <T.|tat a. I T . > = cit.ltat a. I it. ><A . I A . > = t<d>.|d>.> , and 

the scalar product gives the reduction factor in Eq. (5). However, to apply 

these arguments it is necessary that the phonon cloud around the electron have enough 
time to be formed. The electron stays at a site for a time T e j~fi/t, and in order for 

it to be longer than the phonon time t ~ Jfi/w it is necessary to have m>t or m/t > 
22". P" - 22 

>exp(-g Itii ). The sufficient condition would be m/t > 1, but at large enough g /m = 

= E„/w it becomes much less stringent. 

D 


2.2. Possible influence of polaronic effects on the exchange interaction 

In case of strong interaction U>>t and half-filled bands n=N /N - 1 the Hubbard 

el at 

model describes Mott-Hubbard insulator with the localized electrons (see e.g. the re¬ 
view paper [2]). The only freedom left is that of spin orientation. Spin degeneracy 
is lifted in the second order in t/U and we get an antiferromagnetic exchange 


<if> 1 J 


J = 2t /U 


(7) 


The origin of this exchange is quite transparent. It is due to a virtual trans¬ 
fer of electrons to nearby sites, Fig.1. One sees that such virtual transitions which 
decrease the kinetic energy, AE<0, are possible for antiparallel spins and are for¬ 
bidden due to a Pauli principle for parallel ones so that the antiferromagnetic sta¬ 
te becomes favourable. 

The question arises: how does EP interaction influence this exchange? It seems 
at first sight that in accordance with Eqs.(3)-(5) the exchange integral will be gi¬ 
ven by the same expression (7) but with t-*• t and UU - 2E . However, the detailed 

treatment shows that in most cases it is not 
true. In fact, one would obtain such a result 
if the system lives in all states, including 
a virtual state with transferred electron, long 
enough for lattice relaxation to occur. Howe¬ 
ver, the electron stays in an intermediate sta¬ 
te with an energy U only for a time t v £ rt ~ ft/U 
which for typical cases with U>>w is much less than t Thus,polaronic effects do 
not have time to develop and the exchange integral (7) remains unrenormalized [1,3]. 


-h + + + 


aE = 0 

Fig. 1 


AE = -r/u 


2.3. "Negative U" and superconductivity of local pairB 


Let us now study the effects due to the change of the interaction terms in Eq. 
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(3). The intersite interaction can bring about spatial correlations in electron 

positions (at njH); it is equivalent to a charge density wave (CDW) formation. The 

change of one-site interaction U + U= U - 2E„ may have more nontrivial consequences. 

fc> 

For a strong enough EP interaction, U may in principle become negative, i.e. it will 
correspond not to a repulsion but to an attraction between electrons - the so called 
"negative U" model [4], As a results, if U<0 and |u|>t, all the electrons in the 
ground state will be bound in singlet pairs [5] which can be called bipolarons [6]. 
(Actually, it is not due to an EP interaction but rather due to an exchange interac¬ 
tion that such pairs can be formed [7]). Such local pairs have a binding energy Asjll| 
and in general their number is less than the number of sites. 

These pairs may have different "fate". They can form a spatially ordered struc- 

2 

ture due to the interaction V.. and to the second-order terms ~t /|U|. Such a state 
is again equivalent to CDW or, in other words, these pairs will be localized in x- 
space, in the same way as usual valence pairs in chemistry. Such a state would be in¬ 
sulating. 

However, a different kind of ground state is possible here. These pairs, which 
are similar to Cooper pairs in superconductors, may undergo Bose-condensation in k- 
space. The resulting state will be a superconducting one. It will be analogous not to 
a usual BCS state but rather to an old picture of superconductivity due to Schafroth, 
Butler, and Blatt [8]. 

It is convenient to describe such a state in the pseudospin representation [9i, 

using the correspondence xf=n.. +n., -1., rt=at at, .t- = a• . a-. • Here t?= 1 describes 

i i+ i+ i it i+* l it it i 

the state with an electron pair and an t^=- 1 ~ an empty site. 

Using this representation, we can transform the Hubbard Hamiltonian with negati¬ 
ve U and |u|»t to an effective pseudospin Hamiltonian similar to (7): 


,, 2t y ■+■ ■+■ r z 

H eff = JW T t T j " 

1 1 <ij> i 


( 8 ) 


where we have also introduced a term with the chemical potential p which permits us 

to account for a fixed number of electrons in our system n=£(1 + t Z ). 

The Hamiltonian (8) describes "isotropic antiferromagnet" in an external field. 

Antiferromagnetic ordering in t Z , < t 2 i > =-<T 2i+1 > * wou l^ describe the structure 

with alternating occupied and empty sites, i.e. the CDW state. However, we know that 

in an isotropic antiferromagnet the spins orient perpendicular to the field. That is, 

not the averages <t?> , but <t*> or <tT> = <at at > are nonzero - and these are just 
1 1 1 It 1+ 

the superconducting anomalous averages! So the superconducting ordering is quite pro¬ 
bable here. 

One can analyse different properties of such a superconductor with local pairs 
[9]. In contrast to the usual BCS state in which the radius of a Cooper pair is equal 
to the coherence length 5=h V p/ T c (T c =A where A is an energy gap), here the binding 
energy of a pair is large, A=|u| - much larger than T st^/|u|. Correspondingly, the 
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radius of a pair is of the order of interatomic distance d - much smaller than /hv„/T . 

F C 

All the other properties of this state also differ markedly from those of the BCS 

2 

state. Thus, the upper critical magnetic field H c 2 ~<l’ 0 /d [9] is very high. The most 

important thing here is an interaction between "bosons" - the fact ignored in Ref. 
[10], which led the authors of this work to erroneous conclusions. 

It seems that up to now there exist no real superconductor in which the strong 
inequality |u|>>t holds. However, it is possible that some systems (e.g. heavy fer¬ 
mion superconductors or newly discovered high T^ superconductors of the oxide type 
(like La 2 _ x (BajSr) x CuO^ [ 11 ]) approach this limit or at least are "on a way" to it. 

In any case, this model describes the opposite limiting case of extremely strong coup¬ 
ling wrt BCS (weak, coupling, |u|<<t) and investigation of this case may be useful 
also for a qualitative understanding of the most interesting and delicate intermedia¬ 
te situation |ll| ~ t. 


3. Degenerate Hubbard model and cooperative Jahn-Teller effect 


The first important aspect which we have to take into account when applying Hub¬ 
bard model to transition metals and rare earth compounds is the orbital degeneracy of 

d and f-levels (see e.g. [12]). Such a degeneracy does often occur in actual cases; 

2+ 2+ 3 + 

for instance such ions as Cu , Cr and Mn have a doubly degenerate state in cu¬ 
bic crystalline field. The most interesting phenomena in this case are related to 
Jahn-Teller theorem which states that any degeneracy except the Kramers one, 
brings about instability of the system and (in a static case) results in the reduc¬ 
tion of the symmetry and the lift of the degeneracy. 

The interaction responsible for Jahn-Teller (JT) effect is the interaction of 
degenerate electronic states with the phonon modes lifting the degeneracy: 


JT 


= .1 


iq a 


g qi (n ilo 


- n. ) (b 
i2 a q 


V 


(9) 


2 + 

Here the index o describes degenerate orbitals and, say for Cu , takes the values 

2 + 

0=1,2. More specifically, the ion Cu in the oxygen or fluorine octahedron has acon- 
9 

figuration 3d with one d-hole m a doubly-degenerate e -level. This degeneracy is 
lifted if we elongate or compress the octahedron (Fig.2), which stabilizes respecti¬ 
vely the (hole) orbitals of d ^ or d ^ type (there also exists another vibratio¬ 
nal mode which additionally lift? this degeneracy). 

If we exclude phonons in the usual way, we get, similar to the term with in 
Eq.(3), the interaction between degenerate orbitals on different centres: 


JT 


l V..(n.. 

■ . L , ij llo 
1JOO 


n.„ ) (n. , . n,„ . * 

i2o Jlo" j2o ) 


( 10 ) 


This interaction brings about the cooperative orbital ordering in a crystal (coopera- 
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tive in Jahn-Teller effect). As can be 
seen in Fig.2, the occupation of cer¬ 
tain specific orbital is equivalent to 
the appearence of a quadrupolar moment 
so that this ordering is simultaneously 
a quadrupolar one. it is also evident 
that it is accompanied by the lattice 
distortion and yields the structural 
phase transition. Thus, in contrast 
to the more of other types of such tran- 
2 sitions, cooperative Jahn-Teller orde¬ 

ring is nothing but just a type of structural phase transitions whose microscopic ori¬ 
gin is certain. 

The structures which arise as a result of such transitions may be fairly compli¬ 
cated. This is e.g. the case in a layered perovskite K.CuF, with a basic structure of 

. . . 2+ z , 

KjNiF^ - type and with Jahn-Teller ions Cu . The orbital and crystalline ordering in 

it predicted theoretically [13], and later confirmed experimentally, is shown in Fig. 

3. It consists of the elongated octahed¬ 
rons CuFg, with long axes alternating along 
the x and y axes in a basal plane, provi¬ 
ding overall orthorombic symmetry. The same 
mechanism may, in principle, be operative 
in systems based on I^CuO^. One can even 

think that strong JT interaction between 
. 2 + 

degenerate orbitals on Cu ions and the 

corresponding vibrations of sorrounding 0, 

0 

octahedrons may be responsible for the high 
superconducting transition temperatures obtained in this class of materials. 

It is also worth noting that besides the EP interaction (9) the orbital ordering 
may be caused by the usual superexchange interaction of the type (7) itself [ 12] . In 
this case for doubly-degenerate orbitals and with only a "diagonal" electron trans¬ 
fer t 11 =t 22 =t > t i2 =0 we get ins_ 
tead of Fig.1 the situations 

shown in Fig.4. The correspon¬ 
ding energy gains are indicated 
below. Besides of the direct 
Coulomb interaction U we inclu¬ 
ded also interatomic exchange 
interaction - J^ ; S i1 S i2 responsible for Hund rule which gives parallel orientation 
of electron spins in the atom. 

Fig.4 shows that the lowest energy here has the state which is "antiferromagne- 
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Fig. 4 
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tic" in orbitals and ferromagnetic in spins..Thus the very exchange interaction pro¬ 
vides here the mechanism for both spin and orbital orderings. We may say that we have 
here "Jahn-Teller ordering without Jahn-Teller (i.e. electron-lattice) interaction". 

The actual form of the resulting exchange Hamiltonian and the character of re¬ 
sulting orbital and magnetic structures depend on the specific form of the orbitals, 
the type of crystal structure etc., and may in general, be rather complicated but the 
qualitative ideas exposed above provide a general understanding of the problem EP in¬ 
teraction in systems with orbital degeneracy may have some extra consequences, e.g. 
strong temperature dependence of the effective exchange integrals [3]; we shall not 
discuss these problems here. 


4. Electron-lattice interaction and valence fluctuations 


Valence fluctuations, mixed valence (MV), and heavy fermions (HF) arise in com¬ 
pounds containing unfilled 4f- or 5f-shells when the corresponding (upper-most) f-le- 
vels E^ cross the conduction band and lie in the vicinity of the Fermi-level (see 
[14]). The usual description of these systems is based on the periodic Anderson model 
(Anderson lattice) 


H- l 


‘,0 


£, a, a, 
k ka ka 


£ E,f. f. + D J n,. n,. + Y 

f ia 10 h fit fil . “ 

i,o i i,k,a 


(V.. ft a, 
lk ia ka 


h.c.). 


( 11 ) 


In the simplest approach which is presumably valid for MV compounds, the f-level it- 

2 

self lies at e„. Due to f-d hybridization, V, it acquires a finite width r =irpV (p 

r 

is the density of states of the conduction band) and becomes a resonance. T plays 

a role of the bandwidth of "f-band" and corresponds to a width of a peak in the total 

_2 

density of states p,(e) near e_. The usual scale of r in MV compounds is T~10 eV ~ 

2 . f F 

~10 K; m HF compounds the width of corresponding peak near e_ is even smaller, r ~ 

F 

~ 1 * 10K (the nature of this peak in HF compounds may be more complicated, see be¬ 
low). It is important that here we have not impurities, but a concentrated system 

with such f-centres in each cell, i.e. the number of states in such a peak in p, is 

22 -3 1 

~ 1 per cell (~ 10 cm ). 

As p.~ 1 /r, the density of states at the Fermi-level in these systems is huge, 

2 3 ‘ . 

10 t 10 times larger than in ordinary metals like Cu or Al. Correspondingly large is, 
for instance, the electronic specific heat c“yT,y ~p (0) ~ 1/r. Thus if, say, in Cu 

2 *9 

1=0.7 mJ/mole'K , in UBe y=1000 and for CeAl^ y=1620 mJ/mole*K . Similarly, the 
magnetic susceptibility is also large, x(0)~p^(0). If we recall that in the usual 

approach p~p m*, we may say that high values of p, mean large effective masses of 

*2 3 ^ 

electrons m*~10 f 10 m^. These are just the "heavy fermions" [15]. 

Now, let us discuss the manifestation of EP interaction in valence-fluctuating 

compounds. 
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4.1. Electronic phase transitions 

The position of f-level vs. Fermi-level may be effectively changed in these sys¬ 
tems by the external pressure, composition, and sometimes the temperature. Thus, if 
we compress the substance, the f-level shifts upwards and may cross the Fermi-level. 
If < e , f-level is occupied e.g. by one f-electron (for simplicity we ignore here 
f-d hybridization). If however E, becomes larger than e_, then part of f-electrons 

I r 

"spills over" into a conduction band. This leads to the decrease of the number of 
f-electrons, n^, i.e. the valence of f-ions increases. Such a phenomenon is actually 
observed in many systems, for instance in SmS or in Ce. This transformation occurs 
usually as a first order phase transition sometimes ending at a critical point. Under 
this transition the volume of the crystal changes up to 20% but the lattice symmetry 
remains the same. From the large volume change and from the fact that such a transi¬ 
tion is induced by the pressure, one can conclude that the electron-lattice interac¬ 
tion plays here an important role. It is connected with the fact that the ionic ra¬ 
dius changes drastically during the valence change (r(f n ') <r(f n )). 

The simplest way to describe this effect is by taking into account the depen¬ 
dence of the f-level position E^ on a specific volume v: the distance between the 
f-level and the Fermi-level may be written as [14,16] 


E 

g 


e_ - E, = E + a(v - v ) 
F f go o 


( 12 ) 


It is clear that this dependence yields the tendency to a first order phase transi¬ 
tion induced by the pressure. If we compress our system, 6v = v-v q <0, then the f-le- 
vel shift upwards and it becomes easier to excite extra f-electrons from it to the 

conduction band across the "gap" E . But such excitation leads to a further decrease 

g _, 

of v due to a formation of "small" ions with a configuration f n . In turn this dec¬ 
rease about an extra rise of the f-level and a further decrease of E etc. At certain 

g 

moment this process becomes avalanche-like and brings about the first order phase 
transition. 

One can formalize the above arguments by writing down the total energy of the 
system as a function of volume and of a number of electrons excited into the band 
v = 1 - n f : 


E(v,v) = E v + (6v) 2 = (E + a6v)v + (6v) 2 

g 2 go 2 


(13) 


2 2 

After minimization of the expression (13) in v we obtain (v) =E v - (a /2B)v . So 
we see that when for a deep f-level (large E ) the minimum is reached at v=0, i.e. 
the f-level is occupied, for an f-level which is high enough (small E ) the minimum 
jumps over to v=1 (empty f-level). Thus a first order phase transition occurs at 
which n^ jumps from 1 to 0. 

There exist certain factors (see [16]) which stop this transition a "halfway" 
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and stabilize the MV phase; due to space limitations we shall not discuss this ques¬ 
tion here. 

Let us mention one extra point. The same mechanism of electron-lattice coupling 
which is responsible for phase transition influences significantly also the elastic 
properties of MV compounds. Thus the compressibility of these substances is usually 
anomalously high. But the most spectacular result was obtained in a study of phonon 
spectra of MV phase of SmS (with Y addition) [17]. It was found that in this crystal 
which resembles typical ionic substance (crystal structure of NaCl-type) longitudi¬ 
nal optical phonons lie below the transverse ones in the entire Brillouin zone! The 
same is also true for acoustic phonons in a large part of Brillouin zone. Presumably 
this is a unique situation in solid state physics. It is due to the factors discus¬ 
sed above: MV ions are very soft relative to breathing-type deformations and these 
deformations contribute strongly to the longitudinal modes and only weakly to trans¬ 
verse ones. 


4.2. Polaronic narrowing of f-level 


Similarly as in the case of Hubbard model (Sect.2), the EP interaction may lead 
to a substantial renormalization not only of a position but also of a width of f-le¬ 
vel. As the lattice deformation around the sites with n^=1 and nj=0 is different, the 

respective matrix element for the transitions between these states V decreases: V-*-V= 

2 2 

=Vexp(-g /tii ). Correspondingly, the width of f-peak in the density of states will be 


narrowed, r->T=Trpv . Again for this narrowing to occur rather stringent conditions 
should be met. This question is discussed in detail in ref. [18], 

Apparently, a more important effect may arise not due to the lattice relaxation 
during f-d transition but due to the relaxation of electrons themselves [19]. The 
electron density oscillations have different energies (from 0 to e ), and the ques- 
tion of time scales for them is not so critical as for phonons: there are always os¬ 
cillations rapid enough to bring about the screening. For this mechanism, one obtains 
the renormalization of f-level width: 


= T exp j—A dw | . 


(14) 


Here A is a dimensionless coupling constant and a(w) is a spectral density of rele¬ 
vant oscillations. For phonons a(w)-*-0 as w->0. But for electron-hole pairs (density 
oscillations in an electron gas) this is not the case: a(ui) j ■+■ const. As a result, 
the integral in Eq.(14) diverges, and this would give T -H) which would correspond to 
orthogonality of electron states before and after f-d transition (Anderson orthogona¬ 
lity catastrophe [20]). In fact, in our case density oscillations not fast enough 
(with inverse frequencies longer than the lifetime of f-electron at a site i.e 

with energies <f) do not contribute to a relaxation so the integral in Eq.(14) has 
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nonzero lower limit. The solution of a resulting equation gives the expression 

r - r( r, [F f . 


(15) 


similar to that found in the X-Ray problem [21], which describes the strong narro¬ 
wing of f-level due to a relaxation of the Fermi-sea of conduction electrons in the 
course of f-d transition. 

One may also put forth the arguments that this effect becomes even stronger if 
we take into account the relaxation of the electrons of internal atomic shells [22] 
All these factors together may presumably explain very small values of T and large 
m* in HF compounds. 


4.3. Kondo-volume collapse 


The last problem which we shall discuss here concerns a more sophisticated appro¬ 
ach to the origin of heavy fermions and to an explanation of electronic phase transi¬ 
tions of the type of y-a transition in Ce. In this concept the genesis of heavy fer¬ 
mions is sought in collective effects and is ascribed to a Kondo-effect.In this model 
it is supposed that the f-level lies, although not very deep, but still below and 
is occupied by a nearly integral number of electrons. In this case, the same as in 
Hubbard model with U >> t and n=1, one pass from the Anderson Hamiltonian (11) to an 
effective spin Hamiltonian which describes f-d exchange - the famous Kondo Hamilto¬ 
nian 



i 



(16) 


In this approach the peak in p,(e) at e arises due to a Kondo effect and its width 

t F 

is r~T k Ep exp (-l/jp). The EP interaction here enters the game through the depen¬ 
dence of Ej, V and consequently J and on a volume v. This dependence may be rather 
strong and may lead to a first order phase transition with a simultaneous jumps of V, 
T^ and f. In this model, in contrast to the approach presented in Sect.4.1, it is the 
change of width and not of position of the peak in p^(e) that is essential. This kind 
of approach was applied to discuss the y-a transition in Ce [23]. Actually similar 
ideas were also used to describe the origin of superconductivity in HF compounds - 
the very interesting question which however in beyond the scope of this lecture. 

* * * 


Summarizing we say that the role of electron-phonon interaction in systems with 
narrow bands and strong electron correlations differs in many respects from that in 
the usual wide-band systems. It has many important consequences which should be taken 
into account in any realistic theory of corresponding phenomena. 
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DENSITY OF STATES OF A 2-D ELECTRON GAS IN A MAGNETIC FIELD 


A.L.Efros 

A.F.Ioffe Physico-Technical Institute, 

194021 Leningrad, USSR 

1 Introduction 

The quasi-two—dimensional electron gas appears in the inversion 
layers near the interface of the MOS structure or in heterojunctions. 
The electron gas is confined in the narrow potential well in one 
direction Cz-axis), so that the quantization of their motion in this 
direction leads to a set of discrete levels.The electron gas can be 
considered as two-dimentional if the energy separations between these 
levels are larger than any other energy of importance. An interest in 
the 2-D electron gas has increased during the last decade due to the 
wide technical applications of the structures with inversion layers 
and the discovery of the quantum Hall effect. In the magnetic field 
which is normal to the inversion layer, the energy spectrum of 
electrons becomes absolutely discrete due to the quantization of 
orbital motion in the plane of the layer. It has the form: 

E n =^» 0CN + 1/2) , Cl) 

where 0=eH/mc, H is the strength of the magnetic field, m is the 
effective mass of an electron, the quantum number N is an integer Cor 
zero). The density of states CDOS) consists of a sharp <5-function peak 
at the energy E=E n - The degeneracy of the levels CLandau levels-LL) in 
a unit area is n Q *= l/27iA 2 , where X 2 = -fic/eH. Elastic scattering leads 
to a broadening of levels. For short range scatteres and strong 
magnetic fields the form of the peaks is known only for N=0. However 
the form of the wings of these peaks can be found at any N. Namely the 
density of states G n CE) is 

G CE) - exp CE-E )Vr 2 C2) 

N N N 
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where T N is the LL width given by 
2 li 

r N = hO - fCNJ, C35 

t is the elastic scattering time, fCNl is a dimensionless function, 
decreasing with increasing N as lnN/N. Recent experiments on the 
activation energy Ei,21, capacitance E31, and specific heat C43 show 
that the DOS inbetween the LLs is much larger than that given by 
eq.C25 with T N C35. Moreover recent experiments on photoluminescence 
and some other experiments show that the DOS depends essentially on 
the filling factor v^n/n^f LL. Here n is the surface concentration 
of electrons. The width of the level has a minimum at v- q + 1/2, 

where q is an integer and has maximum at v=q. So the width of the 
levels oscillates with the filling of the LLs. Its maximum value, as 
obtained from luminescence data, is of the order of -itt) [S3. Then one 
should write the DOS GCE,vO as depending on two arguments and when 
analyzing the data on the energy dependence of the DOS one must know 
whether they are obtained at fixed v or not. From the above 
experiments only the luminescence can give the DOS at fixed v. All 
others give GCE F >, which is the DOS at the Fermi energy E F as a 
function of E F at different v. For magnetocapacitance measurements 
131: 

dn 

GCE 5= — , C45 

F dE p 

and this is an exact relation. I think that activation energy analysis 
11,21 gives nearly the same DOS when E p , refered from the nearest LL, 
is larger than the correlation energy of the electrons which occupy 
this level. 

The occupation dependece reveals the many-electron nature of the 
DOS. Ando 171 put forward the idea that oscillation of the LL width in 
a strong magnetic field may appear due to the oscillation of electron 
screening. Shklovskii and Efros [8] follow this idea and propose a 
theory Csee sect.25 which explains the large value of the DOS between 
LLs at integer v. The theory uses the concept of long-range 
fluctuations of the concentration of charged impurities and nonlinear 
screening worked out by Shklovskii and Efros 191 for 3D electrons and 
by Gergel and Suris E10] for 2D electrons. In sect.3 the influence of 
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separate centers is considered which provides an asymmetric energy 
dependence of the DOS. 

2 Long-range fluctuations 

Consider the plane 2-0 with a 2—D electron gas and suppose that 
there are randomly distributed charge centers in the volume at z>0, 
with concentration N . These centers are impurities in the case of the 
GaAs-GaAlAs heterojunction or build-up charge of oxide in the case of 
the MOS structure. Our main points are: 

i5 Charge centers create a random potential which leads to the 
broadening of the LLs. 

iil The 2—D electrons screen the potential, however in the strong 
magntic field electrons of the filled levels do not take part in the 
screening. 

iiil This leads to the oscillation of the random potential with the 
filling factor. 

The broadening is maximal at integer i> and minimal at integer + 

1 / 2 . 

To find the random potential we devide the plane with the 
electron gas into squares L * L and build cubes LX'LX'L with these 
squares as bases. We consider now the random potential with 
characteristic length of the order of L. The mean number of charge 
centers within one cube is rt L 3 and typical fluctuations of this 

number are V N L L 3 . So a typical' value of the random potential with 
size L is of the order 


T-CLl » — CN l 3 ) 1/2 CS5 
xL l 

Cwe neglected numerical factors here?, x is the dielectric constant. 
The j-CLl tends to infinity as L tends to infinity which is a well 
known property of random Coulomb centers 191. The 2-D electrons screen 
the long range potential. To find the screening radius we propose that 
all electrons of unfilled LL leave the squares with potential humps 
for the squares with potential wells. Their surface concentration in 
the well becomes twice as large but is still of the order of <5n=|n - 
N 0 n 0 |, where N Q is the number of filled levels. The electron produce 
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potential difference between the squares of the order of 


* m I <5n 


C65 


which smoothes the random potential. One can see that if L»L c where 


N. 

_L 

(<5n5 2 


C75 


Then <p » y , which means that a small amount of electrons should pass 
from one square to another to screen the potential. However for L « 
L c we have <f> « y and this means that electrons cannot screen such 
harmonics of the random potential at all. So the length is a 

nonlinear screening radius. The most important random potential 
harmonics has size L c and amplitude 

e 2 N 

y CL,5 =- L . C85 

^ x <5n 

Fluctuations with larger L are screened by electrons while 
fluctuations with smaller L produce a smaller potential. 

The lenght of is much larger than the magnetic length A. so the 
random potential we have found can be considered as a smooth bending 
of all LLs CFig.15. If <5n « n Q , electrons are at the deepest wells and 
E p as infered from the average LL position is of the order of j'CL^5: 

e 2 N. 

E = - a- u , C95 

x <5n 

where a is an unknown numerical factor. Using eq.C45 one obtains for 
the DOS 

d<5n e 2 N 

GCE 5= - = a-L . C105 

F dE r X e 2 

F 

Thus, we obtained a power law instead of an exponential law Ceq.25. 
The activation energy is the difference between the percolation energy 
and the Fermi energy CFig.15. For the 2-D symmetrical random potential 
the percolation level E^ coincides with the average value and is 
independent of <5n. When analysing the activation energy data, the DOS 
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Fig.l. The full curve is 
the LL bended by the 
random potential. The 
straight line is the 
Fermi level and the 
dashed line is the 
percolation level. 
Crosses show the 
occupied electronic 
states. 


G is defined by the relation 


G _1 CE ) 

A 


d<5n 


Cll) 


Since E = E - E_Ci5n) , one can use eq.CIO) for the DOS obtained by 

A p F 7 

activation energy analysis. Note that the energy dependence obtained 
in C13 is similar to an E~ 2 Ian. Eq.CIO) can also be used for analysis 
of magnetocapacitance data. 

So far we proposed that yCL )« itO. When <5n decreases the Fermi 
level goes down and at certain points in the plane the next filled LL, 
which is bended like the previous one, intersects the Fermi level. 
Holes then appear at this level CFig.2) which take part in the 
screening. Hence the further decrease in the concentration of 
electrons decreases j-CL^) due to the screening of the random potential 
by the holes and electrons of the next LL; 

Fig.2.Electrons 
Ccrosses) and holes 

Ccircles) in the two LL 
E, bended by the random 

potential. 



This means that the maximum width of the LL is of the order of 
•ft£)/2. It occurs at the integer values of the filling factor. At these 
points the DOS is minimal and equals 


GCE p ) 


e 2 4N. 

* C-fiO) 2 


C12) 
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The above theory is applicable if FT L 3 » 1 which means that 

(in) 1 '' 2 *: N 1 '' 3 , C13) 

L T 

i.e. the average distance between electrons at the unfilled level is 
larger than the distace between the centers. It is also proposed that 
is larger than the width of the region with charge centers (for 
example the oxide width in the MOS structures). Otherwise the DOS 
would be exponential. 


3 The influence of the separate centers 


In previous section we considered the fluctuations of charge 
concentration in volume containing large numbers of centers. We now 
show that the separate centers can produce a comparable effect when 
they are close to the interface. Consider the centers which are in a 
thin layer from z to z+dz. Their number per unit area is rtdz. Suppose 
they are positive. If z»X, each center lowers the LL in the nearest 
point in the plane z=0 by the energy E=-e 2 /*z. The DOS can be 
calculated in a simple way 

dz N. e 2 


GCE) 


N. — 
L dE 


k E 2 


(14) 


If Sn « n Q all electrons lie in such wells, so that E p can be found 
as follows: 


F N. e 2 

<5n = jGCE)dE = 


CIS) 


By comparing eq.(15) with eq.(9) one can see that the separate centers 


produce a shift in the Fermi 

level 

of the 

same 

order as 

do 

the 

long-range fluctuations. 

The 

DOS 

however 

has 

in this 

case 

an 

asymmetrical form CFig.3). 

For 

positive centers the 

tails of 

the 

LLs 

appear at low-energy edges 

and 

for 

negative 

centers they appear 

at 


high-energy edges. The DOS which is due to the long-range fluctuations 
is dependent of the sign of centers and symmetrical. The above 
consideration is valid if the average distance between electrons 
Cl5n)~ 1/,2 is much larger than the typical distance z from centers to 
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Fig.3.The DOS for two overlapping 
spin levels caused by separate 
positive centers 

the plane. This distance is of the 

order of e J /*E . We then see that 
F 

the theory is valid if eq.C135 is 
fulfilled. Suppose now that a LL 
is filled. If the magnetic field 
is so strong that e 2 /'xX « ISO the 
distribution of electrons in the plane is uniform and the potential of 
centers is unscreened. So, the occupation of the next LL goes through 
these stages which involve the same potential wells, created by the 
same separate centers, as was the case for the previous level. 

For silicon however an opposite condition e 2 /xX » -fifl is usually 
fulfilled. The situation with separate centers is more difficult . The 
potential wells formed by those centers which are very close to the 
plane do not change their occupation under the influence of a magnetic 
field. But, for remote centers whose potential e 2 / /, xXsttfl , the 
magnetic field is strong and occupation of corresponding wells behaves 
as in the case of a strong field. Such centers create the DOS 
described by eq.C145 under each LL if its filling factor is small. 

In general to calculate the DOS one must take into account both 
the long-range fluctuations and the separate centers. If however, the 
concentration of the centers is non-uniform one of these two 
mechanisms may prevail. If the concentration decreases with z, the 
separate centers are more important. If it increases they are less 
important. For example one should not take them into account if the 
structure has a spacer with length of the order of the average 
distance between the centers. 

The assymmetrical DOS can explain the shift of the quantum Hall 
plateaus corresponding to the filled spin levels in Si MOS structures 
with increase in the Na + concentration in the oxide, which has been 
observed by Furneaux and Eeinecke ill]. The electron concentration 
corresponding to the centers of plateaus increases with the 
Na + concentration rt . The explanation proposed by the authors [111 is 
shown in Fig.3. Suppose that the DOS of different LL do not overlap 
but for the same levels the DOS of different spin levels do overlap. 
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One can see that, to fill the lower spin level it is necessary to fill 
the shaded part of the higher spin level. The integral over the shaded 
region gives the shift. Ve can calculate it using the DOS eq.04): 


An 


p S N. e 2 

- I 


dE = N. 


e 

xaas 


06) 


where An is the shift, N =N.d, d is the oxide thickness. As is the 
spin splitting. The result satisfactorily fits the experimental data. 
The symmetrical part of the DOS provided by the long-range 
fluctuations does not contribute to the shift. 

It should be noted finally that the charge centers play an 
important role in the formation of the DOS of the 2—D electron gas in 
a magnetic field at least when the filling factor is nearly integer. 
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GENERATION AND PROPAGATION OF PHONONS IN CRYSTALLINE AND AMORPHOUS 
SILICON UNDER OPTICAL EXCITATION 


T.I.Galkina 

Lebedev Physical Institute Academy of Sciences 
Moscow,USSR 


1 Introduction 

The heat pulse technique [1] is widely applied for the 
investigation of nonequilibrium phonons, but up to date it provides 
only the semiquantitative information on phonon propagation regime. 
This is caused by the lack of information about spectral distribution 
of initially generated phonons, the scarcity of experimental data 
about the values of phonon scattering rates due to the anharmonic 

-i * _1 

interactions and isotopic impurities, r and r ,respectively and 
because of the mathematical difficulties with solution of the equation 
describing the nonequilibrium phonon propagation [21. Nevertheles the 
first attempts based on Monte-Carlo computer simulation were 
undertaken to predict the spectrum of optically excited phonons [31. 

An attempt of quantitative account for the shape of the heat 
pulse for various modes of propagation of optically excited phonons is 
presented in Sect.2. 

The heat pulse technique also provides the information about 
thermalization of the spectrum of equilibrium phonons in a-Si:H film, 
which is discussed in Sect.3. 

2 Quasidiffusion 

Absorption by semiconductor crystal of laser light with -fit’ > E^ 
results in generation of hot charge carriers near the illuminated 
sample surface. Losing its energy the carrier produces a train of 
high-frequency phonons: the optical and the acoustic ones. The optical 
phonons decay into phonons of acoustic branch. The two major types 
of interaction which the emitted acoustic phonons take part in, are: 
scattering by lattice imperfections Cmainly isotopes) and three phonon 
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anharmonic processes, i.e. decay and coalescence. 

The rates of* all the processes involved depend dramatically on 
the phonon frequency. Vith the frequency belonging to the linear part 
of the dispersion curve, the probabilities of the isotopic scattering 

* -1 -i 

r , and anharmonic decay r are given by the well-known relations: 



Cl 3 

= ?'QpCo''Q D )° - 

C23 


Here is the Debye frequency, tj and y are material-defined constants 
£43. 

A 

If the defect scattering dominates, i.e. r « r , then the 
o-frequency phonon during its lifetime r will undergo multiple 
elastic collisions separated in time by t*. This results in diffusive 
propagation with frequency-dependent diffusion coefficient. Such a 
propagation mode, proposed in £33, was called "quasidiffusion". After 
the lapse of time equal to t a phonon will be separated from the 
initial point by a mean distance 1: 

1 -/Dr ', C33 

1 2 * 

where D is the diffusion coefficient, D = jST , and s is the sound 
velocity. The phonon mean free path with respect to elastic scattering 
will be: 

1 = sr . C45 

In the opposite case Cr « r*5 the "quasiballistic" mode is 

expected to be settled, that is the phonons will propagate along the 
crystal decaying on the phonons of lower frequencies. For example, it 
was shown theoretically £63 that for Si the decay LA ^ TA + TA is 
the most probable one. In order to get the rough idea of the type of 
phonon propagation mode which is realized in our experimental 
conditions several estimations were doneCcf.eqs.C13-C433. The 
calculated values of r, t*, 1 a(|( , 1 ta<( and for severa l 

successive phonon generations are given in the Table 1. The values of 
s LA , s TA> y and ij used for the calculations were taken from £63. In 
fact, for v , our estimates have only the illustrative 

purpose because the relationsCl),C2)are valid only in the linear 
region of the dispersion curve. 
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Table 1 

Parameters characterizing the nonequilibrium phonon kinetics in 
silicon. 


v CTHz] 

T [ S] 

T*CsJ 

1,.Ccm] 

LA 

1 L A * tcm3 

1 TA * Ccm3 

1 / 1 LA* 

8 

2.S*10" 10 

1.0*10 -1 ° 

S. 3*10"° 

9.0*10" B 

S. 4*10"° 

0. 39 

4 

7. 9*10 -Q 

1.6*10" Q 

1.2*10 -3 

1.4*10~ 3 

8. 7 * 10 "* 

0. 83 

2 

2.5*10" 7 

2.6*10" s 

2. 7*10" 2 

2. ?*10~ 2 

1.4*10" 2 

1.2 

1 

8. 1*10" B 

4.1*10" 7 

6.2*10" 1 

3.7*10 -1 

2.2*10 -1 

1.7 

0.3 

2.6*10"* 

6.6*10"° 

13.9 

S. 9 

3. 6 

2.4 


s LA = 9*10 B cm/s, s ta = S.4*10 B cm/s, y ~ 6.3*10"*, ij = 9.3*10"* 


v — frequency of phonons, T -inverse scattering rate due to 

spontaneous decay, t*- inverse scattering rate related to the 
isotopic scattering, l u *, 1 TA *- mean free paths of longitudinal and 
transverse phonons, limited by isotopic scattering, 1 - distance 
which phonons of a given generation pass during the lapse of time of 

order of r C"diffusion length"!, 1/1*- characterizes the "quality" of 
diffusion during the lifetime r of a given phonon generation tphonons 

are in the diffusive regime if the inequality 1/1*» 1 holds!. The 
data were calculated for S succesive phonon generations, the frequency 
of each next generation is 1/2 of the frequency of the previous one. 
The first generation arises after the decay of optical phonons with k 
= 0 into acoustic ones. 


According to the Orbach model C71 one can expect the first 
generation of acoustic phonons to have the frequency 0 ^/ 2 , where 
ca LO is the frequency of a long-wave optical phonon. But only the 
phonons with 1 =s 1 ./• 1cm can reach the detector. These phonons have 
frequency :£ ITHz and can appear only after three successive decay 
events, i.e. in the fourth generation. It will take a time t — 
TCca^l+rCc^l+TCOg! * tCq 3 !, for our data t 0.3/lis Ccf. Table 1!. 

As we said the diffusive propagation of phonons take place if 
1/1, * » 1. Lei us check this condition. It can be seen from the Table 

LaA 

1 that for the phonons of fourth generation 1/1 LA * sm 1.7. It means 
that even phonons of this generation do not move diffusively. Hence, 
the mode of nonequilibrium phonon propagation caused by the optical 
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excitation of the crystal is nearly quasiballistic but not 
quasidiffusive one [8]. 



Fig.1.Heat (phonon) 
pulses arising after 
optical excitation of 
crystalline silicon. 


We have measured 
the ratio C/3) of 
amplitudes of LA— to 
TA—phonon peaks, in the 
wide range of excitation 
levels (from 10“ 1 jjJVcm 2 
to 10*jjJ/cm 2 ). The basic 


geometry of our measure¬ 
ments is the conventional phonon "transmission" scheme [9], Csee 
insert in the Fig.l). The 6mm in dia and of 10 mm length, 
cylinder-shaped Si sample was immersed in the LHe bath at the 
temperature 1.6K to 2K and was illuminated by \ = 0.34/jm radiation of 
pulsed nitrogen laser. The laser pulse energy was attenuated by the 
neutral filters, in the range 10 -2 to 3/jJ. The size of the laser spot 
at the sample was changed by the axial displacement of the lense and 
was in the range from 3*10 _ °cm 2 to 3*10“ 1 cm 2 . The duration of the 
laser pulse was 10ns. The granular A1 thin film, evaporated onto 
sample surface, served as a phonon detector [103. 

One can believe that with the density of incident energy less 
than lO^JVcm 2 the occupation numbers remain small (n < 1) during 
the whole period of the time-evolution of nonequilibrium phonon 
distribution. That means that the process of three—phonon coalescence 
C113 can be disregarded. 

Having taken into account the phonon focusing in [111] direction, 
the absorption of the phonons in the bulk of bolometer material CA1) 
and the acoustic mismatch of the media, we have estimated the value 
of (i to be 0.6 - 0.7 in the whole range of the used incident energy 
densities [123. One can conclude that in our experimental conditions 
the appreciable amount of heat propagates ballistically, or to be 
more precise, quasiballistically.The quasiballistic phonon propagation 
mode by contrast to quasidiffusive or diffusive one, do not smear the 
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Fig.2. Phonon generator —detector 
crystal geometry with electrically 
heated generators of phonons. Veavy lines 
show the propagation paths of fast 
TA—phonons. The detectors were located 
with the account of focusing of 
STA-phonons in [100] crystal direction. 


phonon focusing pattern [13], so we 
believe, the ratio fi does not differ 
essentially from the estimated value. 

On the basis of the above 
speculations we can depict qualitatively 
the heat pulse shape: The beginning of 
the pulse leading edge is not delayed 


with respect to arrival time of ballistic 
phonons of given polarization and frequency but the pulse rise time is 


determined by the total of lifetimes of all preceding generations 


Chere the three) which results with the time of .*• 0. 25ps in our case. 


The signal peak is followed by the flat decrease. Its time of decay is 
limited by the lifetime of the IV generation C Table 1 gives rCci ) ./• 
8ps), cf.Fig.l. 


3 Nonequilibrium phonons in amorphous films of a-Si:H 

It is a well known fact that the anomalous thermal properties of 
the glasses Cthe temperature dependence of specific heat, plateau of 
the thermal conductivity, ultrasound absorption etc.) can be 
explained on the basis of two-level systems CTLS), the physical nature 
of which being not yet understood well. In spite of this, a number of 
models exist, suggesting several types of phonon interactions: Namely 
the resonant, elastic and inelastic and also the fracton model [14]. 

The data given in [15,16] resulted in contradictory 
conclusions, in particular in [15] it was asserted that the inelastic 
scattering process arises not in the amorphous film, but on the 
boundary of amorphous film/crystal. 

The experimental procedure, widely used now, is the measurement 
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scheme similar to the double-beam method in optics, that is two phonon 
beams are compared and on the path of one of them the amorphous film 
is situated. The substrate serves both for comparison and for the 
elongation of the phonon propagation time. 

We have carried out two experiments with the a-Si:H films. The 
first series of experiments was performed in collaboration with 
V.Eisenmenger, K.Lassman and O.Koblinger C the Stuttgart University, 
FRG). The nonequilibrium phonons were injected into the Si sample by 
means of thin layered metallic heater. 

It is worthwile to emphasize that in it was noticed already 
[17,183 that the shape of the heat pulse arising after optical 
excitation differs strongly from those generated by the metal film 
evaporated onto the surface of the sample Cthe case of "Planckian" 
generator). One can draw the conclusion that, as in the case of 
optical excitation, the phonon spectrum is enriched in the 
high-frequency region, and due to strong dependence of r and t* on 
frequency Ccf.Cl),C2)>, the heat pulse propagation modes in this two 
cases can be different and the thermalization processes of both the 
phonon spectfa can be different too. 

In our early work [91 we have observed the narrowing of the 
phonon pulses (as compared to the case of excitation of crystalline 
Si), generated under optical excitation of a-Si:H film. We have 
interpreted it in terms of phonon thermalization process in amorphous 
material. In C93 the existence of TLS was suggested. Two level states 
provide the phonon thermalization in a—Si:H. Later on similar data 
were obtained by Strom et al [181. The measurements of the specific 
heat and thermal condutcivity at 0.1—SK [193 supported this idea. 

In our experiments a layer of a-Si:H of thickness of 1.5/jm was 
sputtered in Ar + H 2 atmosphere (H .*• 12%) onto the half of the upper 
surface of the c-Si sample. Next a thin-film metal heaters were 
evaporated Cof the area of 1 mm 2 ) on this layer and on the free 
surface of the sample . The heaters were heated by electrical current 
pulses. Phonons emitted by the heaters penetrated into the sample 
(propagation direction nearly parallel to [100]) and were detected by 
two detectors. Fig.2. 

The alignment of the generator and the detector was adjusted in 
such a way, that the crystallographic directions of phonon propagation 
from a-Si:H and c-Si towards the detectors were the same Cin purpose 
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Fig.3.Experimental data with 
electrically heated generators 
of* phonons. 

a. Phonon signals from a-Si:H and 
c-Si : Response of a broadband 
detector CA1). 

b. Phonon signals from a-Si:H and 
c-Si: Response of Sn - STJ 

superconducting tunnel Junction 
Ca frquency-threshold detector) 

to eliminate the focusing 
effects [13]) and the distances 
of propagation of both beams of 
phonons were equal. 

The first detector acted as a broadband phonon detector CA1) but 
the second one - superconducting tunnel junction CSn-I-Sn) had the 
threshold frequency ./• 290 GHz. Therefore the former CA1) detected all 
the phonons, and the latter CSn) - mainly the phonons with the 
frequency greater than 290 GHz. 

While using the A1 detector both the signals from a-Si:H and c-Si 
were practically equal (cf.Fig.3a). Any changes of the initial phonon 
spectrum occuring in the a—Si:H layer could not influence the response 
of the detector. On the contrary, in the case of Sn-detector the 

signal coming from the a-Si:H was of 40Ji less. Fig.3b. That means the 
initial "Planckian" phonon spectrum after phonons have been crossing 
the a-Si:H layer is rearranged in such a manner, that nearly half of 

Fig.4.Schematic drawing 
of nonequilibrium phonon 
spectrum thermalization 
in a-Si:H layer. 

a. Sample 

b. Phonon spectrum in 
c—Si 

c. Phonon spectrum in 

c-Si after phonons have 
been traversing the 

a-Si:H layer first. 

<3. - threshold 

frequency of STJ, C STJ 
is sensitive to the 

shaded part of the 

spectrum only). 
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it is shifted towards the frequency range less than 290 GHz. The 
qualitative explanation of the observed effect is given schematically 
in Fig. 4.. 

Analogous experiment was carried out under optical excitation of 
phonons. The arrangement of the upper face of the sample Cwith the 
a—Si:H) was analogous as in the first case. On the opposite side of 
the sample the structure Sn-SnO-Sn was evaporated. One of the Sn 
films acted as a bolometer while the structure as a whole formed the 
superconducting tunnel Junction. The threshold frequency was as 290 GHz 
as previously. The measurements were carried out at the temperature •»> 
1.28 K, for the bolometer working point shifting CT®~°=3.7K) the 
superconducting solenoid was used. The nitrogen laser beam was focused 
CA. = 0.34pm) at two points at the sample surface. Fig. 3. 

The ratio of phonon signal integrals from a-Si:H and c-Si was 
measured. It should be pointed out that in the case of a broadband 
registration Cbolometer) the integral of phonon signal from a-Si:H was 
larger than from c-Si. We have noted this fact earlier in [93. It is 
interesting, that in the case of metal film heating these signals were 
equal, see Fig.3a. We have no clear explanation of this phenomenon 
yet. One can suggest this is connected with the different quantum 
efficiency of a-Si:H and c-Si. Therefore not the amplitudes but the 
integrals of the signals were compared. That is we compared the 
quantities of energy registered by the detector. 

It was found out that in the case of bolometer registration the 
ratio of signal integrals from a-Si:H and c-Si was about 1.3. In the 

Fig.S.Experimental data 
with optical excitation 
phonons. 

a. Phonon signals from 
a-Si:H and c-Si : 
Response of broadband 
detector CA1). 

b. Phonon signals from 

a—Si:H and c-Si: 
Response of frquency 
—threshold detector 

CSn-STJ). 

Insert: Experimental 

geometry. 

1.Sn-bolometer. 

1-2.Sn STJ. 


in 

V) 
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case of frequency-threshold registration this ratio decreases down to 
0.9, Fig.5. In other words the a-Si:H layer thermalizes the 
nonequiibrium spectrum, shifting it to the region of frequencies less 
than 290 QHz. 

These results were obtained in cooperation with 
M.M.Bonch-Osmolowskii, A.J.Blinov, and Ju.Ju.Pokrovskii. 
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1. Introduction 


Many kinetic characteristics of crystals are determined by the nature 
of the quasiparticle excitation scattering (e.g., phonons, spin waves 
etc.) by impurities. Intensive external perturbations in crystals can 
arise quasiparticle fluxes of high density, when the interaction bet¬ 
ween scattering quasiparticles becomes essential. Accounting of this 
interaction seems to be particularly important when it is attractive 
and can form the bound state of quasiparticles. If the collisions of 
the quasiparticles with impurities oocur rather seldom, the quasipar¬ 
ticles manage to form the bound state between collisions. Then they 
scatter by an impurity not separately, but as a cluster. Naturally, 
a question arises in what way the scattering intensity of a single 
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cluster consisting of N quasiparticles relates to the total scattering 
intensity of N free quasiparticles. To answer this question, it is 
necessary to examine the role of quasiparticles interaction in scatter¬ 
ing. This analysis is the simplest in one-dimensional case when many 
problems of particles interaction are exactly solvable. 

Dynamics of a system of interacting quasiparticles in the mean field 
approximation is described by a nonlinear equation (e.g., nonlinear 
Schrodinger or sine-Gordon equation ). Consider a point center in such 
nonlinear one-dimensional system which is able to scatter elementary 
excitations. Let the incident flux of quasiparticles be dense enough 
to form their bound state before scattering. The bound state of a large 
number of quasiparticles in a nonlinear system is equivalent to a dyna¬ 
mical soliton, its amplitude being proportional to the number of bound 
quasiparticles [1-4] . We shall calculate the intensity of the "N-par- 
ticle" soliton scattering and compare it with the total intensity of 
free N-particle scattering. 

In Section 2 scattering of a soliton by a point impurity is consider¬ 
ed in terns of the nonlinear Schrodinger (HLS) equation. The HLS equa¬ 
tion is known to describe the nonlinear dynamics of quasiparticles in 
many problems of solid state physics. For example, excitations of weak¬ 
ly non-ideal Bose gas in self-consistent approximation can be described 
by this equation ( see [l - 3] ). Consideration of the nonlinear magnet¬ 
ization wave dynamics in a ferromagnet of the easy-axis type anisotropy 
[4] , as well as the problem of the soliton motion along the quasi-one- 
dimensional moleoular chain, reduce to the analysis of the soliton-type 
solutions of the HLS equation. And, finally, the HLS equation describes 
both the dynamics of the envelope of phonon excitations under intensive 
pulsed action on a crystal [5»6] and the propagation of the surface 
nonlinear waves in dielectrics or semiconductors [7 ] . In the Section 
scattering of a soliton by localized point impurity, by a pair of impu¬ 
rities, and by a random system consisting of a large number of impuri¬ 
ties is considered. 

Section 3 deals with the scattering of a small-amplitude, two-para¬ 
meter soliton (breather) of the sine-Gordon (SG) equation by an isolated 
impurity. The SG equation is usually employed when describing the mag¬ 
netization wave motion in a ferromagnet with the easy-plane anisotropy 
[4] , nonlinear excitations of magnetic flux in long Josephson junc¬ 
tions [8] and in case of localized optical oscillation in anhaxmonic 
chains [9 ] . 
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2. Scattering of Nonlinear SchrSdinger Soliton 

2.1. Soliton-Type Excitations of Nonlinear Schrodinger Equation 

Let us consider weakly non-ideal gas of quasiparticles with the follow¬ 
ing dispersion law 

CO - CO 0 + k 2 . (1) 

In the mean field approximation the states of the gas are described 
by the wave function (x,t) which, in absenoe of the scattering 
centres, obeys the equation (see, e.g., [l — 3^ ) •• 

i^ t -OVl' + 2g|^|H - 0 , (2) 

where g characterizes the potential of binary interaction (g>0). 

Consider the case of an impurity in the matrix which locally chan¬ 
ges the characteristic frequency of the system. Then the additi¬ 

onal singular term should be introduced to the right-hand side of the 
Eq.(2) s 

ii» t + 2g[^»i 2 ^ =ed(x)^ , o) 

where £ is the local perturbation intensity. The solution of the 
Eq.(3) being presented in the form 

''tCx, t) = g -1 ^ 2 u(x,t) exp(-i&> 0 t ) 

the following equation takes place for the function u(x,t) ; 

iu t + u xx + 2 l u l 2u * u , (4) 

£ 

here the parameter £, will be treated as small ( £ <: «1 ). 

Equation (4) for any value of real parameter £, has the following 
integral of motion 
0-0 

I = $ |u| 2 dx (5) 

— oo 

which corresponds to the total number of quasiparticles. 

In the linear limit (u«l ) when one can neglect the third (nonli¬ 
near) term in the left-hand side (4), this equation would describe 
scattering of the wave excitation with the dispersion law CO = k by 
a point impurity. This scattering is characterized by the single 
value - reflection coefficient , 

= £ 2/( £ 2+ 4k2 > * 


( 6 ) 
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where k is the wave number of the incident wave. The transmission 
coefficient Tq is defined as 

T^-l-Ife- 4k 2 /( £ 2 + 4k 2 ) . (7) 


When scattering N equivalent free quasiparticles by an impurity, 
of them reflect while T Q N transmit. 

If interaction between quasiparticles is taken into account, i.e. if 
the nonlinear term in Eq.(4) is considered, the result becomes more 
complicated because scattering in this case depends on greater set of 
parameters. It should be noted at first that in homogeneous nonlinear 
system, i.e. at £= 0 , a bound state of quasiparticles exists which 
is described by an exact solution of the 2JLS equation in the form of 
two-parameter dynamical soliton (we use designations accepted in the 
Ref. 10 ) 


exp f- 2i£x -iA(t)l 

u (x,t) = 2i» -==--- 

B L cosh £2tt(x - x^t) ) ] 

A(t) - 4 ($ 2 -10 2 )t , aj,(t)--4^t 


( 8 ) 

(9) 


where 2I£ is the soliton amplitude describing the number of bound in 
it quasiparticles : 


N = 4£ , (10) 

the soliton velocity in the designations being V = - 4j? . The soliton 
energy then equals to 


B S = 4 p w o + 16 ( K 2y l - 5p 3 > (11> 

o 

and represent the sum of free quasiparticle energies 4£6 )q + 16 £? j? = 

N ( C0 Q + 4 }S 2 ) = N (W Q + V 2 /4 ) and their interaction energies (attrac¬ 
tion) : 


E int 


= -T ^ 3 


15 




( 12 ) 


The form of the attraction energy (12) corresponds to the well known 
property of weakly non-ideal Bose gas with attraction, namely collapse 
occurs in the system at N -> oo . This unnatural behaviour of the real 
system can be avoided, e.g,, by accounting for weak three-particle 
repulsion between the quasiparticles (see Ref. 3 )• 

Using Eq.(12) one can easily obtain the binding energy of a quasi- 
particle in the soliton as a minimum work required to remove one par¬ 
ticle from the soliton and to convert it into a free particle. The 
binding energy takes the form 

l 3 E int /dN l = \* 2 " * 


( 13 ) 



423 


At W 0 the soliton (8) delocalizes and corresponds to a linear 
C p o 

wave (quasiparticle) with the wave number k , where k = 4^ 


2.2. Evolution of Soliton Parameters 


It is well known that the slow variations of the soliton parameters 
due to the perturbation (a local inhomogeneity in our case) can be 
obtained in adiabatic approximation. The latter is based on an assump¬ 
tion that the form of a soliton is still described by Eq.(8), however 
its parameters ^ , x^ , p and A are, in addition, dependent on ’’slow" 
time £t . The simplest method for derivation of adiabatic equations 
which determine the time dependence of the soliton parameters is as 
follows. The Hamiltonian of the perturbed system (4) takes the foiro 

Oo 

H = ^dx ( |u x | 2 - |uf + £§(x)|u\ 2 ) . (14) 

- ©o 

Then the function u(x,t) is taken in the foim (8) with indefinite 
parameters. Symple calculations yield the result 

H = 16 (gfy ~ J? 3 > + 4£ J> 2 sech 2 ( 2 ^Xq ) . (15) 

How suppose that relations between canonically conjugated variables 
(which correspond to a soliton in the unperturbed HLS system) remain 
the same after the perturbation is "switched on". The mentioned cano¬ 
nical variables can be naturally introduced in terns of the inverse 
scattering transform (see Ref, 10 ): 

Pi * - 4g> , P 2 ■ 4|? , z 1 =2^x q , z 2 = A. (16) 

The Hamiltonian (15) being presented as a function of the variables 
(16) and the Hamiltonian equations being written for the variables, 
i.e. dp n /dt = - dH/dz n , dz n /dt * dH/6p n (where n = l,2), the follow¬ 
ing equations are obtained for the soliton parameters : 


dx^/dt * - 4£ , (17) 

d$£/dt = - 2 p 2 £ tanh( 2 ^Xq) sech 2 ( 2 I^Xq) , (18) 

d^/dt = 0 , (19) 

dA/dt = 4(£ 2 -£ 2 ) + 2J?6 sech 2 ( 2 ^X 0 ) . (20) 
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If no restrictions are imposed on the perturbation amplitude , 
the Eqs.(17)-(20) can be treated as a consequence of variational prin¬ 
ciple based on the perturbed Hamiltonian (15). However it should be 
noted that these equations are the first step in the consistent pertur¬ 
bation theory for solitons by Karpman and Maslov [ll,12] • 

As follows from (19) the soliton amplitude in the adiabatic approxi¬ 
mation does not change, i.e. = const. Eqs.(17) and (18) uncouple 

from the Eq.(20) and reduce to the equation of classical mechanios 





U(Z ) 


262 

- 5 — 

cosh Z 


( 21 ) 


which describes the motion of a particle of unit mass with coordinate 
Xq in the effective potential U( 2hXg). Note that the intensity of 
the effective potential and the width of its localization (see (21) ) 
depend considerably on the soliton amplitude. 

It is easy to obtain a solution of the equation (21) describing 
adiabatic behaviour of the soliton parameter Xq (the coordinate of 
the effective particle) when scattering of a soliton by an impurity: 

a) in case 4 at £>0 (reflection of a soliton from an 

impurity) 

XQ(t) o - ^Arsh {[<£?/4$|) " l] 1/2 cosh(8 ? £ 0 t)} ; (22) 

b) in case 4)P > sy at £ > 0 and arbitrary ^ at £< 0 (passing of 
a soliton over the impurity) 

XQ(t) = - ^Arsh|[l - (£^/4^o ) ] 1/2sinh( 8 2^0 11 } } * (23) 

where (t = - o«). The soliton velocity V = -4J?(t) and its phase 

A(t) fdr a given dependence Xg(t) is determined by the relations 
(17) and (20). 

For £< 0 oscillatory motion of a soliton is possible near the 
attractive inhomogeneity (the bound state of a soliton with an impurity 
is equivalent in linear limit to the so-called local oscillations, see 
Ref. 13 )• However solutions of this type will not be considered here 
because we are interested in the scattering processes only. 


2.3. Emission from Fast Soliton 

The unperturbed NLS equation is wel] known to be exactly integrable by 
the inverse scattering technique [lo] . Thus, it is naturally to study 
the scattering process at small £, in terms of the theory of perturba¬ 
tions based on the inverse scattering transform (e.g., [11,12] ). 
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Consider at first scattering of a rather fast soliton by an impari¬ 
ty (this process is schematically illustrated in the Fig. 1 ; it corres¬ 
ponds to §j>0 ). The term "rather fast" would mean the soliton whose 
velooity variations during its interaction with an impurity are small. 
The corresponding condition has the following form : 

£o » |£l£ • (24) 

This condition allows to neglect the velocity variations in scattering. 



Fig.l. Scattering of a fast soliton (the impurity is located 
in the point x=0 ): a) before scattering, b) after scatter¬ 
ing; N + and N being the numbers of quasiparticles radiated 
in forward and backward directions, K' being the number of 
bound quasiparticles after the scattering 

The spectral density of quasiparticles n(>t) emitted by the scatte¬ 
ring soliton can be obtained using the well-known relation of the in¬ 
verse scattering transform [10] (see also Refs. 13 ) 

a(JL) - ^IbOJl 2 , (25) 

where b(A) is the scattering coefficient (the so-called dost coeffi¬ 
cient) used in the inverse scattering technique (in the framework of 
perturbation theory one can takes |b(X)l 2 « 1 ), J, is the real spect¬ 

ral parameter related with the wave number k(^,) and frequency &)(A.) 
of the emitted linear waves (quasiparticles), i.e. CO(X) = k c (X) * 4A . 
Evolution of the Jost coefficient b(A) in the presence of perturbations 
is determined by the equation (see, e.g., [11-13^ ) 
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= 4i A 2 *>(3.** ) + £$dx P[u3 ^*(x,t;A. ) - 


oo 


— oo 


"6*$dx P*fcu] ^(x.tjJP^x.t;*) , 


(26) 


-OO . 

where ^Pl 2^ x * ’*'» and 2 (x,t;5(.) are the components of one-soli- 

ton Jost functions [lO^.^PQuj is the right-hand side of Eq. (4), i.e. 
in the considered case it is of the form £, P£u} =&S^(x)u. 

The Jost functions for the soliton (8) take the foim [11,123 

■I'l! t 1) ^ \ 


Cp(x,t;X) J 




- 1 ** (±y sech Z e 2i 5 x + ^ 


^ 2 (x,t ;\)j (A-j|+il?)^ X -£ - igtanh! 


, (28) 


where Z = 2l£( x - Xq) (.see Eq. (8) ) , As A (t) and XqE. x^t) in absence 
of external perturbations change in time according to (9). 

Until scattering (t —>- 00)311 quasiparticles are considered to form 
a bound state. That means the initial condition for Eq.(26) should be 
taken in the form b(^.,t = -00) = 0 . Then the total quasiparticle 
density n ra a(X) emitted by the soliton during the scattering is de¬ 
termined by the value (25) at t = + x> and is equal to 

n rad (W " < *" 1 l b( *’ t*+o°)| 2 * (29) 


Since the parameter £, is small, calculation of a radiation genera¬ 
ted by a soliton can be carried out in terms of the perturbation theory 
for solitons. According to the evolution equation (26) and (27),(28) 
one can obtain the following expression for |b(X, t = + 00 ) | : 


[b(%., t = 

t 1 * 


+ 00 


)| = 2 b £ ( dt - 4 . 1 * 2t t iAS i )J 

* c | J cosh( 2 1^ x 0 (t) ) 


-<30 




i(%.-£(t)) - I? tanh(2 g>XpCt)) ^ ^ 

[ ( % -^(t)) 2 + £ 2 ] 


(30) 

^(t))j|. 


Instead of x^t) , £(t) and A(t) the perturbation-induced time depen¬ 
dence of these parameters should be used wtfiich were obtained in adia- 
batio approximation. Por a fast soliton when Eq,(24) is valid the re¬ 
lations Xg(t) = - 4 £?q t , = cons ' b take Place. The latter means 

that the variations of the soliton velocity could be neglected (this 
approach is the so-called Bom approximation in the scattering theory). 
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In this case the expression for n ra< i(^) takes the form : 


_ C( + 

4(2£?) 6 cosh 2 [«lC( + p^)/4p£] 


(31) 


The spectral density of emitted quasiparticles n ra ^(A) is given in 
Fig.2. 



Fig.2. Spectral density of quasiparticles 
radiated by a fast soliton ( « £, ) 


As it follows from Eq. (31) at «£ the spectral density n ra a(X) 
has two distinguished maxima (which width is of order in ) in the 
points 'X= ± ^ » where A m = (g^ 2 - p^jl/2 ru . Estimates of maxi¬ 
mum density values have the form (^«^): n iS n ra a(“A. ra ) ^ £ 2 /E, 2 , 
n 2 sn rad^m ^ ^ n^ . When A = 0 » as it follows from (31)» 

n ra d(0)^£ n l 2 * Far from the vicinity of the points ± A m the 

function n ra( j( A ) exponentially decreases. 

The number of quasiparticles emitted by a soliton in forward (N^) 
and backward (E r ) directions (see Fig. 1 ) can be obtained by integrat¬ 
ing the density (31) with respect to the corresponding region of the 


spectral parameter, namely 


No. 


S n rad ( ^ )d;i • N r 


(32) 


0 _ oo 

Because N is the integral of motion (see Eq.(5)) the number of quasi- 
particles which remain in the bound state equals to !'■ H- H p - Hj . 

We define the reflection coefficient of a soliton as a ratio of the 
number of reflected quasiparticles N r to the total number of quasipar- 
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tides N = 4 
R = N^/N 


f . One can obtain from Eqs.(31)»(32) 

<k & 2 r ta 

= 2 10 o( £ 2 g cosh^ frC( x 2 +o(. 2 - 1 )/4oi] 


o£ = {?/£ . (33) 


Let us compare the expression (33) with the reflection coefficient of 
linear waves (i.e. free quasiparticles) (6). Since the inequality (24) 
was used when deriving Eq.(33)» it is necessary to simplify Eq.(6) 
taking « £ 2 /16g ) 2 . In the case (the so-called "light" soli- 

ton) the following expansion takes place from Eq.(33) : 

R = Rq ( 1 + 2Y) 4 /15g; 4 ) • (34) 

It illustrates that the reflection coefficient of a soliton exceeds 
that of a free quasiparticle. In the opposite case, i.e. !£»)£,("hea¬ 
vy" soliton) we obtain considerably smaller value as compared with 1^, 

i,e, R - ('jr/ 16 ^ 2 ' ) Rq jJ /2 exp( -TCo(/ 2 ), %/£ » 06 » 1 . (35) 


The general behaviour of the function defined in (33) is shown in 
Eig. 3. A characteristic feature of this non-monotonous dependence 
consists in rapid deorease of the reflection coefficient with the pa¬ 
rameter 2/s. grouth, i.e. when increasing the relative number of 
quasiparticles or their binding energy in the soliton. At ot -*• 0 the 
reflection coefficient tends, as naturally could be expected, to its 
"linear" value 1^ (6). 


*A, 



Eig.3. Dependence of the soliton 
reflection coefficient on the 
parameter yz at |S|j?«£; 2 ; 
the case 2 / S- 0 corresponds 
to the scattering of a free 
quasiparticle 


Let us calculate now the number of quasiparticles emitted by a so¬ 
liton in forward direction. We denote by D their relative number: 
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D * ff t /» . (36) 

As can be easily seen this magnitude is described by Eq.( 33 ) in which 

p p 

(x + 1 ) scould be replaced by (x-1) in the integrand. A qualitative 
dependence of the radiation coefficient D is presented in Pig.4. At 
oL « 4 the number of forward emitted quasiparticles is very small : 

D = £ 2 }? 4 / 120£ 6 . (37) 

At large value of the parameter oC asymptotics of the function D(o 6 ) 
coincides with that of the function R(oC) and takes the fonn (35). 



Pig.4. Dependence of the relative number of 
quasiparticles radiated by the soliton in 
forward direction on the parameter vz 

Now let us discuss briefly the presented results. At first in the 
case o4«l when the NLS soliton is close to a free quasiparticle (i.e. 
"light" soliton) we have the following situation. In the main approxi- 
mation (up to the terns of order in oC ) the backward emission from 
a fast soliton dominates (cf. Eq.(34) and Eq.(37) ). That means the 
quasiparticles passed the impurity to remain in the bound state. Thus 
only the soliton corresponds to the transmitted wave. 

Exponentially small emission intensity (as well as the coefficients 
R and D ) is typical for scattering of a "heavy" soliton (when ?»£>• 
This result can easily be interpreted in terms of simple physical con¬ 
siderations: in the studied case binding energy of quasiparticles in 
the soliton (^2 ) considerably exceeds its kinetic energy (^S, ), 
therefore for £»$?it is more difficult to "tear out" a quasiparticle 
off the soliton than in the opposite case. This feature manifest itself 
in decrease of the scattering coefficients R and D . 
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2.4. Two Point Impurities. Resonant Soliton Scattering 


Consider now the scattering of a soliton by a number of scattering 
centres. We start with two point impurities, distance between them 
being a . The analysis of the resonant soliton scattering is of spe¬ 
cial interest when the amplitudes of the impurities are equal. We re¬ 
strict our consideration with the case of fast soliton scattering (in 
the Bom approximation) when variations of its velocity during scatte¬ 
ring could be neglected. 

The scattering of a linear wave (i.e. free quasiparticle) by two 

equivalent point impurities is known to be resonant, namely, the ref- 

(?) 

lection coefficient by a pair of them 1^ ' oscillates depending on the 
parameter d = ak , where k is the wavenumber of the incident wave. In 
the Bom approximation for our designations we have 


H^ 2) = 4 r£ 1) cos 2 d , d = 2a£, (38) 

where 6 /16^ is the reflection coefficient by a single impu- 

ritv in the same approximation (see (6) ). The reflection coefficient 
R^ 2 ^ turns to zero at d^°<TT/2+'jCn (n = 0,1,...), The latter condi¬ 
tion corresponds to the coincidence of the incident quasiparticle ener- 
gy k =4}? with that of the resonant state between two delta-type 
potentials. The maximum values of the reflection coefficient ( 4 Hq ') 
relate to the quasiparticle reflection from a single impurity of bina¬ 
ry intensity, i.e. when £ -*• 2 £ . 

The scattering process of a soliton is treated in accordance to the 
procedure described in the previous subsection. Substitution of the 
perturbation in the form £ PQiJ =£^S(x) + ^(x-a)^u into Eq.(26) 
yields in the Bom approximation the following expression for the 
spectral density of the scattered quasiparticles 


=*4Ja) . o<» 


where is the quasiparticles density (31) emitted by a soli¬ 

ton scattered by a single impurity. The reflection coefficient of a 

( 2 ) 

soliton by the pair of impurities R' ' we obtain in a similar way 
(see (33) ) : 

,(2) _ ftx + l) 2 + «c 2 1 2 


2^2 


fdx ^ J V os 2 {f [(x+l) 2 +o l 2 j}.(40) 

J cosh 2 fjC(x 2 +0 C 2 -l)/4oi.] 14 L JJ 


Let us analyse the dependence of the reflection coefficient (40) on 
the parameter d for small nonlinearity parameter ( oC^l ). In the 
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main approximation in oL one can write 


n(2) ^ <rr£ 2 C d (x-t-1 ) 4 cos 2 rd( x +l) 2 /43 
= 2^k 2 cosh Jjlt( x + ci. - 1 y4oC] 


Introduce the variable z = <7C( x 2 + o(. 2 - l)/4<^ and note that if o4« 1 
the region Sz 1 gives the main contribution to the integral (41). 
Thus for ©C 2 d « 1 one can write 

R (2)< *-£^ ^dz cos 2 [d(l+ 4«(. z/jC )^] sech 2 z . (42) 

— oo 

Simple manipulations give the following result 


t (2) = 21^ ( 1 + 


cos 2d ) 


which in the case o(,«l can be used at any values of d . 



Fig,5. The reflection coefficient of a soliton 
scattering by two identical impurities as a fun¬ 
ction of d= 2aJP > for o£<(l ; I^^being the ref¬ 
lection coefficient of the free quasiparticle by 
a single impurity (6)(in the born approximation) 

( 2 ) 

The reflection coefficient R' ' dependence on the parameter d for 
small is schematically shown in Fig.5. The width of the soliton 
( (\J ) exceeding considerably the distance a between the point 

impurities (this corresponds to the condition a£ = oC d « 1 ),distin¬ 
guished interference phenomena are seen which manifest themselves in 

oscillations of R^ 2 ^ with the parameter d growth. Apart from the li- 

(o) 

near approximation R' ' does not turn into zero because x < sinhx 
for x 4 0 , however when d = (1- 2oC 2 /3) d^ 0 ^ the reflection 
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coefficient has the minimum values 

^in " f (*W 2 * f(^< 0) ) 2 = f^ 2 (f + 3tn) 2 

( 2 ) 

vanishing under the condition oCd«l . The maximum values cor¬ 

respondingly decrease, the latter taking place for d = d tnnT = ( 1 - 
2oC 2 /3 ) (<JC n ) , namely ^ 4 R^ 1 - (<*7Tn ) 2 /3 ) . 

When the soliton width becomes comparable with the distance a(o^d~l) 
the interference drops and the scattering coefficient exponentially 
(with the parameter c/-d growth) approaches the value 21^^. This 
result can be interpreted in a simple way. The soliton width being 
considerably less than the distance between the impurities ( e£d oo 
a>2 » 1 ). the scattering by each impurity occurs independently and 

2R^ . Thus the interaction between quasiparticles causes a qua¬ 
litative change in their resonant scattering. 


2.5. Scattering of Soliton bv Random Impurities 

Natural generalization of the above problem leads to the study of the 
soliton scattering by a system of a large number of impurities. We 
restrict ourselves with the case of random spatial distribution of the 
impurities. The initial system is then described by the stochastic 
NLS equation 

iu t + u xx + 2 I u | 2u “G^UJu , (44) 

& (x) being a random function attributed to the disordered set of a 
large number M ( M»1 ) point impurities (see for details Ref. 15 ). For 
the sake of convenience the mean value ^6\x)^ will be included in 
the renormalization of characteristic frequency COq in Eqs.(2) and 
(3)» so in future we shall only consider fluctuations of the random 
function ^(x) taking <C^(x)>= 0 (the previous designation will be 
used for fluctuations). As is known (see,e.g., Ref. 15 ) in the case 
M -► ©o the function d (x) becomes Gaussian and its binary corre¬ 
lator can be given in the form 

(x) (^(x*) y = l" 1 ^ ( x - x') (45) 

where parameter 1 means the mean distance between the impurities 
while the angle brackets imply averaging with respect to all realiza¬ 
tions of the random function. Suppose the region occupied by the impu¬ 
rities to be of finite length, i.e. the random function d(x) is defi¬ 
ned within the interval -L/2 $ x $ L/2 and turns into zero through¬ 
out of it. 
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It is of interest to examine the averaged spectral density of the 
emitted quasiparticles with respect to all realizations of the random 
function. This value can be obtainen in terns of the soliton perturba- 

p 

tion theory if £ 1 . Calculations using Eq, (29) together with 

Eq.(30) leads to the general result 

L/2 L/2 

n rad^ = n rad^ £ d* ^ dx ’ d U) d (x') exp[ic(^) (x - x')], (46) 
-L/2 -L/2 

here c(3,) = ((A.-£?) 2 +12 2 )/£? , and n^^(X) is the function (31) 
characterizing the soliton scattering by a single point impurity. If 
d(x) is a random function then averaging the result (46) in accor¬ 
dance with (45) we obtain 

<»rad<*>> ' < L/1 > ‘ M ”£*<»•> • <*T> 

The mean reflection coefficient is determined as follows (see subsec¬ 
tion 2.3 )s 0 

<R> = ir 1 ^ d ^< n rad (A) ) - MR (1) (oC), (48) 

-Oo 

R^(<4) being the reflection coefficient of the soliton by a single 
point impurity (33). 

The result (48) (together with (47) ) shows that the soliton scatter¬ 
ing by the random system of point centres is non-resonance (see end of 
the subsection 2.4 )» i.e. the average scattering of a soliton by each 
point impurity of the system occurs independently. 


3. Scattering of Small-Amplitude Sine-Gordon Breather 

3.1. Localized Impurity. "Relativistic" Case 

As another example we consider scattering of the sine-Gordon breather 
by an impurity. Relations between the breather of classical SG system 
and the bound state of elementary excitations in quantum SG model have 
been discussed in literature (see, e.g., £l6 -18^ ), thus we shall pay 
no attention to the problem. Note only that the number of quasipartic¬ 
les bound in a breather is determined in quasiclassical approximation 
by direct quantization (by Bofrr-Zommerfeld) of the breather-type exci¬ 
tation. The most surprising is the coincidence of the quasiclassical 
result with the exact one at any number of bound quasiparticles. It 
can be probably attributed to the exact integrability of the systems. 
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We shall analyse scattering of the small-amplitude SG breather by 
a single point impurity in terms of the SG equation of the form 

u tt “ u xx + sinu ~ 6 ^( x ) sinu , (49) 

where dimensionless variables have been introduced. The parameter 
characterizes the impurity amplitude. Equation (49) takes place, e.g., 
when describing nonlinear dynamics of magnetic flux in long Josephson 
junction with inhomogeneous critical bias current (see,e.g.,£8,19] )• 

In absence of the impurity (£= 0 ) Eq. (49) has an exact solution 
of the breather type describing the bound state of quasiparticles [lo]. 
When the amplitude of the excitation is small it takes the form : 

t)« 4/4 sin ft (1 -J&/2) (t - Vx) J sech[y*]f(x-Vt)] , (50) 

p 

V being the velocity of the breather mass centre ( V $ 1 ) , and Y = 

(l - v 2 r 1/2 . 

The problem of the breather (50) scattering by an impurity (this 
problem was solved by the authors with collaboration Dr.B,A.Malomed) 
is considered in terms of the soliton perturbation theory developed 
for the SG equation in papers £20,2l] . The most interesting is the 
reflection coefficient as in the above case of HIS soliton. To obtain 
this function one should note that in the nonlinear system another 
definition of the reflection coefficient is possible which differs 
from that considered in the subsection 2.3. Namely, one can determine 
the reflection coefficient as the ratio of energy emitted by the soli¬ 
ton in the backward direction (with respect to its motion) to that of 
the incident soliton, i.e. total energy. (In the linear case both de¬ 
finitions coincide). Herefore, let us start studying the energy emitted 
by the SG small-amplitude breather scattering by an impurity. 

The spectral energy density emitted by the breather can be calcula¬ 
ted using the result of inverse scattering transform for the SG equa¬ 
tion ( see, e.g., [10] ) 

- rjC 1 ( 4 + 1/A 2 ) |B( A » t . + oo >| 2 , (51) 

!X being the positive spectral parameter of the inverse scattering 
problem for SG system which deteimines the radiation wavenumber K : 

U^(K)= | ( K Wl + K 2 ) . (52) 

The Jost coefficient B(A, t ) obeys the evolution equation similar to 
(26) which in the explicit form is given, e.g., in [20,21] . As follows 
from (51)»(52), the spectral energy density as a function of the wave- 
number K takes the form : 
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e rad (K) “ [ e rad (3 ° (d ^ /dK) ] X=X(K) “ > |b( *(K), t= + ~>)| 2 

. (53 

where a(K) is presented by Eq.(52). 

We shall not consider in details the calculations of the emitted 
energy (they are more complicated than in the case of MIS soliton), 
are present here the final result : 


e rad 


(K) 


<K& 2 ( 1- V 2 ) r A + B(1 + c 2 ) 3 2 
V 2 [ ( K + VfiO ) 2 + jK 2 ( 1 - V 2 )] 2 


sech 2 ^ C/2) 


(54) 


where _ _ 

A = ( K + VCO) 2 - 1-V 2 )- 2(\|l -~V 2 /V) (K + VCO )[/]T -j£ -Odjl - V 2 ] , 

B = ( J&/6 ,) (CO + KV) [ 3 ( 0) + KV ) + yjl ^V 2 ] , 

C = ( \Jl -JA. 2 - CO \f l - V 2 )/ JA.V , 

and W=Cl)(K) * \jl + K 2 is the dispersion law of the linear SG excita¬ 
tions. 

The energy carried back (E r ) and forward (E^) is determined by in¬ 
tegration with respect to the corresponding region of the wavenumber 
variation (cf. (32) ) 


0 

E r ■ i 'W” 


OC 

; t - 5 « 9 r.d«) ■ 


(55) 


— co 0 

Note that e ra( ^(K) is asymmetrical in K , therefore E r and E^ , strictly 
speaking, differ from each other. 

p p p 

Let us analyse at first the case V ^ 1 accounting for V i . 
Analysis of Eq.(54) shows that in this case the main contribution into 
the integrals is provided by K^V~yi«l , i.e. one can write CO « 

1 + K 2 /2 and Eq.(54) simplifies. In particular C aJ (V 2 -/< 2 -K 2 )/ 

2JW.V . 

Retaining the main terras in V and carrying out some simplifica¬ 
tions we obtain for | B(K, t =+ oo )| the result (30) in which the 
following changes should be done 


B, = - v , y = J*- • (56) 

Having determined the reflection coefficient R as the ratio of the 
"reflected" energy E r (i.e., energy radiated by the breather in back¬ 
ward direction) to the energy of the incident breather 16^4t/ 

VI - V 2 (see Ref. 10 ) we obtain the result which is four times more 
than (33) where oL = -jA.f'i . Thus, a characteristic feature of the 
slow breather scattering ( i.e. V 2 <C1 ) is a dominate back scattering 
of quasiparticles which was noted in subsection 2.3. 

In the opposite case when the incident breather is "relativistic", 
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2 2 

i.e. 1 - V 4C 1 (but J\ « 1 ) we obtain more complicated spectral 
distribution of the emitted energy. Its maxima are located near the 
points K m i where S) £ (1 - V 2 )“ 1 ^ 2 » 1 , the spectral ener¬ 

gy density being still asymmetrical. Rather cumbersome calculations 
result in the following expansion for the considered case: 

E r = 4 9yk 2 /2 ) . (57) 

The reflection coefficient takes the form : 

R - ( & 2 /4 V 2 ) (1-9y< 2 /2 ) . (58) 

For the forward emitted energy we have 

V " 1 ( l + 0(ja?) ) . (59) 

The following result should be noted, in spite of the spectral den- 
sity e ra( i(K) is asymmetrical with respect to K , the integrated charac¬ 
teristics of the radiation in the limit 0 coincided (compare 

Eqs.(59) and (57) )• It is noteworth that in the "relativistic" case 
non-monotonous dependence of the reflection coefficient on the ampli¬ 
tude of nonlinear excitation vanishes and the reflection coefficient 
R of the breather in this case is always less than that of the 
free quasiparticle ( « £, Z /4 V 2 at l)» 1 ). 


- 4 £> 


3.2. Correlation between Sine-Gordon Breather and Nonlinear 
Schrodinger Soliton 

In the final subsection we discuss in detail coincidence of the results 
for the scattering of the small-amplitude SG breather and NLS soliton 
by an impurity. Such effect is caused by the correspondence of the 
small-amplitude (but "non-relativistic") breather of the SG equation 
and the NLS soliton (see, e.g., Ref. 22 ). 

Really, for u« 1 Eq. (4) is simplified: u^-u + u - (1/6) u^ = 

£ S (x) u . Let a solution of this equation is presented in the form: 
u = U exp(-it) + U exp( it ) . Now we separate the coefficients multi¬ 
plying high frequency tenns. In the lowest approximation one can obtain 

U tt -2iU t - - ||U| 2 U = sS(x)U . (60) 

If we put in Eq. (60) (that corresponds to the "non-relati¬ 

vistic" case when V 2 « 1 ) and change variables 

x' = x/2 , t* - t/8 , (61) 

then the following equation is obtained (the primes being omitted) 



437 


iU t + U xx + 2 l U | 2lJ ="2 £§(x)U , 

which coincides with Eq.(4) if in the latter -2£> is replaced by £ . 
With this the change of variables (61) converts the breather (50) into 
the solution 

u br = u s (x',t') e -1 * + u^(x',t') e i1: 

where u s (x,t) has the form (8), (9) » the parameters ^ and express¬ 
ing in terns of those of the breather in according to the relations 
(56). 

It is the equivalence of the "non-relativistic" small-amplitude SG 
breather and the HIS soliton (taking into account exchange of £ ) that 
causes the coincidence of the reflection coefficients. Of course, the 
coincidence does not take place for arbitrary breather's velocity V , 
moreover in this case the results are essentially different from those 
of the NLS soliton ( cf. (58) and (34) ). 
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PHONON SCATTERING ON DISLOCATIONS AND RECOVERY 
PROCESSES IN PLASTICALLY DEFORMED A He CRYSTALS 


A. A. Levchenko,L.P.Mezhov-Deglin 
Institute of Solid State Physics, 
Chernogolovka, USSR 


1.Introduction 

Solid helium is an ideal material for studying the role of various 
energy transfer mechanisms in dielectric solid CII. Its large compres¬ 
sibility at small pressures enables the characteristic properties of 
the crystals (Debye temperature, molar volume) to be changed signifi¬ 
cantly from experiment in one and the same apparatus, by varying the 
solidification pressure. Helium crystals can easily be obtained with a 
high degree of perfection:the effective phonon mean free path is of the 
order of 1cm at the concentration of impurities <10“®*.The study of the 
thermal conductivity of perfect ®He crystals leads to the discovery of 
a new hydrodynamic heat conductivity mechanism in solids C2,31. These 
studies stimulated the appearance of a whole series of investigations 
devoted to the study of kinetic phenomena in solid helium. The oscilla¬ 
tions of atoms of helium crystals are so large that they are highly an- 
harmonlc and, as the pressure at which they are grown decreases, the 
quantum effects become important C4],Recently the properties of defects 
in quantum crystals have attracted a considerable interest. For example 
the diffusion of ®He atoms in solid ®He has been carefully investigated 
and the existence of quantum mechanism of the diffusion of impurities 
at low concentration and the phenomenon of the localization of impuri¬ 
ties at large concentration has been discovered. The information about 
the properties of dislocations has been obtained practically only from 
ultrasound investigations C53. Therefore it is Interesting to investi¬ 
gate the interaction of phonons with dislocations in helium crystals. 
One of the methods of investigation of this Interaction is the study of 
the effect of plastic deformation on the thermal conductivity. 



439 


2. Experimental aspects 

The helium crystals were grown from purified *He,containing 10“®%. 
of 3 He impurity atoms and mixtures containing 0.005%, 0,05%, 0.5% and 
5% 3 He Impurity atoms in ®He. The containers were a thin-walled metal 
capillaries of the internal diameters of 1mm and 1-8 mm. The capll- 
aries were Initially bent on a 7cm diameter template. The container was 
soldered to the bath with liquid ‘“He, The upper end of the container 
could be moved vertically over the distance up to 2cm by means of the 
drawstring. The extent of the deformation of helium crystal in the con¬ 
tainer, calculated from change in the radius of curvature of the capil¬ 
lary was -1% 

We used the following method of experimental investigation of the 
thermal conductivity of the deformed specimens. The thermal conductiv¬ 
ity of the initial specimen Kt was first measured over the temperature 
range 0.4-1.3K. The specimen was then deformed at temperatures i 0.4 K 
and the thermal conductivity was measured first with the increase and 
then with the decrease in the temperature.The annealing of the specimen 
is observed with the increase of the temperature after deformation,Only 
the results obtained with the decrease of the temperature are repro¬ 
ducible. In this way we established the temperature dependence of the 
specimen thermal conductivity. 

The method of studying the annealing kinetics was as follows.First 
the thermal conductivity of the initial specimen was measured, then the 
specimen was deformed at T « 0.4 K and the thermal conductivity of the 
specimen was measured at a given temperature To. The temperature of the 
specimen was then raised at the rate of = lK/min to a given temperature 
T.nn, and held at this temperature during a certain period of time t, 
then the temperature was again lowered to To and the measurement of K 
was repeated. The dependence of the additional thermal resistivity Vo 
at To on annealing time at a given T.n„ was determined in this way. 
Here, Wo = Kd _1 — Ki - ' where Ko is the thermal conductivity of a de¬ 
formed specimen. The annealing temperature was changed in 0. 05 K steps 
in the range of 0.45 - 1. IK. The time of annealing at a given T«r.n 
tween the consecutive measurements was varied from 1 to 30 min. 


be- 
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3,Results 



Fig. la 



The deformation of heli¬ 
um crystals at T ( 0.4K leads 
to a reduction of the thermal 
conductivity. An example of 
the change in the conductivi¬ 
ty of specimen grown at 26atm 
in the container of an inter¬ 
nal diameter 1.8 mm after 1% 
deformation (capillary bent 
and bent back at I ( 0.4K) is 
shown in Fig.la. Curve 1 re¬ 
presents the thermal conduc¬ 
tivity of the initial speci¬ 
men, curve 2 represents the 
thermal conductivity of the 
deformed specimen after an¬ 
nealing for lh at 0.7 K, mea¬ 
sured with the decrease of 
the temperature. The depen¬ 
dence of the additional ther¬ 
mal resistivity Wo(T> is 
close to T~ 1 ®. This dependence 
is observed In all the speci¬ 
mens of'He grown at the pres¬ 
sures ranging from 26 up to 
84 atm and at the concentra¬ 
tion of 3 He atoms up to 0,5%. 
Vhen the concentration of im¬ 
purities increases up to 5% 
the temperature dependence of 
the additional thermal resis¬ 
tivity changes significantly, 
and Wd(T> ~T -3 , but the value 
of Wo at To Increases, Fig.lb 
shows the temperature depen¬ 
dence of the additional ther— 
mal conductivity in deformed 
crystals grown from mixtures 
-*He + 3 He at a constant pres- 


Fig. 1b 
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Fig. 2 



sure 84 atm. Curve 1 corre¬ 
sponds to the mixture ■‘He + 
+ 0.5% “He.and curve 2 to the 
mixture ‘He+5% 3 He. 

An example of the recov¬ 
ery kinetics in a deformed 
specimen, grown at 26 atm is 
shown in Fig, 2, Here Wa<0> is 
the initial additional thei— 
mal resistivity at T=0.384 K. 
Wd(T> is the additional ther— 
mal resistivity after anneal¬ 
ing at the temperature T •nn< 
The curves are labeled with 
the annealing temperatures.It 
turnes out that the recovery 
kinetics is described by an 
expression of the form 

VdOO/VdCti = 

= 1 - Aln(l + t/T>, 

where A is a constant coeffi¬ 
cient, t is the characteris¬ 
tic relaxation time which de- 
pendends on the temperature 

t “ exp CA/T>, (1> 

where A is effective activ¬ 
ation energy of the recovery 
process. It turns out that A 
is practically the same as 
the effective activation en¬ 
ergy for the diffusion of 
point defects in ‘He crystals 
with the same molar volume 
C61.The values of A for puri¬ 
fied ‘He are shown in Fig.3 
by rhombs. An increase of the 


Fig. 3 
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concentration of 3 He in ‘He up to 0,5% leads to a systematic lowering 
of the thermal conductivity of crystals but it affects the values of 
the activation energy only insignificantly. The activation energy falls 
more then twice when the concentration of 3 He in ■“•He increases up to 5% 
(■ in Fig. 3), The remaining symbols corespond to the activation ener¬ 
gy of point defects. It turns out that the values of A and A practical¬ 
ly do not change with an increase in the degree of deformation. The co¬ 
efficient A is temperature independent in specimens containing up to 
0.5% ‘“He atoms, however for 4 He + 5% =“He mixtures the value of A is 
proportional to temperature, A ~T. 


4.Discussion 


Bending of helium crystals grown from pure ■‘He and the mixtures 
containing up to 0.5% Impurity atoms 3 He in ‘He at pressures 26, 31, 50 
and 84 atm leads to a considerable decrease of the coefficient of ther— 
mal conductivity. The measurements [73 indicate that the additional 
thermal resistivity Va of deformed specimens is primarily due to the 
scattering of phonons by newly introduced dislocations, since to change 
the value of W d C0> in such extent the concentration ~ 50% of point de¬ 
fects is required. Obviously this value is not resonable for our speci¬ 
mens. The crossection of the phonon-dislocation scattering, calculated 
from W d C0) at T = 0.4 K and for the estimated density of dislocations 
10’’ cm - ?*) exceeds 10= times the known theoretical values for the 
scattering on the static dislocations. Furthermore, the experimentally 
observed dependence 

VdCT) “ T-" Cn = 3) 

differs strongly from the quadratic one,which is characteristic for the 
scattering on static dislocations. Thus, we conclude that in deformed 
crystals the scattering of phonons by freely vibrating dislocations 
plays the dominant role,Introduction of 5% 3 He into ‘He apparently does 
not lead to pinning of dislocations, since the value of Va should de¬ 
crease in this case. In our experiment the value WdC0> increases with 
increasing concentration ‘“He from 0.5% to 5% for all pressures of so¬ 
lidification. 
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In the prqcass of recovery, the decrease of the magnitute of Wd 
may be related to the annihilation of dislocations of different sign in 
the bulk, on surfaces and as a result of rearrangement of the disloca¬ 
tions at defects, grain boundaries and due to mutual intersections. 
Since the kinetics of recovery processes in specimens containing up to 
0.5% ‘“He impurity atoms does not depend on the degree of deformation 
and on the concentration of impurity atoms, we can assume that the re¬ 
covery processes are due neither to the pinning of dislocations by im¬ 
purities nor to the classical thermally activated diffusion across the 
barrier. We can therefore, assume that the movement of dislocations due 
to their interactions with point defects plays the main role in the re¬ 
covery processes. This movement can be achieved by the transport of 
atoms to dislocations or out from them, caused by the migration of va¬ 
cancies. It may be supposed so, that the inverse of r in eq.(1> is the 
frequency of atom Jumps on an atomic distance d. Thus, we can estimate 
the diffusion coefficient of atoms near dislocations as D ~ d = /-r. The 
dependence of D on the temperature agrees with the behaviour of the 
diffusion coefficient of point defects in the region of thermally ac¬ 
tivated diffusion. This fact confirms our assumptions. Since D is pro¬ 
portional to the concentration of vacancies we can estimate it at low 
temperatures. The concentration of vacancies at the melting point is 
"0.2% for crystals grown at 31 atm. C81 . We obtain that for T 4 0,45 K 
ths vacancy concentration does not exceed 2 * 10 -1o %< 

The drop of the activation energy of recovery processes indicates 
that for the specimens of ■‘‘He + 5% 1 2 3 4 5 6 7 8 9 He mixtures the other mechanism of 
recovery acts. This fact may be related to the phenomenon of localiza¬ 
tion of impurity atoms at such concentration [91, 
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INELASTIC PHONON SCATTERING IN AN AMORPHOUS SUBSURFACE LAYER AND 
THE ESTABLISHMENT OF A TEMPERATURE BELOW IK 

Y.B.Levinson 
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and Superpure Materials, USSR Academy of Sciences, 

112432 Chernogolovka,Moscow District,USSR 


There are many experiments Cl-3] that yield the evidence of 
inelastic phonon scattering near a crystal surface or interface. In 
most cases the crystal surface is damaged as a result of the methods 
used to estabilish it. In the subsurface layer the atoms are not at 
regular lattice positions and the material in this layer is to some 
extent in an amorphous state.Moreover two—level systems (TLS) can be 
present in such a layer, and the TLS can interact with phonons and are 
a source of phonon inelastic scattering C63. In what follows we 
discuss how the TLS help to estabilish a nonequilibrium phdnon 
temperature T which differ from the bath temperature T 0 - We restrict 
ourselves to temperatures below IK. 


Fig.l. Typical experimental 
arrangement 


A typical experimental 
arrangement is shown in 

Fig.l. The sample is a 

high-purity Si crystal at the 
bath temperature Tq= 0.4K. The heater H on the left side of the crystal 
is an evaporated metallic film, and the thermometer Th on the right 
side is a carbon film. Energy Q=10nJ is imparted to the heater from a 

current pulse of 100ns duration, and the heater temperature rises to 

T>T q . The resistivity of the carbon film is measured, and from the 
temperature dependence of that resistivity the thermometer 

themperature T Q +AT can be calculated. Eventually the temperature of 
the crystal is raised by AT=Q^C, where C is the heat capacity of the 


100 ns 


T-OAK 


Q-IOnJ 
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sample. The -time required -to estabilish this new temperature can be 
obtained through time resolved thermometer measurements. 

In Fig.2. the time dependence ATCt) is depicted from the results 
of Knaak and Meissner C73. The measured saturation value of ATCt>lms) 
is equal to the calculated AT-Q/C. This is a proof that at time t>lms 
a new equilibrium is estabilished, and that the thermometer 
temperature is equal to the crystal temperature,which is, in fact, the 
phonon temperature. For lapses of time smaller than 1ms no temperature 
exists in the crystal and the thermometer temperature reflects only 
the number of phonons which are absorbed in the carbon film at a given 
moment. This temperature has nothing to do with the phonon 
distribution in regions of the crystal distant from the thermometer. 



ii) The frequency distribution of a 


Fig.2. The time dependence of 
the thermometer temperature 
increase Cafter V.Knaak and 
M.Meissner) 

When a new crystal 
temperature is estabilished, two 
things happen: 

i) The phonons injected from the 
heater are uniformly distributed 
over the crystal, 

the phonons in the crystal is 


the Planck distribution with the temperature T Q +AT, i.e. the phonon 
occupation numbers are 


nCo) = n *_Co) , Cl) 

o 

where 

n T Cw) = Ce itciv ' kT -l) _1 . C2) 

To understand how the temperature in the crystal is estabilished, we 
have to consider the scattering of phonons. In pure crystals with no 
free electrons there are two mechanisms of bulk scattering: 

1) Elastic scattering by isotopic atoms. The corresponding scattering 
rate is: 


1/Vcq) = 


C3) 
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where M is the atomic mass, AM is the mass defect, c the concentration 
of isotopic atoms, ca D the Debye frequency. 

2) Inelastic phonon-phonon scattering Cphonon decay and 

coalescence).The corresponding scattering rate is given by: 

I/tCo) a: ? 'o D Cfty'o D ) 0 , C4) 

where y is the adiabatic parameter 

r = -fiOj/Ms 2 ^ 10“ 3 

and s is the sound velocity. Taking <a D — 10 i4 's _1 a: 400 K., AM/M a: 0.1, 
and ca: 0.5 for phonons of frequency a> — 0.4K we obtain t as Is and 
r as lO^s. 

The time necessary for a phonon to travel across the crystal is 
L/s, where L is the crystal dimension. For Las 1cm and s=5*10°cm/ /, s on 

obtains L/sas 10 _o s. So if heater temperature T is not very high CTs 
10T Q ) an injected phonon will cross the crystal many times during the 
average time between succesive scattering events. 

After a few reflections from the crystal boundaries the injected 
phonons spread uniformly over the sample.The time necessary to 
estabilish a phonon distribution homogeneous in space is of the order 
of L/s. In average during this time no phonon scattering occurs, and 
the injected phonons do not interact with the bath phonons nor do they 
interact among themselves. Then, if the surface reflections are 
elastic, as it is usually assumed, the phonon frequency distribution 
does not change during the lapse of time in which the phonons fill the 
available volume. Therefore at taL/s the phonon distribution function 
is Csee Fig.3): 

nCca) = n T C<a)+n’Co) , C5) 

o 

where the first term is the distribution of the thermal bath phonons 
and the second is the distribution of the injected phonons. The center 
of the first distribution is near -fica m kT 0 and that of the second 

distribution near -fira = kT > kT Q . Eventually distribution C5) is 
transformed to Planck distribution Cl) with the temperature T Q +AT, 

which is inbetween T Q and T. This transformation proceeds due to the 
scattering of injected phonons by thermal phonons. As a result the 
frequencies of injected phonons diminish and the frequencies of 
thermal phonons grow. The time t T necessary to estabilish the 
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distribution Cl) is called the thermalization time t T> It can be 
estimated from the phonon-phonon scattering time C4) Csee [83): 

t T i: tCo) C6) 




Fig.3. Phonon energy distribution. 

a) For time L/s s t s t T . The low energy peak is the distribution 
of thermal bath phonons , the high energy one is the 
distribution of the injected phonons. 

b) For time t £ t T . All the phonons belong to a single Planck 

distribution. 


For T = 0.4K and ATS T one obtains t„2s 10 s, which is much longer 

O O T 

than the experimental value t T 2: 10~ 3 s. In what follows we attempt to 
show that the fast thermalization time is due to phonon inelastic 
scattering by two level systems CTLS) which exist in damaged 
subsurface layer. 

A TLS £9,10] is described by two quantities; namely the splitting 
c between the upper and the lower level and the lifetime t of the 
upper level against the transition to the lower one accompanied by the 
phonon emission. The suitable transition rate is 

1 /T 1 “ 0 “ SS a oP <o) l<3=s * <7> 

where £ is the deformation potential constant, pCo) the phonon density 
of states, a 3 the volume of the unit cell. For the small 

parameter oa: 10 -4 ' and the lifetime 10 -o s. 

A very important point is that there exist TLS with any splitting 
e. Threfore a phonon with an arbitrary frequency a can be resonantly 
absorbed to excite a TLS. The corresponding phonon lifetime is 

v 2 

1/t r as 7}Ci , tj = —| a Q g , C8) 
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where g is the TLS density of states. For glasses the small parameter 
T} — 10-f so for a phonon of frequency a — 0.4K the lifetime T R 2d.0 -7 s. 

When a phonon of energy Ho is absorbed TLS with £=fio is excited. 
The fastest way to relax is to emit a phonon of the same energy -fio. 
The phonon absorption and emision is equivalent to elastic scattering 
and does not change the phonon frequency distribution. But there is 
another way of the TLS deexcitation, namely to emit two phonons such 
that fica 1 ‘Hjt> 2 = c. The lifetime of the upper level due to two-phonon 
emission is 

l/r 2 :s g 2 e . CCO 

Ve consider two-stage processes in which the phonon a is absorbed 
and then two phonons and o 2 Cwith <^+<^ 2=0 1 are emitted. This 
two-stage process is equivalent to the decay of a phonon a into two 
phonons and a 2 - If the two-stage process occurs in the bulk C as in 
the case for a glassy sample) the bottleneck is the second stage, 
since it is a second-order process. 

The lifetime of a phonon <3 against the TLS assisted decay is 
T 2 Drder to compare it with the lifetime C4) against 
anharmonic decay we shall write the parameter a of the expression (7) 
in the form ct2^ _1 Cc/ /, ho D ) 2 . Then from C9) we obtain: 

• C105 

Now we can see that the TLS—assisted phonon decay is faster by a 
factor T" -3 — 10° in comparison with anharmonic phonon decay. 
Anharmonicity in an insulator arises due to polarization of atomic 
shells, whose excitation energies are of the order of the atomic 
energy Ms 2 2 : 2 2SeV. The excitation energies of the TLS are much lower, 
typically SmeV, and this is the reason , why the TLS-assisted phonon 
decay is faster than the anharmonic one. 

The situation changes if TLS exist only in the subsurface layer 
of thickness d2d.0 _ *cm. The time of fly across this layer d/'s 10” lo s 
is much shorter than the absorption time T R — 10~ 7 s. That means a 
phonon will be absorbed after crossing the crystal r R Ad/s> times. In 
other words, the effective adsorption time is CL/ /, s)*T R / /, Cd/ /, s)=T R CL/ /, d). 
Therefore the effective phonon decay time is: 

2: T„CL/d)+r„ , 

R 2 


T 


Cll) 
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instead of that which follows from expression of CIO). In the case of 
thin damaged layers and/or low TLS densities the first term in Cll) 
may be important. If we take as an estimate the values noted above 
then 10 -2 s, compared to the measured thermalization time *•,.— 
10 ~ 3 s. 

The other possible mechanism for inelastic phonon scattering is 
the Raman scattering. The lifetime of a phonon against Raman 
scattering by a TLS also can be estimated. The scattering rate is 

I/'t 2: tj eta ■ C12) 

Under the conditions of phonon trapping [101, when tj&cx, we have T s * 
r . However, under these conditions the probability for a phonon to be 
scattered inelastically during the lapse of time of the order of t r is 
T R /T s Ssa. For this reason, inelastic scattering will occur only after 
a -1 events of the phonon reabsorption, i.e. after the lapse of time 
a _1 r 1 — t 2 - In other words, the effective time of inelastic phonon 
scattering by TLS is the same as the effective time of TLS-assisted 
phonon decay. 
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A phonon spectrometer wit.li high spatial and temporal resolution has been used 
to study the* propagation and relaxation of nonequi I ibrium acoustic phonons in thin 
anthracene cryst a I s . 


Optica! methods are widely used to generate and detect short-wave acoustic pho- 
1112 

nons with frequenejes 10 -10 Hz . During the. photooy.ci tat ion ol crystals, the non- 

equilibrium phonons, which are generated as a rosulL of fast ( ;5 1 0 ' ^ s ) radiation¬ 
less relaxation processes of electron excitation, begin to propagate out ol the exci¬ 
tation region into the unexcited parts of (he crystal. The propagation of these pho¬ 
nons is accompanied by processes of spontaneous decay or coalescence of phonons. The 
sc- processes in turn play an important role in establishing the phonon propagation 
conditions [ 1 ,2 ] . In the present investigation we have used a new method ol’ phonon 
detection with 1requoncy selectivity and high spatial and temporal resolution to fol¬ 
low the relaxation and establishment of the* propagation regime for nonequilibrium pho 
nons in thin crystal plate's [d,A] starting, immodiatelv after the excitation of these 
phonons. 'I lu* generation and propagation peculiarities of deformation waves excited in 
thin crystals by laser pulses ol nanosecond duration have been studied as we!I. 

The experiments were performed using thin (.d = 2-20p) single 1 crystal anthracene 
plates with a developed [(J01J surface. Ihe measurements were carried out in a helium 
optical Lhermostat, the hath temperaLure was kept at T^-A.bK . ShorL-wave phonons and 
delormation waves were* produced by exciting the crystal surface with pulses from 

a nitrogen laser ( '* =3271 A , pulse duration i =A . 2 ns , repetition frequency 2Sllz ,and 

2 p 

optical pumping intensity l'=10-200 kW/cm ) . The nitrogen laser radiation was absorbed 
in a thin surface layer ~ 0. '3 . 

The appearance of nonequiIibriuni phonons in the bulk of the crystal under study 

was delected from the change in the absorption coefficient Ac = i (m) - i- (m), in the 

' o 

frequency region near the bottom of the lowest oxeiLon b-band (m r j.=2309f> cm ). The 
difference was measured at various times after the nitrogen laser pumping pulses, 
by means of a Lunable dye laser (i =3ns , lasing bandwidth <1 cm ^ , ligbL polariza¬ 
tion f., b axis). The tunable laser pulses were delayed with respect to the nitrogen 
laser pumping pulses by an amount 0 - ISO ns by means of an optical delay line. 

’flu* operating, principle* of Die method of phonon detection is as follows. The po- 
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lariton group velocity V in anthracene crystals for the lower polariton branch at 
frequencies u[5,6] is lower than the sound velocity u, so that one-phonon tran¬ 
sitions involving the absorption of high-frequency acoustic phonons from polariton 
states below the bottom of the exciton band into the region are allowed. Ac¬ 

cording to experimental data [7] and calculations, in the frequency region to~to the- 

_ 1 -*■ 
re is a comparatively narrow (~3cm ) peak in the polariton state density. It is 

easy to see that in this case the anti-Stokes scattering of polaritons with frequency 
to (which are excited by the tunable laser pulses) is dominated by one-phonon transi¬ 
tions involving short-wave acoustic phonons of frequency - to. Consequently, 

the increase in the absorption coefficient, Ak , can be said quite accurately to be 
proportional to the change in the occupation numbers of phonons of frequency i^,- 
= A. Accordingly, one can determine the change in the occupation numbers (An) for non¬ 
equilibrium phonons of different frequencies at various times after the pumping pulse 
by varying the value by means of a tunable dye laser and the delay time t^. The 

net result is the development of a phonon spectrometer with a frequency resolution 
~ 3 cm ' and time resolution (~ 3 ns) , determined by the laser pulse duration. This 
method has a good spatial (~ 10p) resolution, and because of high intensity of the tu¬ 
nable laser radiation, there is no need to use photoelectric recording method with 
high time resolution and sensitivity, which greatly simplifies the experiment. 

The presence of strain (tension or compression) in the crystal results also in 
the changes of light transmission in the frequency region near by the bottom of the 
exciton band. These changes are 



Fig. 1. The patterns of tunable laser radiation transmitted through the 

anthracene crystal at different shape of the excitation spot. T=4.5K, 
t D =68 ns , d=7p. 

determined by the frequency shift of the exciton band bottom (d^, under the influence of 
deformation [8]. Correspondingly, tension or compression results in the frequency 
increasing or decreasing. Consequently, at a fixed frequency at the absorption 

edge one can observe the decrease or, on the contrary, increase of the transmission 
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light intensity in the deformed regions of the crystal. 

The fundamental absorption edge of anthracene crystals is in the visible (vio¬ 
let) spectral region, so the propagation patterns on nonequilibrium phonons and de¬ 
formation waves proved to be visualized. The microphotographs represented in Fig. 1, 
a and b, show the transmission patterns of tunable laser radiation through the anth¬ 
racene crystal at different shape of the excitation spot. 

The quantitative measurements of the spatial distribution of the tunable laser 
radiation passed through the crystal plate were obtained by means of a photoelectri¬ 
cal recording system as follows. The pumping spot on the crystal surface was formed 
in the shape of a narrow strip with a width of a^20y and a length of ~2mm, oriented 
along the b axis. The light from the tunable laser transmitted through the crystal 
plate was detected by an optical system from a fixed region in the form of a narrow 
strip with a transverse dimension ~10y, oriented parallel to the excitation region. 

The spatial distribution of the transmitted light measured by scanning the excita¬ 
tion spot over the crystal surface along the a axis (i.e. by smoothly changing the 
distance between the regions at which the phonons are excited and detected) at va¬ 
rious times tp. The results of such measurements, obtained in the crystal with a 

Fig. 2. Spatial distribution of 
the tunable laser radiation 
transmitted through the crystal. 
Pumping level P=200 kW/cm^ ,d=18y, 
T=4.5K, t D =144ns, A=20cm - ^ . 

The light transmission pat¬ 
tern in the frequency region near 
the exciton resonance essentially 
depends on the pumping level. Fig. 
3 shows typical dependence of spa¬ 
tial transmission pattern of the 
tunable laser light on the pum¬ 
ping level. 

The light transmission pat¬ 
tern is apparently sensitive to 
transverse dimensions of the excitation spot (Fig. 4). We note, that with the increa¬ 
se of the transverse dimension a together with a strong decrease of light transmis¬ 
sion in the central region ( ^100u) a shift of the position of distant sharp pecu¬ 

liarities in the transmission pattern takes place being exactly equal to the varia¬ 
tion of a. 

The measurements performed at various values of time delay t^ lead to the follo¬ 
wing: i) linear dimensions of the domain where variations of light transmission are 


thickness d=l8 y, is shown in Fig. 2. 
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-Fig. 3. The same as in Fig.2 at dif¬ 
ferent pumping levels P: 1-20, 2-40 
3-8, 4-l60kW/cm 2 . Here T=4.5K, 
t D =67 ns , A=16cm~1. 


Fig. 4. the same as in Fig. 2 at diffe¬ 
rent transverse dimensions of the exci¬ 
ting strip a: 1 - 20, 2 - 50, 3 - 100, 

4 - 135 p . The pumping level is IBOkW/cnr 
and T=1,9K, t D =67 ns , A=9cm _1 . 


observed increase proportionally to t^; ii) the propagation velocity of the most dis¬ 
tant peculiarities and its anisotropy are in a good agreement with that calculated 
for quasilongitudinal sound propagation in the [001] plane; iii) the transmission pat 
tern has a complicated structure of different domains with increasing or, on the cont 
rary, decreasing crystal transmission. Analysing these data one can conclude, that 
the distant domains of the transmission pattern correspond to deformed (by tension or 
compression) parts of the crystal, initially created at the edges of the excited re¬ 
gion and propagating afterwards with the sound velocity. Our estimations show that 
the frequency shift of the exciton band bottom by~1 -2cm ^ [9] can yield the ob¬ 
served changes in the light transmission. One can obtain the same value for this 
frequency shift estimating thermal strains of the crystal created by the initial ex¬ 
citation (under assumption of the equilibrium heating) and corresponding shifts of w T 
[8]. The complicated structure of maxima and minima in the light transmission pattern 
probably results from the interaction of normal modes, propagating in an elastic wa¬ 
veguide, such as a thin anthracene crystal plate [10]. 

An essential increase of the optical density is observed in the vicinity of the 
excited domain. This increase is due to nonequilibrium high frequency phonons. The 
spatial distribution of changes in absorption coefficient Ax~An depends both on the 
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value of A = - u and' delay time t^. It can be seen from Fig.5 that there are non¬ 

equilibrium phonons of essentially all frequences at 


A 




'Fig. 5. Spatial change in the ab¬ 
sorption coefficient during the 
pump pulse and 20 ns later at the 
different frequencies and T=4.5K. 



the initial time in the excitation region (in anthracene crystals, fl =*30 cm 1 is the 

o 

limiting frequency of the acoustic phonons). After the pump pulse, we observe a dec¬ 
rease in the occupation numbers of phonons with fequency fl a =20-25cm Their degra¬ 
dation is accompanied by an increase in the occupation numbers of phonons of lower 
energy and by a propagation of the latter into the cold regions of the crystal. Ac¬ 
cording to the measurements carried out at time delays t^=0-40 ns , phonons of frequen 
cy fi a =20-25cm ^ are essentially trapped in the excitation region. This trapping is ap 
parently due to two factors: the short lifetime with respect to decay and scattering 
and the low group velocity of phonons of frequency 0 ^ c* 

Figure 6 shows data on the spatial distribution of nonequilibrium phonons of 
frequency ^“10 cm ' at various times after the pump pulse. It follows from these re 

suits that the "spreading" of the phonon packet initially (t =20 ns) occurs at a ve- 

5 D 5 

locity “10 cm/s, close to the sound velocity in anthracene crystals (u=(1-4)x10 cm/s 

depending on the polarization and propagation direction [ 11 , 12 ]), i.e., the phonons 
propagate in a quasiballistic regime over a distance Lcx20p. At later times, the pro¬ 
pagation of phonons slows down markedly (see the insert in Fig. 6 ; A is the width at 
half-maximum of the spatial distribution of phonons of frequency 10 cm '), demons¬ 
trating a decrease in the mean free path of the phonons at t^> 20 ns , at least to 
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^ u <L“20p . An estimate of the mean free path of the phonons with respect to pho¬ 
non-phonon scattering with nonconservation of quasi-momentum, involving thermal (equi¬ 
librium) phonons, at a crystal temperature T q = 4.5K , exp( 0^/T), where [ 13 

Z o =*0.01u, yields L =*l40p. A significant decrease in the mean free path, , 

could be caused only by an increase in the occupation numbers of phonons with ener¬ 
gies near the Debye energy in the volume of the crystal occupied by nonequi¬ 

librium phonons. As follows from the data in Fig.5, phonons of frequency 
which arise in the crystal during the pump pulse, are localized in the excitation re¬ 
gion. Consequently, an increase in the occupation numbers of phonons with energies 
near Debye energy in parts of the crystal far from the excitation region can be 
achieved only as a result of the coalescence of lower-frequency nonequilibrium pho- 


Fig. 7. Time evolution of the absorption 
coefficient at different frequencies A: 

1-10; 2-15; 3-20cm”1 (uniform excitation 
of the crystal surface at P=8kW/cm^, d=12y). 

nons. An increase in the occupation numbers 
on the high-frequency tail of the phonon 
distribution, with the result that there is 
a change in the propagation regime for non¬ 
equilibrium phonons, would naturally be lin¬ 
ked with the establishment of a temperature 
T>T^ in the crystal. Estimates show that 
under these experimental conditions the tem¬ 
perature can reach T^9K; at this tempera¬ 
ture we would have l “Ip. The observed 
u 

transport of energy from the excitation re¬ 
gion into the cold regions of the crystal is reminiscent of the mechanism of nonlocal 
thermal conductivity proposed in Ref. 13. 

In the case of uniform excitation of the entire crystal surface, the conditions 
for a plane experimental geometry [l] hold, so that the propagation of phonons along 
the surface of the sample can be ignored. It follows from the data in Fig. 7 that 
just after the excitation (at tp<20ns) the changes in the occupation numbers of the 
phonons of different frequencies are quite different. For example, the occupation num¬ 
bers of high-frequency phonons with 0 =*20 cm ^ decrease sharply, because of their 

a , 

fast spontaneous decay. For lower-frequency phonons with 0^ c*0 o /3 =* 10 cm ,the occu¬ 
pation numbers increase because the decay of the phonons of a given frequency is slo¬ 
wer than the rate at which they are generated by the decay of high-energy phonons. 

For phonons of intermediate frequency, 15 cm , the occupation numbers stabilize, 

demonstrating that the excitation and spontaneous decay of phonons of a given fre- 
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quency do not cancel out at t D ^20ns . Later (at t^~40ns) ,the occupation numbers 
of phonons with 0^=10-20 ns fall off smoothly, and they tend toward their equilib¬ 
rium values as the temperature T>T q is established. The complex nature of the kine¬ 
tics may also be due to the existence of different spontaneous-decay time for phonons 
of the quasilongitudinal and quasitransverse branches. 

We wish to thank D.V. Kazakovtsev and I.B. Levinson for useful discussions. 
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Ahstraot . The mechanism of the change of the characteris¬ 
tic wavevector of the modulation in the incommensurate crys¬ 
tal relies in the nucleation of striplles. The striplle is a 
finite object constructed from disoommensuration planes. The 
nuoleation and growth of the striplle is demonstrated by the 
molecular dynamics simulation of a two-dimensional model. The 
influence of point defects on striplle growth are discussed. 

1. Introduction 

* 

Recently a number of crystals has been discovered which 
show in some temperature interval a long range modulation of some 
degree of freedoms with a period being incommensurate with the 
underlying lattice, i.e. the wavelenght of the modulation is not an 
integral multiple of the unit oell edge. Such phases of a orystal are 
called incommensurate in contrary to the commensurate ones for 
which the waveveotor is an integral multipler of the lattice constant 
of high temperature unit oell. The modulation oan propagate in one, 
two or three-dimensions but below we shall ooncentrate on the one 
dimensional modulations only. 

The modulated degree of freedom of the incommensurate phase can 
be either of displaoive or occupational type, in full analogy to the 
distorted degree of freedoms which form the low symmetry phase after 
structural phase transition. The averaged atomic arragement in the 
one-dimensional incommensurate phase of displacive type relies in 
statio displacements of some atoms from the positions in which they 
were residing in the high symmetry phase. The displacements form a 
periodic static wave propagating in one direction. No two atoms along 
the direction of the modulation are displaced by the same distance. 
The displacement in the plane perpendicular to this direction are the 
same in each unit cell. In real crystals the pattern of atomic 
distorsions is usually complicated but the displacements oan be 
combined to few static modes, whioh specify the incommensurate 
modulation. 

The inoommensurate modulation can be directly observed by the 
X-ray and neutron diffraction method. In the incommensurate phase the 
usual Bragg reflections are accompanied by satellite reflections 
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located in some distance from the main Bragg spots. The position of a 
satellite with regard to the main reflection defines the wavevector 
of the incommensurate modulation. 

The incommensurate phase usually arrises from a commensurate 
high symmetry phase below some critical transition temperature 
T t . The phase transition to incommensurate phase can be well 
described by a generalization of the soft mode theory of structural 
phase transitions. According to this concept, in the high symmetry 
phase of the crystal exists a mode, whioh softens under temperature 
lowering. At the phase transition to the incommensurate phase the 
soft mode reaches the zero energy at the critical wavevector q. Below 
T t . the diffraction satellite appears at position q and the soft 
mode oonverts into the phason and amplitudon modes. The amplitudon 
mode is an optic-like mode and its energy increases under temperature 
lowering. 


Fig.1 - Temperature depen¬ 
dence of the characteris¬ 
tic incommensurate wave- 
vector of (a) a conti- 
neous type and (b) 
devil’s staircase type. 
The cooling and heating 
runs define the global 
histeresis. The path ABCDA 
specifies a local histere¬ 
sis. Steps in (b) corres¬ 
pond to lock-in phases. 



The phason mode corresponds to oscillations of the phase e of 
the displacement wave. In the continuum limit it is acoustic-like and 
gapless as it takes zero energy to slide whole condensed modulation 
throughout the crystal. The sliding mode comes from the fact that 
in the incommensurate phase the phase e of the modulation is not 
fixed in space by any potential. If, however, the oharacteristic 
wavevector of the modulation is close to a commensurate value qwn/m, 
where n and m are small integers, then the crystal might gain energy 
if it forms a commensurate structure. Such a commensurate phases are 
called lock-in. In the lock-in phase the phase e of the modulation is 
fixed and the phason is no longer an acoustic-like mode but exhibits 



459 


a finite energy gap between the minimum of its dispersion curve and 
zero energy. 

The incommensurate modulation characterized by a wavevector 
being close but not equal to a commensurate value n/m, consists not 
of sinusoidal configuration of partioles but of pieces of 

commensurate regions which are separated by intermediate 
configurations oalled disoommensurations. The density of 
discommensurations tends to zero when the wavevector q of the 
modulation approaohes the lock-in commensurate value n/m. The 
discommensuration forms a plane perpendicular to the direction of the 
modulation. From the structural point of view a discomensuration is 
equivalent to a domain wall. However, in equilibrium, the domain wall 
increases the crystal energy while the discommensuration decreases 
it. 

As a rule the characteristic wavevector q of the incommensurate 
modulation changes as a function of temperature, pressure or external 
field. Experimentally this variation can be oontinuous, Fig.la, or 
discontinuous, Fig.lb. Each plateaux in Fig.lb corresponds to a 
look-in phase. The curve like in Fig.lb carries the name Devil’s 
staircase. 

The cooling and heating curves of temperature dependence of the 
wavevector q usually do not coinoide, Fig.1. The two curves form a 
loop called global histeresis. The separation between the oooling and 
heating curves is usually not large, but it may become considerable 
in vicinity of wide lock-in phases or in a orystal which contains 
defects. 

The local histeresis is described by a loop ABCDA denoted in 
Fig.la. The wavelenght of the incommensurate modulation may 

change in three-dimensional crystal by inserting into it (or 
removing) some number of discommensuration planes. There are 

topological restrictions, which define the complete set of 
discommensuration planes which must be simultaneously inserted or 
removed. A small object constructed from such set of 

discommensurations and bordered by so called deperiodization^ or 
dislocation lines^ at which all the additional discommensuration 
planes meet, is called stripple. The deperiodization line forms a 
closed loop which might terminate at the surface of the crystal only. 
A stripple plays an analogous role to the nuclei in the first order 
phase transition. The additional discommensuration planes change the 
value of the characteristic wavevector q of the modulation. 
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The way the incommensurate crystal changes the characteristic 
wavevector has been studied in charge density-wave material 
2H-TaSe i using the superlattice dark-field electron 
microscopy 1 *'* . The 2H-TaSe^ has hexagonal structure and below 
112 K goes over to an incommensurate phase. This incommensurate phase 
exhibits on a microscopic scale a one-dimensional modulation called 
also stripe phase. The incommensurate - commensurate phase transition 
occurs at 84 K on cooling and 92 K on warming. On warming a single 
domain of commensurate phase transforms to a single stripe phase. On 
cooling the incommensurate phase is found to be build up of domains 
of stripe phases which on larger scale retain a hexagonal symmetry. 
Many images showing the pattern of discommensuration lines have been 
obtained. They indicate clearly that the distance between 
discommensuration planes changes by the nuoleation and growth of 
stripples. 

Some macroscopic data also indioate that the striplle mechanism 
is common in the incommensurate phases. For example, the phase 
transition from incommensurate to look-in phase is always aocompanied 
by a large histeresis with often estonishing slow kinetics. Such 
effects have been observed in RbjJZnCl^ 
thoiurea® and barium sodium niobate*^' ^ . The two first 
crystals show remarkable global and local histeresis over the whole 
range of incommensurate phases. The experiments confirm that the 
presence of defects widen the global histeresis®. Interesting 
observation has been made for barium sodium niobateW. The line 
shape of the satellite reflection narrowed and its intensity 
increased with characteristic time of several hours when the crystal 
was kept at constant temperature after heating from the low 
temperature lock-in phase to the incommensurate one. 

A number of theoretical studies has been undertaken to describe 
the nucleation mechanism by striplles. Janovec 5, has proposed the 
group-theoretical method to find the topological structure of the 
striplle which appear in vicinity of a given lock-in phase. The 
analysis is based on the possible set of domains* 3 of the lock-in 
phase which can arrise from a single domain of high symmetry phase of 
the crystal. Such analysis is usually straightforward for 
one-dimensional incommensurate modulation but needs this mathematical 
method in two and higher dimensional cases ^. 

Another approach was initiated by Kawasaki*^. Starting from 
the Landau type free energy the kinetic equation of motion for 
discommensuration lines have been derived 3 . Solving them 
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numerically*^, 1 ^ it was possible to demonstrate the growth of 
already nucleated striplle, or half-striplle, and to reproduce the 
head-on collision of two deperiodization lines and a passing of a 
deperiodization line through the curved discommensuration line. 

Starting from the Landau free energy description Prevlovsek and 
Rice 1 ® have examined the homogeneous nucleation process of a 
striplle for 2H-TaSe <2> . The estimated energy barrier was somewhat 
too high to account for the homogeneous nuoleation rate. 

Below, using the molecular dynamics simulation we demonstrate 
the microscopic mechanism, which leads to the nucleation and 
propagation of striplles and to the appearenoe of global and local 
histeresis. The influence of substitutional defects will also be 
discussed. 

3. The model and the molecular dynamics method 

The model system used in the simulation*^ was defined as a 
two-dimensional rectangular lattice with one particle per unit cell. 
Each particle can move out of the system plane and its displacement 
was z n . The particles interact via the following potential 
energy 


V 


1 
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[ 2 2 A. z 
n j J 


n 


n+j 


+ G 2 z 
n 


4 

n 


( 2 . 1 ) 


where n=(n < ., n^) denotes the unit oell, and j runs over the 
neighbours. Four neighbours in y, two in x and one in diagonal 
directions have been taken into account. The numerical values of the 
parameters were found due to the following procedure. The quadratic 
form of Eq.(2.1) can be transformed by 


z n = 2 Q(k) exp[2mi(k x n x + k y n y ) (2.2) 

into a diagonal form 

2 fl 2 (k) |Q(k)| 2 (2.3) 

k 


We intend to consider a one-dimensional incommensurate modulation 
along the y-direction, so we ohoose the set of potential parameters 

A 

suoh that the minimum of Q (k) occurs along the [0,1] direction, 
at a desired waveveotor k=kp. 

A model doped with 2% of substitutional point defects has also 
been studied. The defects have been defined by much deeper local 
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double minimum potential z^ - + G z^. Due to the high 

barrier between the minima, the defects were almost always remaining 

in one of the local minima 

Below we shall study processes which occur as a function of 
kp. Thus, the ground state energy at T=0 for the one-dimensional 
modulation in y-direction reaches minimum for the wavevector km 
being not neoesserly equal to kp. The relation k M = f(kp) 
between the two wavevectors at the minimum of the potential energy 
are called Devil’s staircase of the ground state and for our choise 
of the model parameters it is shown in Fig.4. The curve consists 
entirely from look-in phases. 

The two-dimensional system used in the simulation consisted of 
97x97 particles. Free boundary conditions were used and that has 
allowed the extended defects to flow out of the system. The Newton 
equations of motions were iteratively solved by the simple difference 
scheme. The temperature was described by kinetic energy. The system 
could be cooled or heated by delicate changes of particle velocities 
in each iteration step. Moreover, by contineous changing the 
potential parameters the minimum of Q (k) at k p could be 
altered. 



Fig.2 -The ground state 
Devil’s staircase curve 
of the model. 



Fig.3 - The position of the 
diffraction satellites deteot- 
ed by the diffuse scattering 
function F(k) as a function of 
the wavevector kp for a 
constant rate dk p /dt. Clo¬ 
sed and open points corres¬ 
pond to 0 -> 0.4 and 0.4 -> 0 
runs, respectively. 
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The simulation confirmed that at relatively high temperature the 
system with fixed kp shows properties of a normal crystal. The 
satellite reflections oalculated by the diffuse scattering function 
appear under cooling below a critical temperature T e . For kp 
being far from commensurate values 0 and 1/4 the phase remained 
incommensurate till the lowest temperature, while in the case of 
kp close to 0 or 1/4 the system transformed under cooling to few 
domains of lock-in phases 0 or 1/4, respectively. 


4.Kinetic behaviour of the incommensurate modulation. 

In real incommensurate crystals the minimum of k p of the 

A 

soft mode Q (k) often shifts as a function of temperature, 
because of its renormalization by fluctuations of other modes. So, in 
experiment one may influence the position of the minimum at kp 
only by varing the temperature , pressure or external field applied 
to the sample. In computer simulation in order to study the mentioned 
effects the following procedure was used. The position of the minimum 
at kp of the dispersion curve Q (k) was shifted in time with 
a constant rate dk p /dt by appropriate change of the potential 
energy parameters . Two runs in opposite directions were 
studied, an increasing one from k p =0 to 0.4 and a decreasing one 
from kp=0.4 to 0. During that process the diffuse scattering 
function F(k) was calculated. The F(k) contained satellite 
reflections. Its position as a function of the wavevector kp for 
the increasing and decreasing runs are shown in Fig.3. The points in 
Fig.3 characterize the configurations which, except the initial ones, 
correspond not necesserly to the equilibrium state and therefore, 
they define the non-equilibrium Devil’s staircase. The relaxation 
towards equilibrium in the range of k p =0.27-0.40, was so fast that 
the satellite position chnges in a oontinuous way. In the vicinity of 
kp=0.25 the modulation locks-in to the commensurate phase 1/4. 

The observed splitting of the satellite is due to the domain 
structure of the phase 1/4. Below k p <0.18 an irregular variation 
of the satellite position with sometimes two or three peak structure 
occurs. That indicates that the incommensurate structure is far from 
being perfect. Global hysteresis between increasing and decreasing 
runs, and especialy around the lock-in phase 1/4, is clearly seen. 
The histeresis manifests the necessity of nucleation and growth of 
striplle. Besides the lock-in phases 0 and 1/4 no other commensurate 
phases have been deteoted, because the lock-in energies of these not 
observed commensurate phases were too small, the temperature of the 
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runs too high and the rate dkp/dt too fast to allow good 
equilibration. 



Fig.4 - Example of homogeneous nucleation and growth of the 
striplle cf the incommensurate modulation. The maps 
a, b, c, correspond to kgy=0.375, 0.385, 0.395, 
respectively. 



Fig.5 - Subsequent configuration maps in the process where 
kp changes from 0.2744 (map a) to 0.2616 (map i). 


The analysis of many pictures of particle configurations 
allowed to conclude that the mechanism of the change of the 
incommensurate wavevectcr relies in homogeneous nucleation of a 
stripple within the crystallite and afterwards in the growth of it. 
The striplle is a nucleus formed from additional discommensuration 
planes which fit to the surrounding incommensurate modulation and 
which meet along one closed line called the deperiodization line. In 
Fig.4 three stages of this process are given. The stripes on the maps 
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correspond to the discommensuration lines. The striplle arrises as a 
result of acoidental concentration of energy fluctuation and oan be 
noticed in Fig.4a. Later it grows to the left and to the right. 
Figs 4b, 4o, by motion of the deperiodization line. 



Fig.6 - Propagation of the striplles in the system containing 2% of 
point defects. The waveveotor in maps from a to h changes 
from 0.3672 to 0.3792. 

An example of a more complicated mechanism is presented in 
Fig.5. The maps show the subsequent configurations in the prooess of 
decreasing the waveveotor kp and close to the commensurate phase 
1/4. The stripes on the map (a) are discommensuration lines between 
regions of commensurate phase 1/4. The striplle, related with the 
oommensurate phase, consists of at least four disoommensuration 
planes which confine regions belonging to three different domains of 
phase 1/4. Indeed, if the surrounding oommensurate domain is 
characterized by the phase e(l£)=5t/4 then the domains within the 
striplle must form a sequence of domains with phases e(3S)=3x/4, 5x/4 
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and 7ir/4. Other sequence would cost too much energy. In the map (b) a 
half-striplle, seen as a bundle of four discommensuration lines which 
meet in the deperiodization point, splits out from the left middle 
edge of the crystallite and on the <c) to <i) maps it moves towards 
the right edge leaving behind a large region of commensurate phase 
1/4. 

The defects hinder the propagation of the deperiodization line. 
Fig.6 illustrates such a process. At the edge on right upper part of 
map 6a, a nucleus is seen. The nucleus, map (b), tries to enter the 
crystallite but a group of five defects does not let it through. This 
strained state lasts for some time, maps <c,d) and then a new nucleus 
inside the system appears close to previous one, map(e>. The new 
nucleus grows, map (f-h), through the whole crystallite. The 
modulation wavevector k p of the system, as detected by the 
diffuse scattering function, stays constant for some range of the 
k R variation, because the propagation of the deperiodization line 
is hindered by the energy barriers introduced by the defects. 
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Exact solutions of the phonon Boltzmann equation describing relaxation of acous¬ 
tic phonons scattered by isotopic impurities are found for the case of spatially ho¬ 
mogeneous systems. The solutions depend on the symmetry of the system. If the sym¬ 
metry of a crystal or the symmetry of the disturbed phonon distribution function is 
lower than cubic, the effective relaxation time is elongated as compared to the va¬ 
lue obtained within the relaxation-time approximation. This new relaxation time is 
strongly direction-dependent. 


1. Introduction 

The phonon Boltzmann equation (PBE) has, in general, the form of a nonlinear in- 
tegro-differential equation [1] and usually does not allow an exact treatment. The 
number of solvable models is very limited, and they are based on rather drastic as¬ 
sumptions about the collision integral. We mention the instructive Claro-Wannier mo¬ 
del describing relaxation of acoustic phonons towards equilibrium due to anharmonic 
interactions [2], In this lecture we shall consider another mechanism of relaxation 
which provides the solvable PBE, namely, the relaxation due to the scattering of 
acoustic phonons by isotopic impurities. This idea comes from recent experiments on 
the ballistic phonon propagation in monocrystals at low temperatures. The samples 
used were so large and so chemically and structurally perfect that phonons felt iso¬ 
topic impurities as main scatterers [3], Then, it seems quite reasonable to consider 
the model in which phonons in their relaxation process are scattered only by isotopic 
impurities (strictly speaking, only by mass differences) [4,5], 

2. The model 

The object under consideration is a phonon gas in an anisotropic homogeneous elas¬ 
tic continuum. Now phonons are equivalent to sound wave quanta of frequencies m(Sj)= 

= |k|c(lcj), with sound velocities c(Sj) depending, in general, on a wave-vector direc¬ 
tion given by the unit vector k = £/|k| , and on the phonon branch index j. We shall 
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consider two kinds of the disturbances of the phonon distribution: one which retains 
symmetry of the system and the other one which lowers it. In both cases the space ho¬ 
mogeneity is assumed. The relaxation of phonon distribution function N(Sj;t) is go¬ 
verned by PBE of the form 

N(kj ;t) = •—\ /dk'w(kj;k'j ') •6(m(Sj) - w(k'j ')) • [N(k'j ';t) - N(kj ;t) ] 

(2x) 3 r (1) 

where v is the volume of a unit cell. The probability per unit time, w, that phonon 
is scattered elastically from a Sj-state into a S'j'-state for the sample with ran¬ 
domly distributed isotopic impurities of small concentration was calculated by Kle- 
mens [6] (see also [5]) 


wtfj.S'j') «g-w (kj) •w(S'j') • | e(£j) •e(£'j') | 2 , (2) 

where e is the normalized polarization vector ( | e(Sj) | 2 =1) . Here g= £ f^Cl-m^/m) 2 
where f^ is a fraction of unit cells with the mass m^, and m is the 1 averaged mass 
of the unit cell, m=E f^nu. Let os note that in the case of low-energy phonons the 
formula (2) is valid also for multiatomic crystals. Here we would like to stress that 
scattering of high-energy phonons allows only the numerical treatment [4,5], 

In the system described by (1) the total energy as well as the total number of 
phonons are conserved. Moreover, the energy of an individual phonon scattered elasti¬ 
cally by a mass defect is conserved, i.e. w(Sj)=w(k'j ')5w. Thus the number of phonons 
with given energy fun is also constant. We can then label the long-wave phonon by its 
frequency w, wave-vector direction £ , and branch j to which it belongs, i.e. {S,j}= 
={m,k,j}. So, the integration over the wave vector S' in collision integral is redu¬ 
ced merely to the integration over the solid angle n'sfJ(S'). 

Let us now define the averaged value of the distribution function according to 
the formula 


<N(w;t)> = -j l J—t ^ c D/c(Sj) N(mSj;t) , 


where c_ is the Debye velocity given as usual by 


— -5 1 r rdfi —3v 

C D = 3 WsV C (kj) • 


(3) 


(4) 


J 

From the fact just mentioned that the number of phonons with a given energy fun is con¬ 
served it follows that (3) is constant in time 


<N(m;t)> = <N(w;t=0 )> = N(gj) = constant 


( 3 ) 


It means that all phonons of energy fcun relax towards their average value N(w), and 
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so we are looking for a deviation from N(m) defined as 

n(wlcj;t) = N(wi?j;t) - N(iu). (6) 

Since the phonon frequency is a constant of motion and appears only as a fixed pa¬ 
rameter, it will be omitted thereafter. 


3. Symmetry of the collision integral 

As we have already mentioned, the analytical solution of PBE depends on the sym¬ 
metry of a system because the form of the collision integral is symmetry-dependent. 
To see this, let us first consider the collision-out term of PBE. The factor in front 
on N(lcj;t) on the right-hand side of Eq.(1), usually called the collision rate or the 
reciprocal of the collision time, can be written for long-wave phonons as follows 


(£j) = T f W 4 l / 


dcr 

Att 


' 3 (£'j')• (e (itj )•!(£'j')) 2 


(7) 


Spatial anisotropy of the collision rate is due to its dependence on polariza¬ 
tion vectors. The right-hand side of Eq.(3) contains the following tensor 


ctB 


= 1 y 
3 r 


dsr 

Att 


( c D/c(£-r) y 


e a (k 'j' )e f 


(k'j ') 


( 8 ) 


whose trace is normalized to unity. A similar tensor appears in the collision-out 
term of (l) but now it includes the distribution function 


F « 6 <t) ‘ 


L / It (W'r>) 


e (k'j ')e (k'j ')n (k'j ';t) 


(9) 


The tensor (9) is traceless due to (6). The number of nonvanishing tensor components 
°f f aB and F aS de P ends on the symmetry of the phonon system. 


3.1. Cubic symmetry 

For the elastic continuum having the cubic symmetry the tensor (8) is proportio¬ 
nal to the unit matrix and the tensor (9) simply vanishes 


f c6 ” T 


aB 


(t) = 0 


( 10 ) 


By inserting the first of Eqs.(10) into (7) we find only one collision rate common 
for all directions it and branches j, given by [5] 


v(kj) 


4 

U‘g 0) 
4tt 3 


V 

c 


( 11 ) 


Thus we come to the conclusion that the spatial isotropy characterizes the scatte- 
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ring of acoustic long-wavelength phonons by mass defects in cubic crystals. 

3.2. Tetragonal symmetry 

In this case the matrix (8) is diagonal with three nonvanishing elements f^^f 

and f , where we have taken the fourfold axis along the z-axis. Because, in general, 

fxx^zz we should » *- n addition to the Debye velocity, introduce another constant, say 

f . Having noticed that f =f =(1 —f )/2 we can rewrite the collision rate (7) in 
zz xx yy zz 

a more convenient form [7] 

v(kj) = -v> c + (r-l)e^(Icj)] , ( 12 ) 

where we have introduced the anisotropy parameter r defined as 

r H . (13) 

xx 

It means that for a symmetry lower than cubic the collision rate is spatially aniso¬ 
tropic. The anisotropy comes from the dependence of the z-component of the polariza¬ 
tion vector on the direction S and is different for different modes j. For crystals 
with the cubic symmetry as well as for isotropic media f xx = f zz and f=1, so we return 
to the result (11) as it should be. 

A more important consequence of the lowering of a symmetry is that the tensor 
has non-zero components. For the elastic continuum of tetragonal symmetry the nonva¬ 
nishing components (i.e. F =F and F ) are connected with each other for the ten- 

xx yy zz 

sor is traceless. So we may choose of the components, say F zz > and denote it, for 
brevity, by F 

F(t) = F zz (t) = - F xx (t) = - F yy (t) ?! 0. (14) 

As a result of (14), the PBE for a phonon system with tetragonal symmetry preserves 
its form of integro-differential equation. 

3.3. Hexagonal symmetry 

All results of the previous section are also valid for the anisotropic continuum 
of hexagonal symmetry. But here additional simplifications take place. The z-compo- 
nent of the polarization vector of pure transverse phonons, j=T, vanishes for any It 
by definition (see [8]). As a result, equation (12) for this mode is reduced to [7] 

\>T = -2+7 v c 

It means that Uj, is isotropic and differs from the cubic case (11) only by a factor 
which tends to unity when p approaches 1. For quasilongitudinal and quasitransverse 
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modes the formula (12) is still valid but now with e^ depending only on k z and j [7]. 


2 

1 

0 

0 C 30* 60° 90° 

, . 4 

Fig.1. Relative value of the phonon scattering rate of two hep crystals: He 
(r<1) and Zn (F>1) versus the angle between wave-vector direction and 
sixfold axis. L, T, and S are quasilongitudinal, pure transverse, and 
quasitransverse modes, respectively. 

Simplifications just mentioned appear as a result of the symmetry. Namely, the ani¬ 
sotropic continuum of hexagonal symmetry is transversally isotropic [8], Having this 
we are able to calculate the anisotropy parameter 1 for all hexagonal crystals for 
which elastic constants are known (Table I). It is also easy to analyse the spatial 
anisotropy of the scattering rate (12). In Fig.1. two cases are presented: hep he¬ 
lium-4 crystal for which f<1 and hep zinc with r>1 . For further analysis it is impor¬ 
tant to note that for j^T the scattering rate changes monotonically with k and rea- 
* z 
ches extremum at k =0. 

z 

4. Exact solutions of the phonon Boltzmann equation 

As we have just shown, the symmetry of the system determines the final form of 
PBE. Now we are able to show how the solution of PBE depends both on a symmetry of 
a crystal itself and on a symmetry of a disturbance. 

4.1. Relaxation in crystals of cubic symmetry 

Let us first consider such a disturbance of the phonon distribution which does 

not lower its cubic symmetry. For this case the tensor (9) vanishes, F „(t)=0. This 

ap 

essentially simplifies the collision integral, and PBE is reduced to [9] 

(3/3t + \> c )n(£j;t) = 0. (16) 

Thus, in this case the exact solution of PBE is 
n(kj;t) = n(Sj;t=0)exp(-tv c ). 



( 17 ) 
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In the general case equation of the form (16) is assumed in the relaxation time ap¬ 
proximation (RTA) [6], where the collision integral is change to v c *n(i?j;t). 

As a next example let us consider a crystal of cubic symmetry with such a dis¬ 
turbance of the phonon distribution function which lowers its symmetry to tetragonal. 
It can be realized by generation of homogeneous flows of phonons propagating in paral¬ 
lel with one of a fourfold axis (say, z-axis) . The tensor F containing such distur- 

Ctp 

bed distribution function should reflect the tetragonal symmetry (see Eq.(14)), It 
means, that PBE preserves now the form of integro-differential equation 

(3/3t + v )n(itj;t) = |-* v '(3e 2 (kj) - 1)«F(t). (18) 

c z c z 

Multiplying both sides of (18) by e 2 (£j) and averaging them according to the defini¬ 
tion (9) we obtain the equation determining the integral term 

(3/3t + (1 - a) •V c )(F(t) =0 (19) 

Its solution decays exponentially 


F(t) 


F(0) expi-tv^O - a)}. 


( 20 ) 


The parameter a will be defined later on. 

Substitution of (20) into (18) gives us the final result in the form 

" tV - . 3 F(t-O) ,, 2^., , w - t(1 -“ )v c 
+ 2-— (3e E (kj) - 1)(e 


n(kj;t) = n(kj;t=0)e 


-tv. 


'). 


( 21 ) 


The first term on the right hand side of (21) is nothing but the result usually ob¬ 
tained from RTA. The second term comes out as a consequence of the exact treatment of 
the collision - in part of the collision integral. Let us first note that this part 
of the solution vanishes^for some directions in the k-space, namely, for those which 
fulfil the condition e z (kj)=1/3. For any other phonons the time evolution of the dis¬ 
tribution function is described by two relaxation times. In addition to x =l/v a new 

c c 

relaxation time appears 


-1 


= (1 - a)v 


( 22 ) 


with the parameter a given by 


a 5 ~ (3f - f ). 

2 zzzz zz 


(23) 


The symmetric tensor of the fourth rank, f^ ^ is defined in the same way as (8) but 
with four polarization-vector components instead of two. It follows from the defini- 
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tion of a, that for the crystals of cubic symmetry 1/9<f zzzz < or ’ e 1 u i- va l ent ly> 
0<a<1. The inequality a<1 guarantees the stability of the solutions (20) and (21). 
Positivity of a leads to the following inequality 


We can conclude from (21) and (24) that the disturbance lowering the symmetry of the 
phonon distribution leads to elongation of the asymptotic relaxation time. 

It is worth to consider, as an example, such a disturbance which does not change 
the distribution of some phonons whereas the symmetry of the distribution functions 
of any other phonons is lowered from, say, cubic to tetragonal. In other words, the 
initial condition for these undisturbed phonons is given by n(icj;t=0) = 0. Such pho¬ 
nons cannot be described in the framework of the relaxation time approximation. Ho¬ 

wever, within our description their distribution function is given by the second term 
on the right-hand side of (21), As a function of time it starts to grow from zero, 

reaches its extremum at t =-(r /a)ln(l-a) which is of an order of x , and its asym- 

ex c c 

ptotical behaviour is determined by the (longer) relaxation time x*. 

Let us finally notice that the results just obtained remain also valid for an iso¬ 
tropic elastic medium (instead of the cubic one) with the initial distribution func¬ 
tion of the axial symmetry. In this simplest case using only symmetry arguments we 

get f zzzz = 1/5 so that a = 2/5 and x A = (5/3)x . 


4.2. Relaxation in crystals of tetragonal symmetry 

As we have shown in Section 3.2. in a crystal of a symmetry lower than cubic the 
collision rate is anisotropic. If we disturb the phonon distribution in such a crys¬ 
tal we shall obtain that F(t) ^ 0. So, in the case of elastic continuum of tetragonal 
symmetry the relaxation of the disturbance which does not lower the initial symmetry 
is governed by PBE having the form 

(3/3t + v(tj))n(£j;t) = | v c (3e^(£j) - 1)F(t) . (25) 


The integro-differential equation (25) can also be treated exactly. The discussion 
can be made more simple by transforming (25) into a double-integral equation of the 
form 


n(kj ;t) = n(kj ;t=0)e 


-tvOtj) 


+ I v c (3e z ( ^ j) - 1) / e 

z c z 0 


-(t-t')v(kj) 


F(f')dt'. 


(26) 


Now we should find an equation determining the unknown integral F(t). As in the pre¬ 
vious section, we can get it easily by substituting (26) into the definition (9). We 
have 
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t 

F(t) = p(t) + / K(t-t')F(t')dt' (27) 

0 

where, for brevity, we have denoted the new integral kernel by 


K(t) 


_ V c v r dS7 ( C D \ 
= 


(3e 2 (kj) - 1)e 


-tv(fj) 


(28) 


and the inhomogeneous term by 


P (t) 


_ r r dfi f 
3 v J 4tt ^ 


c(kj) 


e 2(Sj)n(^;0)e- tv(k ^ 


(29) 


In this way we have reduced the PBE to a set of two inhomogeneous Volterra integral 
equations of the second kind with kernels depending only on the difference of argu¬ 
ments. Thus, equation (27) is simply an integral equation of the convolution type. 
The solution of (27) can be put in the standard form [10] 

t 

F(t) = p(t) + / R(t-t')p(t')dt- , (30) 

0 

with the resolvent R(t) given as the inverse Laplace transform 


R(t) 


/ 


e—ioo 


dz K(z) 
2,rl 1-K(z) 


zt 


e 


(31) 


Here K(z) is the Laplace transform of the kernel K(t). Moreover, let us note that 
z/(1-z) as a function of the complex variable is analytic in the neighbourhood of ze¬ 
ro including the point z=0 at which it vanishes. The last two statements in accordan¬ 
ce with the theorem presented in [11] guarantee the existence of the inverse Laplace 
transform (31). Equations (26)—(31) give the general solution of PBE (25). We note 
that the resolvent (31) depends only on analytical properties of the Laplace trans¬ 
form of the kernel K(z) and not on initial conditions. The slow relaxation time is 
given by this value of z at which K(z)=1. The last condition is fully determined by 
internal phonon characteristics of a given crystal sample: sound velocities, polari¬ 
zation vectors, and collision rates. 

Let us note that the general solution (26)—(31) has exactly the same form also 
for a hexagonal symmetry and therefore we shall present a detailed discussion of (26) 
-(31) in the next section. 


4.3. Relaxation in crystals of hexagonal symmetry 

The elastic continuum of hexagonal symmetry is the only anisotropic medium for 
which the Christoffel equation can be solved analytically, and formulae for sound ve¬ 
locities and polarization vectors can be written down in an explicit form [8,7]. Hen- 
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ce, We can determine the value of the anisotropy parameter T (13) and the behaviour 
of relaxation rates (12) and (15) as functions of the wave vector and branch index. 
Having these we can study analytic properties of the Laplace transform of the resol¬ 
vent (31). The singularities of it in the complex z-plane are the following: 

(a) A cut along the spectrum of collision rate, z=-v(£ z ,j), i.e., from z = - v T to 

z = - Tv T , due to the integral of the Cauchy-type in K(z); 

(b) An isolated pole located at a point z = - v A at which K(z) = 1. It is important to 

underline that 0<v*<v_ for f>1 or 0<v.<rv„ for T<1. To see this, let us recall that 
v(£ z ,j) is a monotonic function of for j^T (see Fig.1) and so K(z) is also monoto¬ 
nic for z = x > max{-v^, ,-Tv^,}. Next, we should check that for T>1 the following inequa¬ 
lities take place: K(0)< 1 and R(-v,j,)>1 (for f<1 instead of the latter inequality we 
have K(-Tv t ) = + 

As a consequence of the above set of singularities R(t) consists of two contribu¬ 
tions: the f irst contribution comes from the integral along the cut and the second one 
originates from the pole at z = - v A 


R(t) = a A e 


, V C v r dfi ( C D \ 3 2," . 


) (3e;(k z j) - 1) 


|K(-v(k z ,j) + iO | 


-2 


-tv(k z j) 


(32) 


where 

a A = lim (z + v*) / (1 - K(z)). 
z—v* 

We get the solution of PBE (25) by substituting the resolvent (32) into (30) and 
then F(t) into (26). The final solution for the phonon distribution function consists, 
in general, of three terms: (i) a RTA - like term proportional to exp{- tv(k z ,j)} , 
(ii) the integral along the cut leading to exponential decay with the effective decay 
time being between 1/v^ and l/r^v^,, i.e. within the spectrum of x (k z j) = 1/v(k z j) ; 
and (iii) a qualitatively new term decaying exponentially with a new relaxation time 
t A = 1/v A > 1 /v,j, for T>1 or x* > 1/r-v ? for T<1. Numerical values presented in Table 1 
show that t A is a few times as large as x^. For t » x^, relaxation is dominated by the 
term (iii) which has the form 


_1_ 

2 


V * (3 





c(g'j') 


\ 3 e z °s^ )n(k z 3 ^ 0) 

v* - v(^r) 


x 


X 


( 


-tv A -tv(k j) 
e_ - e _ 

V* - v(k z j) 


-tv (k'j "”) -tv (it i) 

z 2 ^ 


+ 


v(fej) 




(33) 
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Table I. Anisotropy parameter T and the ratio of the relaxation time x A to for 

crystals of hexagonal symmetry 



Be 

C 

Cd 

Hf 

He 4 

h 2 

Mg 

r 

T * ! t t 

0.847 

2.8 

51.46 

11.1 

2.117 

2.6 

0.920 

3.3 

0.647 

5.3 

0.821 

6.7 

0.945 

3.57 


Re 

Ti 

Tl 

Y 

Zn 

Zr 


r 

T * ! t t 

0.924 

4.2 

0.849 

3.7 

0.385 

6.2 

0.965 

3.6 

2.215 

2.1 

0.997 

3.8 



Let us note that the new relaxation time x A is the same for all k and j. The only ex¬ 
ceptions are those wave vectors which fulfil the condition 3e^(k z ,j) = 1. With the 
last condition the terms (ii) and (iii) vanish (see (26)). The corresponding modes 
decay exponentially with a decaying time exactly equal to x c (Eq. (11) but with c^ 
taken for crystals of hexagonal symmetry). For the case of hexagonal symmetry the va- 
we vectors of these modes form two cones, one for a longitudinal mode, the other for 
a slow transverse mode. Let us add that for some crystals the cone for the latter mo¬ 
de intersects the surface of constant energy almost at the same points as the cone of 

4 

collmear points does. For example, for hep He the corresponding angles are equal 
44° and 48°, respectively, and for hep Zn 37° and 36°, respectively. 
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SELECTED TOPICS ON POLARON 


Michael A.Smondyrev 

Joint Institute for Nuclear Research, Dubna 
P.O.Box 79, Head Post Office, 101000 Moscow, USSR 


Intensive theoretical and experimental investigations in conden¬ 
sed matter physics of recent years stimulated the revival of attent¬ 
ion to various polaron models described by the well-known FrBhlich 
Hamiltonian. We discuss exact results known for such polaron charac¬ 
teristics as the ground-state energy,average number of phonons, and 
effective mass. The weak-coupling expansion can be constructed 
within a special diagrammatic technique developed in our paper [1]. 
Diagrams for the ground-state energy of a moving polaron are of the 
4* -type, but there exist some distinctions between them and conven¬ 
tional ones. In addition to the ordinary strongly connected diagrams 
we have also the disconnected ones. On the other hand, there are no 
weakly connected diagrams which can be separated into two parts by 
cutting an electron propagator. Furthemore, together with the elec¬ 
tron-phonon vertices there exists another type of vertices whose 
role is to change the powers of the corresponding electron propaga¬ 
tor. The latter depends on the number of phonons in a given virtual 
state and we have no integration over energies of virtual phonons. 

For more details we refer to paper [ 1]. This technique can be easily 
generalized to different kinds of polarons in arbitrary spatial di¬ 
mensions [2] and allows us to obtain a perturbation series for the 
ground-state energy and effective mass. For example, the perturbation 
series in powers of the coupling constant <* for the energy of a 
bulk 3-dimensional optical polaron is as follows: 

E(oO = - o<-1.591362*10 _2 oi: 2 -0.806>10 _3 <* 3 + 0(oC 4 ) (1) 

In the strong-coupling regime we have the expansion in inverse powers 
of 0 ( (see t 3] ): 

E(<*) = -0.108513<* 2 - 2.836+0(l/o^ 2 ), (2) 


Analogous expansions for the average number of phonons can be obtained 



478 


from the relation derived in [1]. For a motionless polaron it takes 
the form: 

N(<* ) = E(oO - § c* E'(<* ) (3) 


Discussing the optical polaron some physicists conjectured that 
if the electron-phonon coupling oc increases, then at a certain cri- 
tial value o£ 0 there occurs a phase transition and the polaron gets 
localized. As one supposes, the ground-state energy E(<* ) is not 
analytic at that point, and other characteristics (e.g. N(oO) have 
jumps. We dare say, there are no physical reasons for the electron 
being self-trapped in this theory which does not include the struc¬ 
ture of the lattice. To prove the smoothness of the function E(o^), 
we use two-point nondiagonal Pad^ approximants 


E(n,n-1) 


- oc 


n 

1 + a, o< +.. .+a c* 

_1_n_ 

1 + b,<* + ...+b ,c* n — 1 

i n-x 


(4) 


where the coefficients a^, bjj. can be defined by comparing Eq.(4) 
with Eqs.(l),(2). Using the information about weak- and strong- coup¬ 
ling expansions equivalently leads us tc two alternative cases: to 
obtain n equations for a k , b k from Eq.(l) and (n-1) equations from 
Eq.(2) or vice versa. These alternatives yield upper and lower bounds 
for the polaron energy and other quantities. 

We demonstrate the power of the method by an example of the Feyn¬ 
man polaron where we calculated a rather large number of coefficients 
in expansions (1) and (2). For the actual polaron energy exact re¬ 
sults are exhausted with Eqs.(l), (2), so we can construct only lower 
bounds E(2,l) and E(3,2) and upper bound E(2,l), the discrepancy bet¬ 
ween which does not exceed 10% in the intermediate coupling regime. 
The exact solution lies between two smooth functions which have no 
poles at oC ^ 0. The investigation of N(oO by the same technique ex¬ 
cludes the phase transition with jumps A N~10 which has been declared 
in some papers. Thus, we do not see any hints of the phase transition 
and it seems almost incredible that it occurs at all. 
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PHONON DETECTION BY MEANS OF TSEE 


T.L.Halaczek*, B.Sujak** 
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Depertment of Experimental Physics, Wroclaw, Poland 


For many purposes in phonon spectroscopy it is of great interest 
to have a sensitive phonon detector of high spatial resolution. 
Recently some attempts have been done [1,21 with superconducting 
tunnel junctions CSTJ). We would like to propose quite different 
phonon detector which idea is in exploiting of the thermally 
stimulated emission of electrons CTSEE5 [3,41. Such an emission is 
observed from energetically excited surface of a sample covered with a 
thin layer of oxide or adsorbed gases. The surface layer should be 
excited i.e. loaded with electrons of energy of the order of 100 eV, 
which are trapped inside the layer during the excitation process. And 
then each change of the state of the layer acts in emerge of the 
electrons which are detected by means of typical electron sensitive 
devices e,g. electron multiplier working in a pulse regime. Similar 
effect of emission is caused by heating the sample CTSEE5. The lowest 
temperature of existence of TSEE peak, about 3K, was evidenced in the 
case of cryocondensed layer of hydrogen. Such an emission peak from 
solidified thin layer of hydrogen is observed for different substrata 
e.g.Al, A1 2 C> 3 , Si £63. The peak positions at the emission intensity 
versus temperature characteristics Ci.e. thermal spectrum of TSEE5 
should not depend on the pretreatment of a substrate surface. The 
temperature at which the emission starts can be regarded as a measure 
of the detector threshold energy. In our case it is within the range 
of some meV which is comparable with energy threshold of STJ. In other 
hand the electron emission is accompanied by gas desorption from the 
sample surface. An advantage of this type of detector is in good 
spatial resolution, because the electrons could be detected with the 
spatial resolution as high as some jjm £7*3, when electron focusing 
lenses are used. Unfortunately at the moment the stimulation 
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probability of electron by a phonon is not known, therefore we cannot 
predict neither the efficiency of emission process nor the demanded 
intensity of the phonon beam. In the present state of the theory of 
TSCE this problem can be solved inan experimental way only. 

It seems to be obtainable, by proposed technique, the phonon 
focusing pattern without scanning of the sample surface, when one use 
the channel plate [83. 
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